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Abstract. The following well-known critical Kirchhoff equation with prescribed mass,

—(a—|—b/ \Vu\%ia:)Au—i— M= plulf%u+ [ul? "2u in RN, N >4,

RN
/ lu|?dz = ¢,
RN

has been extensively studied, where a, b, ¢, ut, and ¢ are constants with a,c > 0 and
2 < g < 2%, while A is a real Lagrange multiplier. When p = 0, we obtain complete
results on the existence, nonexistence, and multiplicity of normalized solutions. When
w>0and N > 5, we investigate the existence of positive normalized solutions, partly
filling a gap in the existing literature. Lastly, when p© > 0 and N = 4, we obtain
a mountain-pass solution by using a new threshold for the energy functional. The
main results of this paper broaden and improve the existing results on normalized
solutions of the Kirchhoff equation in high-dimensional spaces.
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1. INTRODUCTION

As is well known, the Kirchhoff equation arises as a model of certain physical phenomena.
For example, it is related to the stationary analogue of the equation
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where u is the lateral displacement at position x and time ¢, E is Young’s modulus,
p is the mass density, h is the cross-sectional area, L is the length, and P, is the
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initial axial tension. For more background, we refer readers to [1, 18]. Compared
with the Schrédinger equation, the Kirchhoff equation contains a nonlocal term
(Jgn [Vu|?dz)Au, so it is no longer a pointwise identity. Thus, the nonlocal nature of
the problem causes mathematical difficulties and makes the search for solutions to the
Kirchhoff equation more challenging and interesting. Since Lions [24] introduced an
abstract functional-analytic framework for the equation

Upp — (a+ b/ |Vu|2dx)Au = f(u) inRT xQ,
Q

the Kirchhoff equation has attracted considerable attention from mathematicians. For
relevant results, see [8, 9].
The following special form of a Kirchhoff equation,

f(aer/ |Vu|2dx)Au+)\u:f(u) in RY, (1.1)
RN

has been widely studied in the past several decades. Here a, b are two positive constants,
A denotes either a prescribed constant or an unknown parameter, the spatial dimension
satisfies N > 1, and the nonlinearity f € C(R,R). On the one hand, equation (1.1)
with a fixed constant A is referred to as a fixed-frequency problem. In this case, one
can obtain solutions to equation (1.1) by seeking unconstrained critical points of the
associated energy functional. A large body of work has been established in this setting;
see [5, 12, 14, 27, 31, 32, 42] and the references therein.

On the other hand, motivated by some physical phenomena, considerable attention
has been paid by physicists to solutions of equation (1.1) with a prescribed mass
constraint [oy |u|?dx = ¢, which are commonly referred to as normalized solutions.
In this case, A serves as an unknown parameter and acts as the Lagrange multiplier
corresponding to the mass constraint,

S, : uEHl(RN):/\uFdx:c
RN
or

Se: ue H (RY) / lu|?dr =c 3,
RN

where ¢ denotes a positive fixed constant. To obtain normalized solutions of equa-
tion (1.1), we seek critical points of the associated energy functional restricted to
the constraint manifold S.. In what follows, we systematically review the existing
literature concerning normalized solutions of the Kirchhoff equation.

Set a=1,b=0and f(u) = plu|?"%u + |u[P~2u. Then equation (1.1) simplifies to
the standard nonlinear Schrédinger equation,

—Au+ M= plul?%u+ [uP?u  in RY, (1.2)
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subject to the mass constraint [,y |[u[?dz = c. A substantial body of literature
has focused on normalized solutions to this mass-constrained Schrédinger equation.
For example, for N > 3, Soave [28] pioneered the analysis of equation (1.2) under
the exponent ranges 2 < ¢ < 2—}—% and 2 < q¢ < 2—}—% < p < 2*. Here 2—!—%
denotes the L?-critical exponent for the Schrédinger equation, which is strictly less
than the Sobolev critical exponent 2*. In that work, Soave established the existence and
asymptotic behavior of normalized ground states, along with their orbital stability. In
the Sobolev critical case, Soave [29] subsequently constructed normalized ground-state
solutions and characterized their asymptotic profiles for 2 < ¢ < 2 + %7 q=2+ %,
and 2 + % < q < 2%, respectively. Later, Jeanjean and Le [17] resolved an open
problem posed in Soave [29] and proved the existence of a second distinct normalized
solution to (1.2) in dimension N > 4 with 2 < ¢ < 2+ 4. Moreover, Wei and Wu [30]
extended these results and obtained a second normalized solution to equation (1.2)
with 2 < ¢ <2+ 5 and N = 3.

For a,b > 0 and the power-type nonlinearity f(u) = |u|9~2u, equation (1.1) reduces
to the following Kirchhoff equation,

—<a+b/ |Vu|2dx>Au—|—/\u= lu[7 %y in RY, (1.3)

RN

subject to the mass constraint [py |u|?*da = c. The equation (1.3) has been extensively
investigated in the past several decades. In particular, Ye [37] pointed out that
2+ % is the L2-critical exponent for the Kirchhoff equation, which plays a dominant
role in the study of normalized solutions to equation (1.3). This exponent determines
whether the constrained functional I remains bounded from below on S,. Precisely by
employing scaling techniques and the concentration-compactness principle, Ye [37-39]
proved the existence, nonexistence and concentration behavior of normalized solutions
in three subcases 2 < ¢ < 2 + %, q=2+ % and 2 + % < q < 2*. Furthermore, Zeng
and Zhang [40] also established the existence and uniqueness of normalized solutions
in this case.

If f(u) = plul?2u + |u|P~2u, equation (1.1) reduces to the following Kirchhoff
equation,

—(a + b/ |Vu|2dx) Au+ M= plu|9%u+ [ulP2u  in RV, (1.4)

RN

subject to the mass constraint [py [u|?dz = c. For N = 3 and p > 0, Li et al. [21]
investigated the existence and asymptotic behavior of normalized solutions to the
above equation. For 2 < ¢ < % and 13—4 < p < 6, the authors established the existence
of a local-minimum solution and a mountain-pass solution via Ekeland’s variational
principle and the construction of a specialized Palais-Smale sequence. Furthermore,
in the Sobolev critical case with 2 < ¢ < %, their work also verified the existence
of a local-minimum solution for (1.4). Nevertheless, the associated energy functional
has a convex-concave structure in this setting, which suggests the potential existence of
a second solution and motivates further exploration. To fill this gap, Feng et al. [10] and
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Chen et al. [7] established the existence of a second mountain-pass solution through
distinct analytical strategies. In addition, Hu and Mao [15] derived the existence
and nonexistence of normalized solutions by using constrained minimization and the
concentration-compactness principle, thereby partially extending the pioneering results
n [21] and [28]. The case of the negative coupling parameter p < 0 was addressed by
Carrido et al. [4]. For further results, readers may refer to [35, 36].

It is well known that the L2-critical exponent 2 + % and the Sobolev critical
exponent 2% = % play crucial roles in the qualitative analysis of the Kirchhoff
equation. Specifically, the L2-critical exponent is a sharp threshold for the boundedness
from below of the functional on S., whereas the Sobolev critical exponent governs
the well-posedness of the associated variational framework. Notably, 2 + % < 2* for
N < 3, and nearly all of the aforementioned literature focuses on the low-dimensional
case N < 3. Compared with the case N < 3, few results are available on normalized
solutions of equation (1.1) for N > 4. When 1 < N < 4 and f(u) = |u[P~%u with
2 < p < 2%, Guo et al. [13] showed the existence and blow-up behavior of normalized
solutions to equation (1.1) with a trapping potential or a constant vanishing potential.
When 2* =4 for N =4 and f(u) = |u[P~%u with 2 < p <4, Li et al. [22] proved the
existence and nonexistence of normalized minimizers and revealed subtle differences
among the potential cases.

This paper is concerned with the following mass-prescribed Kirchhoff equation
involving a Sobolev critical exponent in high dimensions:

—(a + b/ |Vu|2dx)Au + = plulf 20+ [ul> 20 in RN, N >4, (1.5)

RN
subject to the mass constraint fRN |u|>dx = c. Here a, ¢ are fixed positive constants, b, i
denote real parameters, A acts as the Lagrange multiplier and 2 < ¢ < 2*. Variationally

speaking, normalized solutions to equation (1.5) correspond to critical points of the
energy functional I, , : H'(RY) — R given by

5 (1.6)

a b I 1
Ty, u(u) = §\Vu|§ + Z|v“|§ - E|U|g - 27|u

where the functional is restricted to the manifold S, or S..

We first focus on equation (1.5) in dimension N = 4. A striking feature is the identity
2+ % = % = 4, which corresponds to the so-called mass-energy doubly critical
phenomenon: the exponent simultaneously coincides with the mass critical exponent
and the Sobolev critical exponent. This double criticality introduces substantial new
obstacles in the analysis of (1.5). In particular, the competition between the nonlocal
Kirchhoff term and the Sobolev critical nonlinearity in the functional (1.6) greatly
complicates the analysis of the functional’s geometric structure and the boundedness
argument for Palais—Smale sequences. Moreover, once ¢ > 2 + % =4, equation (1.5)
loses its well-defined variational structure. For this reason, the exponent 2 + % =3,

rather than 4, serves as the key critical threshold for our problem. Recall the sharp
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Sobolev constant S introduced in (2.1); it yields the fundamental relation linking the
nonlocal term and the critical term in I ,,:

S72Vul3 > Juli.

This inequality inspires us to characterize the geometric properties of (1.6) by drawing
a comparison between the parameter b and the constant S~2. For 0 < b < 572 and
w > 0, it follows from (1.6), (2.1) and (2.3) that for all v € S,

1—b8? a-

Iy, () = 5|Vul} - bewur; - gC’gch|Vu|§‘I—4.
When 2 < ¢ < 3, I, exhibits a convex-concave geometry, which heuristically indi-
cates that (1.5) may admit two distinct normalized solutions: a local minimizer and
a mountain-pass solution. Recently, Kong and Chen [19, 20] addressed this case and
established the existence of the first solution under appropriate assumptions on p
and ¢, whereas the existence of the second solution was left unresolved. Later, Fang et
al. [11] derived a mountain-pass solution for the case ¢ = 3 with sufficiently small p
via delicate energy estimates. Furthermore, Zhang et al. [41] studied equation (1.5)
with = 1 and b > S~2 and systematically analyzed the existence and nonexistence of
normalized solutions by dividing the discussion into three separate regimes: 2 < g < 3,
g=3and 3<q<4.

It is worth mentioning that little work has addressed normalized solutions to equa-
tion (1.5) for N > 5. This is primarily because 2* < 4, which gives the nonlocal term
a stronger effect on the energy functional than the Sobolev critical term. Consequently,
some compactness arguments developed for N < 4 are not applicable to N > 5. For
N > 5, Zhang et al. [41] established the existence and nonexistence of normalized
solutions to equation (1.5) with p = 1. More specifically, their Theorem 1.5 guarantees
the existence of a normalized solution for ¢ € (2,2*), provided that the parameters
a, b, and S satisfy the following key condition:

* *

4-2 2% 2
2a RN 2b 2 1 .
(42*) (2*2) 755 &)

In fact, condition (b*) is equivalent to

2 N—-4 1\ 2?2
b>bON—2<a<N—2)> S

v|Z

(1.7)

The critical threshold by, first proposed in Xie and Zhou [33], plays a significant role in
structure of the energy functional and the limit equation. Based on the aforementioned
literature, an intriguing question arises: for N > 5, u > 0, ¢ € (2,2*) and b < by, does
equation (1.5) admit a normalized solution? Resolving this open question constitutes
one of the primary objectives of the present work. Drawing on the analytical frameworks
developed in [10, 21, 26, 29, 34], we further establish partial theoretical results for the
aforementioned open problem. To begin our analysis, we first establish the existence,
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nonexistence and multiplicity of normalized solutions to equation (1.5) in the case u = 0.
The second major goal of this work is to explore the open problem proposed in Kong
and Chen [19] with N = 4: whether a second mountain-pass normalized solution exists
for 2 < q¢<3,u>0and0<b< S 2. Kong et al. [20] partly solved this problem
for b small enough (with the order €). For this open problem, we provide a positive
answer and establish the existence of two distinct normalized solutions: one is a local
minimizer, and the other is a mountain-pass solution for 0 < b < S~1. It is worth
pointing out that we adopt an approach different from theirs to obtain the existence
of the local minimizer. Additionally, we derive nonexistence criteria for normalized
solutions in the case pu < 0.

2. MAIN RESULTS

Before stating the main theorems, we first introduce some notations and preliminary
results. For N > 3, the best Sobolev embedding constant S is defined by
[Vul3

S =
ueDL2(RN)\{0} |u

(2.1)

5 -
2%

This constant S is achieved by the following function, for any € > 0 and y € RV,

Uey(z) = <N(N_2)E> N , rcRY, (2.2)

etlz—ylP
which is the unique positive solution of the following equation,
—Au=|u* 2u in RV, (5%)
u € DM (RVN).

Moreover, SV/? = |U|3. = |[VU|3. We introduce the Pohozaev manifold
Pepp :={u€ Sc: Py u(u) =0},

where

N(g-2)

Py () == a|Vul3 + b|Vul3 — udylulf — |u 5

2. with 0g =

By the Pohozaev identity, every critical point of the functional I ,,|g, belongs to Pep ..
Thus, if infuep, , , Ip . (u) is attained by a normalized solution of equation (1.5), then
that solution is a radial ground-state solution of equation (1.5) on S.. For any u € S,
and s € R, the function s * u is defined by

(s*xu)(z) = e%Su(esx) for x € RV,
then s *u € S.. This map (s,u) € R x H}(RY) s (s xu) € HY(RY) is continuous by
Lemma 3.5 in [2]. Moreover, we define the fiber map

2s 2%s
ae e o*

\Ilf;“(s) =l u(s*u) = 5

be4s eq5qs
|Vul3 + TWUBl - NT|U|3 -



Normalized solutions of a critical Kirchhoff equation in high dimensional spaces 715

It follows from some direct calculations that

3 =Py (s *u),

(\IIZ’“)'(S) = ae®*|Vul3 + be**|Vuly — u5q6q6qs|u\g — 62*S|’LL
and the Pohozaev manifold can be rewritten as
Pos = {u € Se: (W9)(0) = 0},

Obviously, s is a critical point of %#(s) if and only if sxu € P.y, . u € Py, if and only
if 0 is a critical point of Wb (s). To determine the locations and types of critical points
of Iy u|s., we decompose P, into the disjoint union P, = P:rb u Y 732,)7” upP
where

cb,u?

Ph = {u € Py, : (W21 (0) > 0},

[NT

P, = {u€ Pyt (W) (0) < 0},

cb,u

Pgb,p, = {u € ,PCJLM : (‘I’Z’#)”(O) = 0}7

for

(T2Y(0) = 2a|Vul3 + 4b|Vul3 — ,uqég\u|g —2%|u 3
We recall the Gagliardo-Nirenberg inequality that exists an optimal constant Cy 4
depending on N and g such that

luly < CnglVuls?uly ™, ue HY(RY), (2.3)

where C; := Cn 4 simplifies the notation.
Next, we simplify some notations. When p = 0, we will replace I ,,, Py ., yhor
Pepus be,/t and Pgb,u by Io, Py, ¥0, Py, PSE and P, respectively. When u # 0,

we will replace Iy ., Py, WO, Pep i, be ., and PBJW by I, P, ¥,, P, P* and PO,

respectively. In the case N > 5, before addressing the perturbation case, it is necessary
to study the existence, nonexistence and multiplicity of normalized solutions to equation
(1.5) with u = 0.

Theorem 2.1. Assume that N > 5 and pn = 0, equation (1.5) has the following results.
(i) If 0 < b < by, equation (1.5) exists two solutions satisfying g+ € PSE such that

inf Iy(u) = Ip(p—) =cn,— >0, inf Io(u) = Io(es+) =N+, (2.4)
u€eP, ueP

and cy,— > cn,+. Moreover, cn.4+ <0 forb € (0,b1] and ey + > 0 for b € (by, bo),
where by is defined in (1.7) and by is defined by

4 [N—4\' =
—_ 2
by ::( — ) S,

In particular, p_ is a mountain-pass solution in S, and

inf Io(u) _ 10(904-)’ Z.fb € (O7b1]’
u€S, 0, ifbe (bl,bo).
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(if) If b < 0, there exists w1 € Py such that

inf Ip(u) = inf Iy(u) = Io(p1) =cy > 0. (2.5)
u€Po u€Py

In particular, p1 is a mountain-pass solution in S..
(iii) If b > bo, then Iy|s, has no critical points. Consequently, equation (1.5) has no
solutions in Se. If b = bo, then equation (1.5) exists a solution satisfying ©1 € Po.
(iv) If the equation (S*) has n radial solutions in L*>(R™N) that are pairwise distinct
DY2(RN)-norms, n € N, then there exists b, > 0 with b, < by such that equation
(1.5), with b € (0,by,), has 2n solutions @; 4 € PSE, i€ {1,2,...,n}, satisfying

Io(pi,—) > Io(pi+),

&2

I I < Io(on v
o(er,4) <Io(p2,4) < ... <Io(pna) < NN =)0

where o1+ = @1 +.

Remark 2.2. More details about Theorem 2.1 are as following.

(i) By virtue of norm-preserving scaling, Theorem 2.1 generalizes the results
of Xie and Zhou [33] to normalized solutions u € S., whereas the original work
investigates general solutions v € D%?(R™). The existence of normalized solutions for
equation (1.5) with b = 0 has been extensively studied. Compared with the results in
Soave [29], the investigation of equation (1.5) with b > 0 is more challenging due to
the extra contribution of the nonlocal term ( f]RN |Vu|2dw) Aw. Specifically, the energy
functional I(u) comprises four distinct terms, whose interactions substantially shape
the functional structure and render the classification of critical points on S, more
intricate. Furthermore, the nonlocal term complicates the compactness recovery of
Palais-Smale sequences, since the weak convergence u,, — u in H(R") fails to ensure
strong convergence

(V|3 / Vu,Vpdr — |Vul3 / VuVedz  for all ¢ € C5°(RY).

RN RN

(ii) In the proof of Theorem 2.1, we restrict the functional Iy on the Pohozaev
manifold Py and establish that Ip|p, is bounded from below. The structural behavior
of Iy depends sensitively on the parameter b. Specifically, I, admits a concave-convex
structure for 0 < b < by. By decomposing the Pohozaev manifold and adopting a fiber
mapping approach, we acquire two distinct normalized solutions to equation (1.5). Fur-
ther, by decomposing the constraint sphere S, and constructing a minimax characteriza-
tion, we prove that one solution is a global minimizer and the other is a mountain-pass
solution. Analogous arguments yield a mountain-pass solution for the case b < 0, while
nonexistence holds for all b > by. While the existence of two normalized solutions
was previously derived in Qi and Zou [26], our work not only recovers such existence
results but also further investigates qualitative properties of these solutions.
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Now we consider the perturbation case p > 0.

Theorem 2.3. Assume that N >5,b; <b<by, u>0and2<q<2+ %.

a(1—3q)

(i) There exists pg > 0 such that for all p,c > 0 satisfying pc™ 2z~ < ua, equation
(1.5) possesses a positive radial normalized solution with negative energy level,
i.e., m(b, ) <0.

(ii) If up,, is a solution of equation (1.5) obtained by (i), then

m(b,u) =0 and |Vup,u|3 >0 as p—0".

Remark 2.4. There are two explanations about Theorem 2.3.

(i) Theorem 2.3 extends the results in [10, 19], where the authors investigated
equation (1.5) for spatial dimensions N = 3,4. Unlike the low-dimensional cases
N = 3,4, the nonlocal term |Vu|j always dominates the four components of the
energy functional I(u) when N > 5, which renders the problem more challenging and
nontrivial. For 2 < ¢ < 2+ %, the compactness recovery of Palais—Smale sequences
varies significantly with the dimension. Specifically, Feng et al. [10] exploited the
continuity and monotonicity of energy levels for N = 3, while Kong and Chen [19]
imposed extra constraints on the parameters p and ¢ for N = 4. Nevertheless, such
strategies fail to work for V > 5, thereby necessitating a new approach to overcome
this obstacle.

(ii) One of the most crucial steps in processing with the critical Sobolev problem
is overcoming the lack of compactness. The case b < bg is totally different from the
case b > by in recovering the compactness results. According to Theorem 1.5 in Zhang
et al. [41], compactness can be recovered under the essential condition b > by. In
fact, the limit equation (1.5) with u = 0 admits no normalized solutions, as stated
in Theorem 2.1 (iii). This property serves as an intrinsic ingredient for compactness
recovery. More precisely, for b > b, the function h(t) is strictly monotonically increasing
for any t > 0, where

a, b, ST ,
h(t) = —t* + —t* — ——*". 2.6
®) 2 + 4 2% (26)
A direct calculation shows that, for any u € S,
a b 1 « 1 1 a(1—6¢) 5
I(u) = §|VUI§ + ZIVUIZ)1 ~ orlu 5 — QIUIZ > h(|Vulz) — 5030 = [Vuly™.

Since 2 < ¢ < 2+ %, the constrained functional I|g, admits a convex structure.
Combining the minimization argument with Ekeland’s variational principle, we obtain
a Palais—Smale sequence {u,} for I|s, satisfying P(u,) — 0 as n — oco. Ultimately,
the validity of the Palais—Smale condition essentially follows from the nonexistence of
normalized solutions to the limit equation. In contrast, b < by is much more intricate.
The main difficulty arises not only from verifying the Palais—Smale condition, but also
from the complex convex-concave-convex structure of the constrained functional. In
this paper, we establish the existence of a normalized solution for b; < b < by. It is an
interesting question that whether equation (1.5) possesses more normalized solutions
for 0 < b < bg.
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Theorem 2.5. Assume that N >5,0<b <bg, p <0 and?2 < q < 2*.

(i) If u is a critical point for I|s, (not necessarily positive, or even real-valued), then
the associated Lagrange multiplier X < 0 and I(u) > cn 4.
(ii) The equation

—(a + b/ \Vu\zdz> AuA4du = plulf2u+ [ul?* 2u, w>0 RN (2.7)

RN

has no solution u € H'(RN) nu € LP(RYN) for A < 0, where p € (0, 1251
Remark 2.6. The proof of Theorem 2.5 is inspired by Theorem 1.2 in [29], which
considers the Schréodinger equation with p < 0.

In the case N = 4, we first give some results of equation (1.5) with u = 0.

Theorem 2.7. Assume that N =4 and = 0. Then

ulgéc Ip(u) =

0, ifb> 572,
—00, if 0<b< 82

where inf,cs_Io(u) is not attained for b > S=2. Moreover, for 0 < b < S~2, we have

a’S?
inf I = inf [, A= — —
uzh fow) = il To(u) (1 - b52)’

which cannot be attained.

Before stating the results on N = 4 of the perturbation case p > 0, we define some

constants as follows: 2( )
2a5°(3 —¢q

kyi= ——1 —~ 2.8

T b5 -q) (28)

[ 208°B-9 ]°[ _a0-bs?) 177 (2.9)
T la-e)a-q] [4pCiRB-q)] '
and )
agky ™1 B
= 2.10
= | ST - )1 - 589 (210
Besides, the set A, (c) is defined by
Apy(c) :={u € S.:|Vul3 < ko}, (2.11)
and the auxiliary functional J : H!(R*) — R is defined by
J) = — [ Vu 4 —— | vuft — Fpuj — L (2.12)
2(1—bS2)' " 2 T 41 —bS2) T2 gl 4
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Theorem 2.8. Assume that N =4, 0<b<S72, u1>0,2<q<3 andce (0,cp).

(i) Equation (1.5) has a positive local-minimizer solution @ in S. for some A, > 0.
Moreover, U satisfies
€ Agy(c), I(a)<0.
(ii) The auxiliary functional J(u) has a positive local minimizer u in S. for some
Ae > 0. Moreover, u satisfies

€ Ak, (c), J(u)<DO.

Remark 2.9. Theorem 2.8(i) is similar to Theorem 1.1 in [19]; however, the proof
in [19] relies on a decomposition of the Pohozaev manifold, whereas our method does
not. In addition, J(u) > I(u) for every u € S. when 0 < b < S~2. Thus, an argument
similar to the proof of Theorem 2.8(i) yields Theorem 2.8(ii), which plays an important
role in the proof of Theorem 2.10. In particular, for b > S72 and 2 < ¢ < 3, the
functional I has a convex structure and is therefore coercive. Using a minimization
argument, the authors of [41] proved that equation (1.5) has a global minimizer for
every ¢ > 0.

Theorem 2.10. Assume that N = 4,0 < b < S72, 4 > 0,2 < ¢q < 3, and
¢ € (0,min{cg,c1}). Then equation (1.5) has a mountain-pass normalized solution 4
in S, for some A\, > 0. Moreover, @ satisfies

0 < I(a) < J(@) + A.

Remark 2.11. When b = 0, the authors in [6, 17, 30] built different test functions to
obtain the unified mountain-pass bound

52

Z?

an essential ingredient for regaining compactness of Palais—Smale sequences in prov-
ing mountain-pass solutions with 2 < ¢ < 3, where M(c) and m(c) stand for the
mountain-pass and ground-state energies, respectively. Since small perturbations
preserve the main structural features of the functional, we construct a similar
mountain-pass threshold for 0 < b < S~2 to verify Theorem 2.10.

Remark 2.12. For N = 3 and 2 < ¢ < %, the authors [10] and [7] derived
distinct mountain-pass level thresholds to guarantee the existence of mountain-pass
solutions. The former constructed a test function constrained to S, via superposing
the ground-state solution to (1.5) with b = 0 and Aubin-Talenti bubbles. Through

elaborate computations, they established the strict bound
(a5)?
7

In contrast, the latter introduced an auxiliary functional and verified the existence of
its local minimizer. Combining this minimizer with Aubin—Talenti bubbles yielded an
alternative test functional, which gave rise to the strict inequality

abS®  b3SC  (b25% + 4aS)?
+ + :
4 24 24

M(e) < m(e) +

M(c) < m(c) +

M(c) < m(c) +
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where m(c) denotes the energy associated with this local minimizer. Motivated by
the arguments in [7], we adopt a similar strategy to prove Theorem 2.3: we first
define an auxiliary functional J(u) as in (2.12) and establish the existence of its
local minimizer. We then construct a trial function by superposing this minimizer
with Aubin—Talenti bubbles, which finally delivers the following mountain-pass level
threshold valid for N = 4:

a?5?

M(c) < m(c) + 10 =057

In particular, setting a = 1 and b = 0 recovers the mountain-pass threshold for the
classical Schrodinger equation stated in Remark 2.11. Kong et al. [20] established
local minimum and mountain-pass normalized solutions for the N = 4 doubly critical
Kirchhoff problem via Pohozaev manifold decomposition for b small enough (with
the order €). Our work develops an alternative auxiliary functional J(u) argument
independent of manifold splitting, and we derive an explicit closed-form mountain-pass
energy threshold A = % not present in their work for 0 < b < S71.

This paper is organized as follows. In Section 3, we study the pure critical Kirchhoff
equation, namely, the case y = 0 with N > 5 or N = 4, and prove Theorems 2.1, 2.5,
and 2.7. In Section 4, we establish a compactness result for Palais-Smale sequences of
I(u) and prove Theorem 2.3. Finally, we prove Theorems 2.8 and 2.10 in Section 5.
We also introduce notation used throughout the paper.

- H(RY) = {ue H'RY) s ue) = u(la])}.

— DY2(RY) is the completion of C§°(RN) with respect to |[ul| p1.2 = [Vuls.

— | - |4 is the standard norm in LY(RY) for ¢ > 1.

o(1) means a quantity that tends to 0.

— — and — denote the strong convergence and weak convergence, respectively.
For any z € RY and r > 0, B,(z) == {y e RN : |y — x| < r}.

— C, M are positive constants possibly different in different places.

3. THE PROOF OF THEOREMS 2.1, 2.5 AND THEOREM 2.7

In this section, we mainly prove the results of pure critical Kirchhoff equation, i.e.,
the case p = 0, which will be used in the rest of the paper.

The proof of Theorem 2.1. For N > 5, we assume that

1, o

1
Eo(u) = §|VU|§ - g\u 2%

and P, := {u € S. : |Vul3 = |ul3}. By Proposition 2.2 in [29], we know that
inf,ep, Fo(u) = %S% is achieved by Ue, o, which is defined in (2.2) for the unique
choice of e, > 0 such that |U.,_ gl2 = ¢
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(i) For 0 < b < by, we denote the two roots of g(t) =0 by t4, 0 < t_ < t,, where
g(t) = bST 2 — 77 4 q. (3.1)
Moreover, ¢'(t_) < 0 and ¢'(t1) > 0. Let sy satisfy e’ = ¢4 and

o (1) = (s1 % Us, 0)(x) = €25+ U._o(e"*z) € S..

By the above setting and the fact that +¢'(t+) > 0, we can easily check that v € POi.
Thanks to the assumption 0 < b < by, we define the roots of equation f(¢) =0 by &4
(€~ < &4), where

F(t) :=bt> — SNt N T 4 q. (3.2)
Moreover, f/(£-) < 0 and f/(£4) > 0 satisfying
€r = STty = |Vipilo. (3.3)

For any u € Py, by (2.1), we have
alVul} + b|Vul} = [uf3: < 5% |[Vul},
which implies £ < |Vuls < &4 It follows that

(3)"(0) = 2a|Vul3 + 4b|Vul3 — 2" |ul3. —2"(¥])'(0)

_2(N —4) 9 9 2a
2(N —4)
= WMVU\% (\VU@ - 772) )

where 7 := ((N 4)b) /2 Then we know that

Py ={uePy:& <|Vula <n},
Pl ={uePy:n<|Vuls <&},
Py ={u€Py: |Vulz =n}.

For any u € Py, it follows that

b 1 « 1
nt 1o = int {20+ Divalf - o - o)
uer; 2 4 2 2

u€EPy
1 N —4
= inf {a|vu|§ VU |2} (3.4)
uEPy N
N —4
N 57—Wb§7—01\77—10( ~)-
Similarly, it follows that

1 N —

4
— 2 0 et = =1 )
uglf Io(u) = Na€+ IN §L = Cn+ o(p+) (3.5)
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Moreover, by Theorem 1.2 in Xie and Zhou [33], we know that ¢y — > 0, cy,— > ey +
for any 0 < b < bp, cn+ <0 for 0 <b < by and ey 4 > 0 for by < b < by.
We claim that

uelglz, Ip(u) =0 and uégfg_ Io(u) = Io(p+),

where A¢ :={u € S.:|Vuls < {_} and {_ is a constant defined by (3.3). Moreover,

{Io(sm, itb e (0,b],

inf Io(u) =
inf To(w) =1, it b e (b1, bo).

u€ESe
Then, ¢4 is a global minimum solution in S, for 0 < b < by, and a local minimum
solution in S, for by < b < bg. In fact, by (2.1) and direct computations, we obtain
that

_2*
2
2*
where h(t) is defined in (2.6). Hence, inf,ca, Io(u) > 0. For any s € R, set

b .
Io(u) > g|Vu|§ + Z|Vu|‘21 - |Vul3 = h(|Vulz) > 0 for any u € A¢_,

us(z) == (s % Us_o)(x) = e2°Us, o(e*x) € S,. (3.6)

Since |Vug|s = eSST < &_ for s < —M, it follows that us, € A¢_ and
b * 1
To(us) = eQSgS% —|—e4SZSN —e? S;S% =0 as s— —o0, (3.7)

which implies inf,c4, Io(u) = 0. Furthermore, since Io(u) > h(|Vul2) > 0 for any
u € Ae_, infuca, Io(u) has no minimizer.

On the one hand, for any u € Py, we have |[Vuls > 1 > &_, which implies
770+ C Ag_. Therefore, infuepgr Ip(u) > infueAg Iy(u). On the other hand, Remark 1.5
in [33] gives

. 5 _ _ o ' '
., elggi Io(u) = Inf h(t) = h(é+) = cn+ uler;)fg To(u) (3:8)
Thus, infueAg Io(u) = In(py+) = cn,+ holds. Moreover, by the fact that ¢y 4+ < 0 for
0 <b< b and cy 4 > 0 for by < b < by, we have

{10(%), if b € (0,b],

inf Io(u) =
inf To(w) =1, itbe (b, bo).

uESc

We also claim that ¢_ is a mountain-pass solution in S, and that cy _ is the
mountain-pass level. Indeed, by (3.6), (3.7), and ¢y, > 0, one can find s < —M
such that us, € A¢  and Ip(us,) < cn,— = Ip(¢—). Combining this with ¢y 4+ < ey —
and |Ve_|2 =£- < &4+ = |[Vpi|a, we obtain

max{lo(us,), lo(p+)} < lo(p-) < o Io(u).
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Thus, we can define a mountain pass level as following

m_ = inf sup Io(y(t)),
7€l tef0,1]

where I’ = {v € C([0,1], S¢) : v(0) = us, and (1) = p4}. We claim that
m_ =¢CnN,—.

Since [Vy(0)]2 < - < |Vy(1)|2 for every v € I, there exists ¢, € (0,1) such that
v(ty) € 0A¢_. Therefore,

sup Io(v(t)) > Io(v(ty)) > inf Io(u) > Io(p-),
t€[0,1] u€dAg

which implies m_ > ¢y _. Set 7(t) = tsy + (1 —t)sg and 1 (t) = u,) € C([0,1],5.),
where, by (3.6),

71(0) = w0y = S0 * Ueo0 = s, and  yi(1) = upq)y = 84 *Ue 0 = @y
Then v, € I' and

m_ < sup Io(y1(t)) = max Io(uy)) = lo(p-),
te[0,1] te[0,1]

which implies m_ < ¢y —. Therefore, m_ = cy —.
(ii) For b < 0, it is easy to check that the equation g(¢) = 0 has a positive root ¢;.
Moreover, ¢'(t1) < 0. Let s; satisfy et =¢; and set

v1(z) == (s1 % Us o) () = e%slUgmo(eslx) e S.,
Combining this with ¢’(¢1) < 0 yields ¢1 € Py . Set
&1 = |Veilz, (3.9)

Then & is a positive root of f(t) = 0. Moreover, f(t) > 0 for t < & and f(¢) < 0 for
t > & . It follows from u € Py and (2.1) that

a|Vul? + 0|Vl = [u3 < 7 |Vul?,

which implies |Vul|y > & . For any u € Py, since a > 0 and b < 0, we have

2N — 4 4
i—jg%wmgfg—ﬂ—ﬁvm§<m

(w9)"(0) = =5 N

which implies u € Py ; hence Py = Py . Finally, an argument similar to that for (3.4)

gives
. . 1 N -4
Jnf To(w) = inf To(u) = adi — —nbel = en = To(er) > 0.
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We claim that ¢; is a mountain-pass solution in S, and that cy is the mountain-pass
level. Indeed, (3.6) gives

Jm [Vuly =0, Hm To(us) =0, M [Vuls = +o0,  lim To(us) = —oo,
Then, we can take so < —M such that |Vus,| < & and Ip(us,) < cn, and take s3 > M
such that |Vus,| > & and Io(us,) < 0, where &; is a constant defined by (3.9). Hence,
it follows that

max{lo(us,), lo(us,)} < Lo(p1) < Io(u).

inf
u€dAg,

Thus, we can define a mountain pass level as following

my = inf sup Io(y(t)),
7€l tefo,1]

where I' = {y(t) € C([0,1]) N S, : v(0) = us, and v(1) = uy, }. Finally, it is easy to
prove that
CN = M.

(iii) For b > by, it is easy to check that f(t) > 0 by some direct computations.
Assume that w is a critical point of Iy on S.. Then u € Py, and

0 = a|Vul? + b|Vuls — |ul2

> a|Vuf} + b|Vuly = $7F [Vul’ = [Vul3f(|Vulz) > 0,

which implies |[Vu|a = 0 and w = 0 contradicts to u € S.. For b = by, it is suffice to
prove that ¢g(¢t) = 0 admits one root ty, Moreover, ¢'(tg) = 0. Let sg satisfy e® = tg
and

v1(x) == (so * Ue,0)(x) = e 5E U o(e’*z) € S..

By some similar computations, we can prove that ¢; is a solution.
(iv) For any n € N, let {u;}"_; be n solutions of equation (S*) satisfying
|VU|2 = |VU1|2 < |VU2|2 <... < |Vun\2. (310)

Set s
(x)=e 7 u(ex), 1<i<n, >0,

Ui

which are solutions of equation (S*) as well. Moreover, we can choose a unique ¢; such
that [v57|3 = ¢, ie., v§' € Se. Let

2 N—4 \ =
bn - — n 72»
N -2 (a(N—Q)) [Vl

it is easy to check that the existence of two positive roots ¢; +(t; - < t; 1) for equation
gi(t) = 0 defined by

gi(t) = b|VOS 2% — 72 4a, £ >0,
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where ¢ € {1,2,...,n} and b € (0,b,,). Let s; 1 satisfy e®* =¢; 4+ and
i+ () == (554 *xv]")(x) € S,

then we can check that ¢; 1 € Py. Set & + := |V, 1|2 for i € {1,2,...,n}, then & 1
are the roots of equations f;(t) = 0 defined by

filt) = bt% — (VoS |7 ) ¥ +a, >0,

where ¢ € {1,2,...,n} and b € (0,b,,). With a similar argument of Lemma 3.3 in [33],
one obtains

G <<ty ad €.-pP>P-g,

which implies o; + € Pi and Io(p;,_) > Io(pi ). By the above setting and (3.10),
we know that [Voiily < [Vuiji'ls for i € {1,2,...,n — 1}, which implies that
fz(t) < fi+1(t) and

0<&,- <& <...<p <<+ <...<& 4 <& 4. (3.11)

For any u € Py, we have

1 1 N —4
Io(u) = Io(u) — 27(‘1’2)/(0) = N“W“@ - waué = Io(|Vu|§),
where ) N4
To(t) = —at — ———bt?, t>
o(t) ot bt =0

It is easy to check that Zy(t) is increasing in (0,7?) and decreasing in (1%, +0o0).
Combining with (i) and (3.11), one obtains ¢4 = ¢ 1 and

Io(p1,4) < Io(p2,4) < ... <Io(pns) < N(N —4)p’

The proof is complete. O

The proof of Theorem 2.5. (i) Let u be a critical point of I(u) on S.. Then u solves
(1.5) for some X € R, testing (1.5) by u and integrating over RY, we have

alVul3 + b|Vaul3 + Aul3 = plul? + |ul3.. (3.12)

Recalling that P(u) = 0, i.e.,

2. =0, (3.13)

P(u) = o Vul3 + b Vuld — ud,fulf — |u

then we infer that A|u|3 = (1 — d,)|ulg by (3.12) and (3.13). Since S > u # 0, 1 < 0
and 0 < §; < 1, we conclude that A < 0. It follows from P(u) = 0 and (2.1) that
x _2® x
2 < STF|Vulz .

a|Vul3 + b Vuly = pbyfulf + ul3: < |u
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Thus, by (3.2), we have

E_ < |Vula < &4 (3.14)
Moreover,
1 1 N 4 0qq
I(u) = I(u) - 2—*P(u) = Na\Vu\g b\V |2 - g( T o )| |q
1 N -4 N 4
> Na|Vu\§ b\Vu\Q > — §+ b£+

= CN,+,

where 0 < 0,9 < 2%, u < 0, (3.5) and (3.14) are used.
(ii) Assume that u € H*(RY) N LP(RY) is a solution of equation (2.7), where
p € (0, i25]. By the Brézis-Kato argument [3], we know that u, [Au| € L>°(RY), and

standard gradient estimates for the Poisson equation also imply that |Vu| € L>(RY).
It follows from u € L*(RY) that

u(z) >0 as |z| = oc. (3.15)

Combining with (3.15) and the fact that A < 0 from (i), we have

1 . Y
AU = ————— (=) 9-2 T2y > —— >0
u a,—|—b|VU|%( u A+ plul* u + uf u) > 2(a+b\Vu|§)u(m) )
for |x| > Rg. Thus, u is superharmonic at infinity. Now we define

m(r) == ‘Izrlnznru(x)

Since u > 0 in RY, we know that m(r) > 0. The Hadamard three spheres theorem
in [25] implies that m(r) satisfies

m(ry)(r

m(r) >

for Ry <r <r <ry. (3.16)

By (3.15), m(rqa) — 0 as ro — oo. Letting ro — oo in (3.16), we find that the function

r — rV=2m(r) is nondecreasing for r > Ry. Therefore,
m(r) > % for r > Ry,
which implies that
400
ult, > C / im(r)[PrN"tdr > C / PEENEN e = oo
Ry Ro

N
for any p € (0, NL_Q], which contradicts the assumption u € LP(RY) for p € (0, m]

Thus, equation (2.7) has no solution. The proof is complete. O
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The proof of Theorem 2.7. If b > S~2, then Py = 0. Indeed, if v € Py, we have
0 < a|Vul3 = uli — b|Vul; < |ulj — S7%|Vul; <0,

which implies © = 0, contradicting to u € S.. Thus, Py = (. For any u € S., one
obtains

a b 1 a 1 _
Io(u) = §|VU|§ + 1\Vu|‘2* - Z|U|ZL > §|VU\§ + Z(b — 57%)|Vul; >0,

which implies inf,cg, Io(u) > 0. Since s xu € S, for every s € R,

ae2s

2

9 be4s 4 643 4
Ip(sxu) = |Vu|2+T|Vu|2—T|u\4—>O as §— —00.
Thus, inf,es, Io(u) = 0. Since Io(u) > 0 for every u € S,, this infimum cannot be
attained.
If 0 < b < S72, we know that inf,cg. Io(u) = —oco by Theorem 1.1(a) in Li
et al. [22]. In this case, set S := {u € S, : |u|} — b|Vu|3 > 0}. Similarly, we can prove
that Py = Py and

inf Io(u) = ing Ip(u) = inf max Io(s * u).
u€Po

uEPy ueSH s€R
Moreover,
a? |Vul3
inf maxIp(s*u)= inf —————2
) = T T BVl

. a? |Vulj a®> 2
> inf — 1=
ue HY(RY\{0} 4 |u|j — b|Vul3 41— bS?

=A.

It remains to prove that
2 4
inf &74\Vu|2 7 <
wes 4 |uli —b[Vuly

Choose a radially symmetric function ¢ € C§°(R?) with 0 < ¢ < 1, ¢ = 1 for
x € B1(0), and ¢ = 0 for € B5(0). Moreover, we may choose ¥ to be nonincreasing
in |z|. Define
ue(z) == Y(x)Usp(z) and wv.(z):= M e S,
|us|2
where U, o(z) is given in (2.2). Recall that S? = |VU. |3 and S = |U. o|3. Appendix A
of [29] gives
|Vue|z = S% +0(e), |u|? =8+ O(?).
For sufficiently small ¢, we have

|vs|3
|VU8|%

=824+ 0(¢) > b,
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which implies v € SJ. Thus,
g @ |Vuly a? Vo3
west 4 |ulf —b|Vuls = 4 |ve|f —b|Vus
a2 SQ
=—|(——=+0 =A+0(e).
+ (1255 00) =a+00)

The proof is complete. O

4. THE PROOF OF THEOREM 2.3

First, we present the compactness result of the Palais—Smale sequences.

Proposition 4.1. Assume that N > 5, 0 < b < by, 4 > 0 and 2 < q < 2*. If
{un} C S¢ is a Palais—Smale sequence for I|s, at energy level m # 0, with m < ¢y +
and

P(up) =0 as n— +oo,

where ¢y is defined by (2.4). Then, up to subsequence, one of the following alternatives
holds:

(i) either u, — u # 0 weakly in HY, ,(RN) but not strongly, where u solves
- (a + bA2) Au+ du = plu) 2 u+ [u]* 2u in RV,

for some A > 0 and m — cn 4+ > K(u) = (% + %) (Vul3 — £ uld — Bluld,

where A = lim,, oo |Vuy|a > 0.
(ii) or w, — u # 0 strongly in H', ,(RN) for some u € H} ,
I(u) = m and u solves equation (1.5).

(RN). Moreover, u € S,

Proof. Tt follows from I(u,) — m that

a b 1 .
3 Vunl3 + §1Vunl} < oofunl3 + Cunlg 4 m 41

1-38g)

* (
Z 4 LTt 5 1,

1 2
S 27*5 22 |Vun
combining with ¢é, < 2* < 4, which implies that |Vu,|s < C for some C. Then {u,}
is bounded in H! ,(RY) and for some u € H} ,(RV),

Up —=u in H' y(RY), w, —u in LYRY), wu,(z) = u(z) ae on RV,
Since {u,} is a Palais—Smale sequence of I|g_, the Lagrange multiplier rule yields
a sequence {\,} C R such that, for every ¢ € H_ ,(RY),

(a + b|Vu,|3) / Vu, Vodr — / lun|? ~2u, pda

RN RN (4.1)
. / i |72l + A / unddz = o(1) 6]

RN RN
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In particular, taking ¢ = u,, in (4.1), then,

—Anc = (a+b|Vu,[3)|Vun|3 — un

2 — a2 + o(1).

The boundedness of {u,,} in H! ,(RY) N LYRN) N L* (RY) implies that A, — A up
to subsequence. Combining with P(u,) = o(1), we have

Ane = p(1 = dg)|unld + o(1).

Letting n — oo, we obtain Ac = p(1 — dq)[ul¢. Since > 0 and 0 < d; < 1, we have
A >0, with A =0if and only if u = 0. If A = 0 and u = 0, set lim,, o0, [Vu,|o = A > 0.
Then

aA? +bA* = lim (a|Vu, |2 4 0|Vu,|3) = lim |u,|%
n—oo n—oo

o*

5 o* s
<577 lim [Vu,|3 =57 A%,
n—oo

which implies that A =0 or {- < A < &, where &1 are the roots of f(¢) = 0 by (3.2).
IfeE <A<LE,, it follows that

1
ene >m = lm I(up) = lim (1(un) = o P(un))
1 N-4 , 1 N-4 ,
= yoA - Ty AT 2 el - Ty b = evn

which is impossible. The case A = 0 is also impossible for m # 0. So A > 0 and u # 0
hold. Since u, — u # 0 in H!, ,(RY), we set lim,_,o0 [Vun|2 = A > 0. Then, by (4.1),
we obtain

(a+bA2)/VuV¢dac—/|u\2*_2u¢dm—,u/\u|q_2u¢dx
RN RN RN

(4.2)
+ A / updr = 0,
RN
for any ¢ € H!, ,(R"Y), which means u is a weak solution of
—(a 4 bA?)Au+ du = plu|? 2w+ [u)* 2w in RV,
It follows from the Pohozaev identity that
Qa(u) == (a+ bA%)|Vul} — pdylul? — [ul3. = 0. (4.3)

Set vy, := u, — u. Then v, — 0 in H!, ,(RY) and v, — 0 in LY(RY) for 2 < ¢ < 2*.

By the Brézis-Lieb lemma, we have |Vu,|2 = |[Vv,|3 + |Vu|3 + o(1) and

2+ lulE +o(1).

[l = vnld + luld + o(1) = ulg + o(1),  |un|3: = |vn
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We can rewrite P(u,) = o(1) as

2. +o(1) = o(1). (4.4)

P(uy) = (a+ bA2)|v“n|§ - U5q|un|g = |uy,
Set limy,—, 00 |V |2 = 1. Then (4.3) and (4.4) imply that

al> +bl* := lim (a|Vu,|3 +b|Vu,|3) < lim (a4 bA?)|Vu,|3
n—oo n—00
= lim |v,|% < S=% lim Vo, |2 :57%12*7
n— 00 n—oo
which implies that £ <1 <&, orl=0.
(i) If £- <1 < &4, we define the function

1 1 1 * o
k(1) = Jat® — (55 — Z)S*%ﬂ for t € (0, 00).

With some careful analysis and some basic computations, we can obtain that

min k(t) =k =CN.+.
el (t) (§4) =cngt

Using the above analysis, we have

bA? 1 .
= Jim T(u) = K+ i {5+ 5 ) 903 = ol

n— oo n—roo
: 1 1 1 .
= K(u) —|—nh_>né<> {4a|an§ - (2* - 4) lvn, %}

1 1 1 * o
> K(u) + jal” - ( - ) S

2% 4
> K(u)+ min k(t
) tefé— &4 ] ®)
=K(u)+cn+,

where K (u) := (% + %) IVul3 — & |ul3- — 2lul?. In this case, (i) holds.

(ii) If I = 0, we know that u, — u in DY2(RN) and L?" (RY). Testing (4.1) and
.2) wit = u, — u and subtracting them, one obtains
4.2) with ¢ d sub i h btai

(a+bAH)|V (up — u)|5 + My —ul3 =0 asn — oo,
which implies that u, — u in L?(R") and hence in H} ,(R"). Thus, (ii) holds. O

Lemma 4.2. If by < b < by and the case (i) in Proposition 4.1 holds, there exists
p1 > 0 such that K(u) > —cn .4 for pct=0/2 <y .
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Proof. For any t > 0, we define

o (1-64)
T =t — ST fat® — et T C5,19%. (4.5)

A(P) = FO)F — pe" =

SinceNEBand2<q<2+%,wehave0<q6q<2and2*<4, let &, £ be the
positive roots of fi(t) = 0 and satisfy that

0<&y <&t <l

Those three roots are bounded for ,ucqu;&q) small. Recalling that {1 are the roots of
a(1—8q
f(t) =01n (3.2), it is evident to check that for uc =% gmall

& <& <t <& < <C(g).

By the definition of fi(¢) and the boundedness of &/, we have

FER(EM?) = | F1(€2) + pe™ T2 C8,(€1)P1| < pe™ =™ ()™ — 0,

a(1—6g) )
as uc— 2 — 07, where i = 0, — or +. Thus,

q(1—38q)

& — 0" and & =& as pet = =0t (4.6)

It follows from (4.3) that

alVul3 +b|Vul3 < (a+bA%)|Vul3 = [ul3: + udy|ul?

* . (1-5¢)
S™F |Vul2 + pe T

which implies f1(|Vul2) < 0. By the above setting, we know that
0<|Vula <& or & <|Vuls <&f. (4.7
Then b; < b < by implies ¢y 4+ > 0. By (4.6) and (4.7), one obtains

a bA? 1 .
K = (5 + 5 ) IVl = gelultt =

1
qiiQA(u)
_ g (L L
— v - (5 4) u

4
a 9 1 —z
> Z|Vu|2 N\ =—--)5 \Vu

(4.8)

.o/l 1
2 o+ 1 q
- (o5~ ) dwel
.1
2 q
o+ ( 3 4) HoaCye
. a o 1 1 2%
L 5,Cc"
0221{4 (2* 4) } ( )M

>0—cn+ = —CnN+

)
||

Y

(g

(1-3q)
for some ucq T < 1 small enough. O
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Consider the constrained functional I|g_, by (2.1) and (2.3), we have

a b n
1(w) = §1Vul+ 719ul} - Ejug

o*

a
> 5[Vul3 + *IWIE‘ - = h([Vul).

Hence, fi(t) = th}(t), where fi(¢) is defined by (4.5). Clearly, " is the maximum
point of hy(t), while & and ¢/ are the minimum points of hy(t). Set

m(b, p) = m(c,b,p) := inf I(u).
uESc

Lemma 4.3. There exists po2 > 0 such that, if uc 0 < p2 and by < b < by, then

(i) ha(f) >0,
(ii) hy(t) has a unique zero point £ and hy(t) >0 fort > 8"

Proof. (i) Since h'(t) = tf(t), &+ is the minimum point of h(t) and h(t) > h(&4+) for
t > &4 Combining this with ¢y 4 > 0 for by < b < by, & > &4, and (3.8), we obtain

P

m(eh) = S(e8)? + 9(&) Boge s gy - 2 ;f €6
= h(eh) - cq ()9 > h(ey) — ’q‘cq gy (49)
—CN+—ng (f“) >0

a(1—4q)

for some puc™ 2 < po small enough. By (4.8), we also know that ps < uy.
(ii) Since hy(0T) = 07, hy(+00) = 400, and (4.9) holds, the function h4(t) has
a unique zero 50’1 and satisﬁes hi(t) >0 for t > 55’1. O

Lemma 4.4. If uc e < p2 and by < b < by, then

inf  I(u)=m(b,u) <0

uGAEg,l

where Agg’l ={ueS.:|Vuls < 5571}'

Proof. For any u € S, since lim I(s*xu)=0" and lim I(s*u) = +o0, we can
s§——00 s§— 400

choose a small sy € R such that I(sg*u) < 0. Therefore, m(b, 1) < 0. By Lemma 4.3(ii),
for any u € Agu 1, we have I(u) > hi(|Vu|z) > 0, which implies inf,ea ,, I(u) =

m(b, u) < 0. O

[Ll
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The proof of Theorem 2.3. (i) Let {v,} be a minimizing sequence for m(b, u). Since
I(Jv,|) = I(vy), we may assume that every v, € S. is nonnegative and radially
decreasing. Choose s,, € R such that s, xv,, € P; the scaling parameter s,, are selected
at a global minimum of the fibre map, then

I(sy % vy) =min{I(s*v,): s € R} < I(vy).
Consequently, we obtain a new minimizing sequence {w,, = s, * v, } for m(b, u), with
wy € Se NP and P(w,) =0

for every n. Hence, the Ekeland’s variational principle guarantees the existence of a new
minimizing sequence {u,} C S, for m(b, ), with the property that |u, — wy|g1 — 0
as m — —+o00, which is also a Palais—Smale sequence for I on S, with P(u,) — 0 as
n — 0o. Thus, {u,} satisfies all the assumptions of Proposition 4.1. We shall show
that the alternative (ii) in Proposition 4.1 occurs. Otherwise, by Lemmas 4.2 and 4.4,
we have

0> m(b,p) > K(u)+cn 4+ > 0.

Consequently, after passing to a subsequence, u, — u in H} ,(RY), and u solves
equation (1.5) for some A > 0. Moreover, u is nonnegative and radially decreasing,
and the strong maximum principle implies that u > 0.

(ii) Let up,u € Se be a global minimizer of I(u) given by (i). By Lemma 4.4, we also
have up, € Agpr. It is easy to check that €t = 0 as u— 07, and then |Vug,,|o — 0

as well. From (2.1) and (2.3), we have

*

a b I 1
0> m(b,p) = I(up,) = §|vub,ﬂ|§ + Z|Vub,u|% - 6|ub,u|g - 27|Ub,u|§*

a b M a(1=3q) 5
> §|vub7#|§ + Z|Vub,u|g - ECZIZC 2 |Vub,u|(2l !
S .
- \Vaup,l3 =0 as p— 0T,
which implies that m(b, u) — 0 as . — 07. The proof is complete. O

5. THE PROOF OF THEOREM 2.8 AND THEOREM 2.10

5.1. THE PROOF OF THEOREM 2.8

In the subsection, we study the existence of the local minimizer for equation (1.5) with
N = 4 and hence complete the proof of Theorem 2.8. For any u € S, by 0 < b < §72,
(2.1) and (2.3), we have

a b M 1
J(u) = 1(w) = §IVul3 + 719ul} = Eulg — Zpui}
(5.1)

pCd a—q 2g—4 1 —bS?
Vul — = e Tl - g

Vul3 = [Vul3fe(|Vul3),
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where the function f.(k) is defined by

_a O a—q 4—3 1—5b52
fe(k) := 5 . c? k 152

k, Ve ke (0,400). (5.2)

In the following, similar to Lemma 2.1 in [16], we give some results of f.(k).

Lemma 5.1. Assume that 0 <b < S72,2 < q< 3 and p > 0. For any ¢ > 0 fized,
then the function f.(k) has a unique global maximum and the maximum value satisfies

>0, ife<eg,
(k)= fclk.) =<¢=0, ifc=cy, 5.3
ke?ol,&f@f() fe(ke) 0 ife=co (5.3)
<0, ife>c,

where ¢y is defined in (2.9) and

4pClS? (3 — q) i
(1 — bS?) ¢

c

[N

(5.4)

In particular, we have k., = ko.

Lemma 5.2. Assume that 0 <b< S 2,2<qg<3 and ;> 0. Let c; >0 and ky >0
be such that f., (k1) > 0. Then for any ca € (0,c1], it holds that

For(ka) >0, Vkye {Zkl,kl} . (5.5)

Proof. 1t is easy to see that f.(k) is non-increasing with respect to ¢. Then, for any
¢z € (0, c1], we have

fea (k1) = fe, (k1) = 0. (5.6)

A direct calculation gives

f02 (ngl) Z fq (kl) 2 0. (57)
1

If fe,(k) <0 for some k € (£2ki, k1), then fc,(k) has a local minimum in (Zk1, k1),
contradicting Lemma 5.1, which states that f., has a unique global maximum. The
proof is complete. O

Lemma 5.3. Assume that 0 < b < S72,2 < g < 3 and u > 0. For any c € (0,cp),
it holds that

m(c) :=m(c,b,u) = inf T(u)<0< inf I(u 5.8
(c) (¢, b, ) I (u) VB (o) (u) (5.8)
and

m(c) :==m(c,bypu) = inf J(u) <0< inf  J(u). (5.9)

u€Ag (c) u€(Ag,(c))
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Proof. For any u € S,, set u;(z) := t?u(tx). Then u; € S, and |Vus|3 = t2|Vul3.
Moreover, we have

at? 9 bt
Vel a—

t2q—4 t4
|Vuls — K 1.

Since 2 < ¢ < 3, there exists tg > 0 small enough such that |Vu|3 < ko and
I(uy,) < J(uy,) < 0, which implies that u,, € Ag,(c) and m(c) < m(c) < 0. Moreover,
by (5.1) and the fact that f.(ko) > fe,(ko) = 0 for any ¢ € (0,¢p), we have J(u) >
I(u) > |Vul3f(|Vul3) = kof.(ko) > 0 for any u € (A, (c)). Thus, (5.8) and (5.9)
hold. The proof is complete. O

Lemma 5.4. Assume that 0 < b < S72,2 < q < 3 and u > 0. Then the following
assertions hold.

(i) Let c € (0,¢cp). For any o € (0,c¢), we have m(c) < m(a) +m(c — a). Moreover,
if m(a) or m(c — «) is achieved, then the inequality is strict.
(ii) The function c — m(c) is continuous on (0,cp).

The proof of Lemma 5.4 is similar to the following lemma, so we omit it.

Lemma 5.5. Assume that 0 < b < S72,2 < q < 3 and u > 0. Then the following
assertions hold.

(i) Let ¢ € (0,¢q). For any a € (0,c¢), we have m(c) < m(a) + m(c — «). Moreover,
if m(a) or m(c — «) is achieved, then the inequality is strict.

(ii) The function ¢ — m(c) is continuous on (0, cp).
Proof. (i) Let {u,} C Ay, (c) be a minimizing sequence with respect to m(«a), i.e.,
lim, o0 J(un) = m(a). By Lemma 5.3, we have m(a) < 0 and 0 > J(u,) >
|Vn |3 fo(|Vun,|3) for n € N large enough. Then, in view of Lemma 5.2 and the fact
that f.(ko) > feo (ko) = 0 for any ¢ € (0,cp), we have f, (k) > 0 for any k € [<ko, ko,
which implies that

[0
‘vun@ < Eko

for all sufficiently large n € N. For any 0 € (1, <], set v,(z) = un(e_%a:). Then
[vn|2 = 0lun|3 = O and

(Vo[ = 0% |Vunf3 < (
which means that v, € Ay, (6a). Thus, it follows from (5.9) that

m(fa) < J(vy,)

1

_ab? 9 b 4 o0y
< s - P Ot
= o1 —bs2) 2T g g2y Y inl2 T T tlg Ty Tl

)
= 0J(uy) = 0m(a) + o(1),
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which implies that
c
n(6) < O —1.
m(fa) < Om(a), VO € (17 a}

If m(a) is achieved by u € A, («), then we can choose u, = u in (5.10) and hence
the strict inequality holds. Moreover, it follows that

—m(e) + %m(c) < m(c— a) + m(a)

with a strict inequality if m(c — «) and m(«) is achieved.
(ii) Let {¢,} C (0,¢p) be such that lim, . ¢, = ¢ C (0, ¢p). For any « € (0, ¢p),
Lemma 5.3 implies that m(a) < 0. If ¢, < ¢, it follows from (i) that

m(c) < m(é,) +m(c—¢&,) < m(c,). (5.11)

If ¢, > ¢, let u, € Ay, (cn) be such that J(u,) < m(c,) + +. Set v, = \/ 7 Un; then

Un, € Ag,(c). Moreover, we have

m(c) < J(vy) = J(up) + [J(va) — J(un)]

a c—Cp 9 b 2 - 4
=)t i ey e VRt q e ik
_M(C%_ig)hb‘q_cg 672’L| |4

e o4l
= J(u,) + o(1)
< m(en) +o(1)
Combining this with (5.11), we have
m(c) < m(e) + o(1). (5.12)

For € > 0 small, there exists u € Ay, (c) such that J(u) < m(c) + €. Set w, = y/ Zu.

Then w, € Ay,(¢,) for all sufficiently large n € N. Since lim,,_,oc J(wy) = J(u),
it follows that

m(e,) < J(wy) = J(u) + [J(wn) — J(u)] = J(u) + o(1) < m(c) + & + o(1).
Thus, since € > 0 is arbitrary, we have
m(cn) < m(c) + o(1). (5.13)
Both (5.12) and (5.13) conclude that lim,,_, oo m(¢,) = m(c). The proof is complete. [

The proof of Theorem 2.8. (i) Let {u,} C Ak, (c) be a minimizing sequence for m(c).
Since {|u,|} C Ag,(c) is also a minimizing sequence for m(c), we may assume that
Uy, > 0. Lemma 5.3 gives

0< a3 <l|inlz =c, |Vin|s <ko<+oo, I(i,)=m(c)+o(l). (5.14)
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Hence, after passing to a subsequence, there exists @ € H'(R?*) such that

Uy — T in H! ,(RY),
Uy — T in L5(RY), Vs e (2,4), (5.15)

Gn(x) — @(z) a.e. on R

We know that @ # 0. If @ = 0, then, together with (2.1), (5.2), (5.3) and (5.14), we
have

a b 1 I
m(c) + o(1) = I(ty) = = |Vin|3 + ~|Viin|3 — = || — =2
() +0(1) = I(an) = 5 [Vinlz + £ [Vinlz = 7 1tnls q| a

a _ b 1 .
= 2|Vinl} + 1 Vinl} = lnld + o(1)
1 —bS?
452
1 —bS?

- a
> Vi3 <2 - 452/€0> +o(1)

%

a ~ ~
Vil — g IVl + 0(1)

cT® 4,
|V [fc(ko) +E ey ] o)

> o(1),

which contradicts the fact that m(c) < 0. Thus, @ # 0.
Set vy, := Uy, — 4. By (5.15) and the Brézis-Lieb lemma, we obtain

Vi, |5 = |Val3 + Vo3 + o(1),

’ (5.16)
Viin|3 = [Val3 + [Von|3 + 2|Val3| Vo, |3 + o(1)
and
¢ = |inl3 = |3 + |val3 + 0(1), |@nls = |03+ [vals + o(1). (5.17)
It follows that
b
m(c) = I(iyn) + o(1) = I(@) + I(vy,) + i\va\g\wn@ +o(1). (5.18)

We now prove that v, — 0 in H'(R*) and hence that @, — @ in H'(R*). The proof
is divided into two steps.

First, we claim that |v,|3 — 0 as n — oo, i.e., |ii|3 = c. Suppose, by contradiction,
that & := |@|2 < c. By (5.16) and (5.17), for all sufficiently large n € N, we have

= |03 < ¢y [Vou|3 < Vi3 < ko,

which implies that v,, € Ak, (o) and I(v,) > m(a,,). Then, together with (5.18), one
obtains that

m(c) = I(a) + I(v,) + g|va|§|vfun|§ +o(1) > I(a) + m(ay) + o(1). (5.19)
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By Lemma 5.4(ii) and (5.17), we have

m(c) > I(@) + m(c— é). (5.20)

We also have that @ € Ay, (¢) by the weak limit, which implies that I(a) > m(¢).
If I(@) > m(¢), then it follows from (5.20) and Lemma 5.4(i) that

m(c) > m(é) +m(c—¢) > m(c),

which is a contradiction. If I(%) = m(¢), then the strict inequality in Lemma 5.4(i)
holds and
m(c) > m(é) +m(c—¢&) > m(c),
which is also a contradiction. Thus, |@|3 = ¢ and @ € Ay, (c) by the weak limit.
Second, we claim that |Vv,|3 — 0 as n — oo. It follows from (5.2), (5.3), (5.18),
and I(@) > m(c) that

a b 1 b,
o(1) 2 §IVual} + 71V0nld = glenld + 5 (Vallonl3 +o(1)

a 5, 1—082 4 o (a 1—0bS?
2 5W”n|2 - levnlz +o(1) = [Vun[; 5 Wko +o(1)

neq

= 190§ [ ulh) + 2 k} o),

which implies that |Vv,|3 — 0 as n — co. Together with the fact that |v,[3 — 0 as
n — 0o, we have v, — 0 in H'(R%), i.e., @, — @ in H*(R*). Thus,

a3 =c, |Val3 <ko, I(@)=m(c).

Combining this with Lemma 5.3, we know that |V|3 < ko and henceforth @ € A, (c).
By Corollary 2.4 in [7], one obtains that I|5 (i) = 0 and henceforth there exists

a lagrange multiplier A, € R such that
—(a+bVa2)Au + \a = @ + pla|? %a.

It is easy to check that A, > 0. Since @ > 0 and @ # 0, the strong maximum principle
implies that @ > 0.

(ii) Similarly to (i), Lemmas 5.3 and 5.4 yield a positive & € A, (c) such that
J(u) = m(c) < 0 and, for some \. > 0,

a b

B )

(1—052 |Vﬂc\§ Alie + Al = ﬂi’ + N|ﬂ6|q72ﬂ6~ (5.21)

The proof is complete. O



Normalized solutions of a critical Kirchhoff equation in high dimensional spaces 739

5.2. THE PROOF OF THEOREM 2.10

In the subsection, we establish the threshold of the mountain pass level to prove the
existence of the mountain-pass solution, thereby proving Theorem 2.10. By a standard
argument, we obtain the Pohozaev-type functional related to (5.21) as follows.

Lemma 5.6. Assume that 0 <b < S72,2< ¢ <3, u>0 and c € (0,¢cp). It holds
that

a

(1-55?) (1-55?)

Lemma 5.7. Assume that 0 <b < S72,2<q<3, u>0 and c € (0,cp). Then there
exists d > 0 such that

_ _ _ w(2g —4),
V|3 + V|3 — || — —=——|tc|? = 0. (5.22)

M(c) == inf Jnax, I(y(t)) 2 d > sup max{I(v(0)), I(v(1))}, (5.23)
where
Le:={y € C([0,1],Sc) : 7(0) = e, I((1)) < 2m(c)}. (5.24)

Proof. Set d := inf,ca(a,, (c) I(u). By (5.8),d > 0. Let v € I be arbitrary. Lemma 5.3
gives (0) = @, € Ak, (c) \ OAk,(c) and I(v(1)) < 2m(c) < m(c) < 0. By (5.8), v(1) ¢
Ay, (c). Since 7 is continuous on [0, 1], there exists to € (0,1) such that v(tg) € A, (c).
Hence, max;e(o,1) [(v(t)) > d > 0. Since I(y(0)) = I(u.) < J(u.) = m(c) <0, (5.23)
follows. The proof is complete. O

Similar to Lemma 3.11 in [7], we obtain the following lemma.

Lemma 5.8. Assume that 0 <b < S72,2<q<3, u>0 and c € (0,cp). Then there
exists a sequence {un,} C S, such that

I(u,) = M(c) >0, Ifs (un) =0 and P(u,)— 0. (5.25)

Set the functions U, (x) := T,,(|z|), n > 1, where

T 0<r<l,
To(r) =2v2 25(2-7), 1<r<2, (5.26)
0, r> 2.
It follows from results in [6] that
1
|Un§0<c;g2">, n — 0o, (5.27)
1
|VU"|§:SQ+O(n2>’ n — 0o, (5.28)
1
U.|1=S*+0 (n4) n — oo. (5.29)

In the following, we consider the superposition of 4 and U, to construct a test function
in S.. By some delicate calculations, we obtain the threshold of mountain pass level
M () as follows, which is a crucial step in proving Theorem 2.10.
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Lemma 5.9. Assume that 0 <b< S72,2<q<3, u>0 and c € (0,c). It holds
that
M(c) < m(c) + A. (5.30)

Proof. Let u. € S, be given by Theorem 2.8(ii). Then

J(te) = m(c), A|ic|? = T‘wg, tc(z) > 0. (5.31)
Set
Voi(x) = tc(z) + tUn(x), Wyh(x) =1V, (72). (5.32)
Direct computation gives
|VWn,t‘g = |vvn,t|§a ‘Wn,tﬁ = |Vn,t i (5'33)
and
Waels =772 Vaels,  [Wald =794V, 4 (5.34)
If we set 7 := %, then W, ; € S. and
Vit |3 2t t2
2o Vnilz g 2 e Undz + —|Uy 3. (5.35)
C C C
R4

Since . € S, is a local minimizer of J, Lemma 5.6 and (5.31) yield

b _
{(1 _“b52> + a _bSQ)Wucg} /VﬂCVUndx = /(a§+uag—1 — Netie)Updz. (5.36)
R4

]R4

_ 2
Let P(t) = S? [‘Hb‘gu“‘?tQ - 1—252 tﬂ . By direct calculations, for any ¢t > 0 and ¢ # t,,

we can check that

0252 abS?| V|2 b2S2|Vii|4

- 5.37
21 —b57) T 2(1-55%) | A(1-05?) (5:37)
_ DIV b2S? Vil
2(1-052%)  4(1—0b5?%)’
where Va2
9 O+ Uc|s
o= e (5.38)

Furthermore, (5.36) can be rewritten as

(a4 b|Vii.|3 + bS*t?) / Vi VU, dx = / (u? + pu?=t — X )Updz. (5.39)
]R4

R4
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Based on (5.26) and (5.27), we estimate the terms in (5.39) as follows

Jogn
/acUnda; ) ( ‘;g”) . n— oo, (5.40)
R4
JIogn
/VﬁcVUndac - /UnAacdm - o( Og”) . n— oo, (5.41)
n
R4 ]RAL

1
2

/ag‘lUndxg /ai(q‘”dx / Unda =0<‘logn)7 n—oo, (542)

n
R4 R4 |z <2

and

1
3

1 Q
/ach;dx > 27r23/r3|Tn(r)\3dr > 32[27#3/ nr
0

3

———d
1+ n2r2)3 "
B . 0 (5.43)

- 32272 B / 53 By

—ds =: —,
n (14 s2)3 y n
0

where B := inf|,|<; U.(x). From elliptic bootstrap, radial positive weak solutions are
locally Holder continuous, hence bounded away from zero on compact ball B (0) and
B > 0. If p > 3, one has,

1+t >1+pt+ptPt +17, t>0. (5.44)
Moreover, if p > 2, then
1+t >1+ptP 4P t>0. (5.45)
It follows from (5.27)—(5.29), (5.31)—(5.35) and (5.37)—(5.45) that for any ¢t > 0,

a b 1
H(Wae) = 519 Wargl o 71V Wareld = 31Wadli = £ Wl

a,—, b, _ 1 _ T4
= E‘v(uc + tUn)@ + Z|v(uc + tUn)er - 1|uc + tUnﬁ -£ |t + tUn‘g
a5 b4 1_ ., prit at? 9
< §\Vuc|2 + 1|Vuc|2 - 1|uc‘4 - T|Uc|g + 7|VUn\2
bt , t 4 -3 3 [ =73
+ T|VU"|2 - Z\Un|4 —t | wUpdx —t° | u U, dx (5.46)
R4 R4
q—4 —q—1 bt2 — |12 2
—pr?% [ wd7 U, dx + T\Vucb\VUn\Q

R4

+ (a +b| V|3 + bt*|VU,[3) / Vi, VU, dx + bt* / Vi, VU, dx
R4 R4
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I(Wn,t)
a,_ _ b __ 1 _ JT at? btt
< §|Vuc|§ + ZW%\% - Z|Uc\i - E|Uc\g + T\VUM% + T|VUn|Z2l

(1—7197%)

t _
- Z|Un\j*L +£ el + p(1 — Tq—4)t/ag—1Undx - )\ct/ﬁcUndx

R4 R4

2
+ %Wac\élvwlé + b(12|VU,|2 —tiSQ)t/WCVUndx
]RAL

1
- t3/aCU,§dx + 2 {0 ( ngﬂ
n
R4

a,__ b 1 [y
R L B |

A+ bV, 1-b5%,
2 4

q—4
Uelg 2t 1
LIS S 1+—/acUnda:+t2 (O(ngn)>
q c n
R4

— At / Uy dx (5.47)
R4
a—4
2t 1
+pdl—[1+= /fLCUndm + t20 ( Og2n> t/ﬁg_lUndx
C n
]R4 4

1
+bS%(1? — ti)t/vaCVUndx —t? /aCUf;da: + (82 +th) [O ( (ji”)]
R4 R4

a,._ _ b, _ 1,_ W a+b|Vi|3 1—bS?
< = 242 4_ g4 Bige 2 2,2 4
< IV + §1Val - gladlt - Ajacly + 52 [CE e L 1205

Bt V1 1
_ Dol s — 2y [O ( Ogn)} (24t [O ( ngn)}
n n n
= I(uc (t) + Kn(t)

I(u.)+ P

I(a.) + P(t,) + (P(t) — P(t,)) + K, (t)
abS2|Vi2  b2S2|Vig|4

2(1—b52) ' 4(1—bS?)

= J(uc) + A+ K(n,t)

+ Pl(t) + Kn(t)

I(ie) + A+

where

a+bVi.3 1-0b5?
Pi(t) := P(t) — P(t.) := S? |2 2 _ 1 (2 +t3)| (1?2 —12),
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and

3 Moo
Kot) = — 2 1522 — 210 ( logn) + (2 +tH0 (IOgZ") :
n n n
and K(n,t) := Pi(t) + K, (t). It suffices to prove that sup,., K(n,t) < 0 for n large
enough. In fact, for t2 > T2 or 0 < t2 < t2, there exists ng large enough such that for
n > no,
K(n,t) <0 (5.48)

since the sign of t* or t? — t2 is negative. For ¢ > 0 such that t2 <2 <2 + loi", there
holds,

K(TL, t) = Pl(t) + Kn<t) < Kn(t)
_ bt FBS2(#2 — 2)t0 < v log”) + (2 +tHo (log”)

n n n? (5.49)
Bot? 1 1
< -2 g0 <( 08 ) ) + (8 + 90 ( ngn) <0,
n n n

for large n. For ¢ > 0 such that ¢2 4 105" < t? < Ty, combining this condition with
(5.37) gives

K(n,t) = Pi(t) + Kn(t)

1—-bS%logn o o Bot? 2,2 .2 Vlogn
— t°—t%) — —— +bS°(t° —t))t
logn
2, 44
+ (t +t)0( > )<O,

for large n. Thus, combining with (5.48), (5.49) and (5.50), there exists ng € N such
that for n > ng, sup,~o K(n,t) <0 and

sup [(Wﬁt) < ﬁl(C) + A. (551)
t>0

By (5.32)—(5.35), we have W, ; = 7V;, +(Tx), [Wi |3 = c and

VWi |3 = |V(t. + tUs)|3 = |Viie|5 + t*| VU3 +2t/VﬂCVUﬁda:,
R4

where 72 = 1 4+ % fR4 u.Undx + §|Uﬁ|§, which implies that W5, € S, for all t > 0,
Wi, = e, and there exists a ¢ > 0 large enough such that I(W}, 7) < 2m(c). Let
Ya(t) = Wh g, then 77(0) = 4. and I(ya(1)) = I(Wy5) < 2m(c). Thus, 75 € T
defined in (5.7). Finally, it follows from (5.23) and (5.51) that

M(c) < max I(vi(t)) < supI(Way) < m(c) + A.
te[ovl] t>0

The proof is complete. O
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The proof of Theorem 2.10. By Lemma 5.8, there exists a sequence {u, } C S, such
that

I(up) = M(c), I|s (up) =0 and P(u,) =0, as n— oo. (5.52)

Using (2.3) and (5.52), one obtains that

1 a 4—
M(e) + 0{1) = Iu) — +Plug) = Zmn@ - Dy
4 —
%|vun‘2 M |vun 50 47

which implies, since 2 < ¢ < 3, that {u,} is bounded in H! ;(R*). Thus, after passing
to a subsequence, there exists @ € H!, ,(R*) such that

Uy — G in H! ,(RY),
Up —> O in L¥(R%), Vs e (2,4),

up(x) = a(r), a.e. on R%

By (5.52) and the Lagrange multiplier rule, there exists a sequence {\,} C R such
that

/Vuanodx+b|Vun|2/Vuanodx7/|un| Unpdx

R4 R4

(5.53)
[l unpda [ Anpds = o(Dllgl, ¥ o € Higo(R)
4 4
In particular, taking ¢ = w,, in (5.53), then we have
—Apc = a|vun|§ + b‘vunrg - |un|i - #|Un\g +o(1). (5.54)

Since {u,} is bounded in H} ;(R%), the sequence {\,} is bounded in R. Thus, after
passing to a subsequence, there exists Ae € R such that A, — A, as n — oco.

We now claim that 4 # 0. Indeed, if @ = 0, then u,, — 0 in L9(R*). Tt follows from
(2.3) and (5.52) that

o(l) = a|Vun|§ + b|v“n‘% - |un|i1L > a|Vun|§ +(b— 5_2)|Vun|§~

Set A :=lim,_,o |Vuy|z > 0. Then aA? + (b — S~2)A* <0, which implies that either

A2 > 95 or A=0.1f A2 >

- b;, combining this with (5.52) gives

1 a a252
M(c) 4+ o(1) = I(uy) — ZP(un) — Z|Vun|§ > =05 A,
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which contradicts (5.30). If A = 0, it follows from (5.52) that M(c) = 0, which is
impossible. Therefore, 4 # 0. Moreover, in view of (5.52), (5.54), and 2 < ¢ < 3, we

have

S\CC = lim A\,c=

s nh_fgo —(a|Vun|§ + b|Vun\‘21 - ‘unﬁ - N|“n|g>

_ 4 4 N
= lim /A(; = Dun|d = M(; - Dlalg >0,

n—oo

which implies that Ae > 0.
Letting n — oo in (5.53), we have

a / VaVedz + bA? / Vavedz + / Aelipda
R4 R4 R4

(5.55)
= / || tpdx + ,u/ 4|72 pd,
R4 R4
which means that @ is a weak solution of
—(a 4 bA?)Au+ Aou = plu|%u+uPu in R
Then, 4 satisfies the following Pohozaev identity
N 4
(a + bA?)| Va2 + 2A.|al2 — ?“|a|g —lat =o. (5.56)
Let ¢ = 4 in (5.55), together with (5.56), we can deduce that
. 2u(q —2
P() := (a+bA%)|Va|3 — |a|] — %mg =0. (5.57)

Set v, := uy, — 4. By the Brézis—Lieb lemma, we have
A% = |Vup|3 +0(1) = [Vou|3 + [Vifs +o(1) and  |u,|i = [oa]f + a3 +0(1). (5.58)
It follows from (5.52), (5.57) and (5.58) that

2u(q — 2)

o(1) = P(u,) = a|Vun|g + b\Vunﬁ - |un|i - |un|g

— P(@) + (a + bAZ)| Vo, [} — loald + 0(1) (5.59)
= (a +bA?)[Vnl3 — [vals + 0(1)
= (a+b|Val3)[ Vo3 + b Vnls — [val3 + o(1),
together with (5.52) and (5.58), one obtains that
a b 1 I
M(0)+0(1) = 59} + 7 [Funlf = Jlualf ~ Bl
a o b R SNV P 2 -
= 5 [Vonl3 + 7 Vouls = Jlonli + 5| Val3|Vonl3 + 1(@) +o(1)  (5-60)

a b . .
= Z|an|§ + ZWU@WU"'% + 1(4) + o(1).
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Set [ :=lim,, o0 |Vv,|3 > 0. It follows from (2.3) and (5.59) that
(a+ VAL + b2 = lim (a -+ bVaf3)[Von 3 +b{T0 [t = lim fo,

< lim S*2|an|;l =522,
n— oo
which implies that either [ > % orl=0.If ] > %, we consider
two cases: |Va|3 < ko and |[Va|3 > ko.
(i) If |[Va|3 < ko, Lemmas 5.3 and 5.5 give

J(@) = m(|af3) = m(c).

Combining this with (5.60), we obtain

a b _ . N
M(c) +0(1) = Z|an|% + 1\Vu|§\an|§ + I(4) + o(1)

.12
%‘V“‘?l + I(4) + o(1)
(a +b|Val3)2s? .
>\ TEIY IR P
= 41— bs?) + I(4) + o(1)
a?$? abS?|Valz  b2S%|Viald
- I(d) + o(1
10 -b57) T2 —bs?) T A —pge) L@ Hel)
=A+J(a)+ o(1)
> A +m(c) +o(1),

which contradicts (5.30).
(ii) If [Va|3 > ko, equations (2.3), (2.10), (5.57), (5.58), and (5.60) yield

M@ +o(1) = 5 Vuaf3 + 2IVa3IVun + 1(8) — 3 P(@) + o(1)
—{ﬁva@%—zwwuz M Dafg + o)
= JIval3+ 3 —@|ﬁ|g+o(l)
& 4(1aii92) i1 b52)|v a3 - %\ﬁlgﬂ(l)
zqﬁf;% 1o VA - (2;”0%5”va?4+wu>
- 4(1“2‘5;;2) +[ I bSQ)W al§ % ‘“42q>cq }wuﬁq f+o(1)

S a?S? n a
~ 4(1-b5?) 4(1 — bS?)
> A+ o(1),

4
70 - LD oge's | iwagr o)
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which also contradicts (5.30). Therefore, I = 0. Hence, |Vu,|s — |Vi|s and |u,|s —
|tt|4 as n — oo. Moreover, taking ¢ = u, — @ in (5.53) and (5.55), respectively, and
subtracting the resulting identities, we obtain

(a4 DA |V (up — @)|3 + Ae|un — 42 =0 as n — oo,

which implies that |u,|2 — |d]2 as n — co. Thus, u,, — @ in H', ,(R*). The proof is
complete. O
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