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Abstract. Let G = (V(G), E(G)) be a simple graph, and let U C V(G). Two distinct
vertices z,y € U are U-mutually visible if G contains a shortest z-y path that is
internally disjoint from U. U is called a mutual-visibility set of G if any two vertices
of U are U-mutually visible. The mutual-visibility number u(G) of G is the size of
a largest mutual-visibility set of G. Let P be a set of n > 3 points in R? in general
position. The disjointness graph of segments D(P) of P is the graph whose vertices
are all the closed straight line segments with endpoints in P, two of which are adjacent
in D(P) if and only if they are disjoint. In this paper we establish tight lower and
upper bounds for u(D(P)), and show that D(P) has diameter 2 for every point set
with n at least 9.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a graph. We recall that a sequence H := ug, u1,. .., Up, of
pairwise distinct vertices is a path of G if u;u;41 € E(G) for all 0 < ¢ < m. The length
of a path is its number of edges. If u and v are vertices of V(G), then a u-v path is
a path with endpoints u and v. The graph G is said to be connected if for every pair of
distinct vertices u,v € V(G), there exists a u-v path in G. If G is not connected, then
G is disconnected and a maximal connected subgraph of G is a component of G. In
a connected graph G, the distance dg(u,v) between u and v is the length of a shortest
u-v path, and the diameter diam(G) of G is the greatest distance between any pair of
vertices of G. If G is disconnected, then diam(G) = co.

Let U be a subset of V(G). Two vertices of U are U-mutually visible if G contains
a shortest path between them that does not contain any other vertices of U. U is called
a mutual-visibility set if its points are pairwise mutually visible. The mutual-visibility
number of G, denoted by p(G), is the size of any largest mutual-visibility set of G.
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It is not hard to see that if G is disconnected and G4, ..., G} are the components of GG,
then u(G) = max{u(G1),. .., u(Gr)}.

Let P be a set of n > 3 points in the plane in general position, i.e., no three points
in P are collinear. The disjointness graph of segments D(P) is the graph whose vertices
correspond to the closed straight-line segments with endpoints in P. Two vertices are
adjacent if and only if the corresponding segments are disjoint. Figure 1(a) illustrates
a T-point set P in general position, its associated set of segments P in Figure 1(b),
and the corresponding graph D(P) together with a maximum mutual-visibility set in
Figure 1(c).

Our goal in this paper is to study the mutual-visibility number of the disjointness
graphs of segments.

The following two subsections provide a brief historical overview of mutual visibility
and disjointness graphs of segments, highlighting key prior results.

1.1. MUTUAL VISIBILITY IN GRAPHS

In 2022, Di Stefano introduced the concept of mutual visibility [9], drawing inspiration
from classical Euclidean geometry problems like Sylvester’s and the “no-three-in-line’
problems. Di Stefano [9] demonstrated that identifying a mutual-visibility set exceeding
a specified size is NP-complete, while verifying the mutual visibility of a given set is
solvable in polynomial time. Initial connections to other graph-theoretic parameters
were also established.

Building on this foundation, Cicerone, Di Stefano, and Klavzar [6] reduced the com-
putation of p(K,,00K,) to the well-known Zarankiewicz problem [23] and characterized
triangle-free graphs G with u(G) = 3.

In 2024, Cicerone, Di Stefano, Klavzar, and Yero [7] introduced variations of
mutual visibility, including total, outer, and dual mutual visibility, and studied the
corresponding parameters in diameter-two graphs. Their analysis focused on these
parameters within diameter-two graphs, exploring potential research avenues and
examining computational complexity.

Another variant, the “mobile mutual-visibility number” Mob,,(G), was defined in
2025 by Dettlaff et al. [8], where robots placed on a mutual-visibility set must maintain
the property while traversing the graph. It was shown that Mob,(G) < u(G), with
subsequent work identifying graphs where equality holds and proving that finding the
mobile mutual-visibility number is NP-hard.

Finally, exact values for the mutual-visibility number in Kneser, bipartite Kneser,
and Johnson graphs were provided by Boruzanh Ekinci and Bujtds in 2025 [3]. Their
work also established connections between total mutual visibility in Kneser and
bipartite Kneser graphs and the minimum size of covering designs. Further results on
this topic can be found in the references of [3, 4, 7, 8].

)

1.2. DISJOINTNESS GRAPHS OF SEGMENTS IN THE PLANE

The concept of disjointness graphs of segments in the plane was introduced by Araujo
et al. in 2005 [2] as a geometric counterpart to Kneser graphs. Recall that for k,m € Z*
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with k& < m/2, the Kneser graph KG(m,k) has vertices representing the k-subsets
of {1,2,...,m}, with edges connecting disjoint k-subsets. In 1978 Lovész [19] proved
that x(KG(m,k)) = m — 2k + 2, which was conjectured in 1955 by Kneser [16].

The chromatic number x(D(P)) of D(P) has been investigated in [2, 12-15].
However, determining the exact value of x(D(P)) remains an open problem. A general
lower bound for x(D(P)) was established in [2]. The exact value of x(D(P)) is known
for two families of point sets: for sets of n points in convex position C),,

x@W%D=n—bﬂn+i—H

(see [12, 14]), and for double chains with k points in the upper convex chain and I > k
points in the lower convex chain Cj j,

X(D(Ci)) =k +1— {, /21 + i - ;J

(see [13]). It is well known that x(D(P)) < |P| — 2, and recently Garcia-Davila et al.
[15] proved that this upper bound is attained only if |P| € {3,4,...,16}.

Pach, Tardos, and Téth investigated the chromatic number and clique number of
D(P) in R? for d > 2 in [20]. Specifically, they demonstrated that x(D(P)) is bounded
above by a polynomial function of its clique number w(D(P)) and that determining
either x(D(P)) or w(D(P)) is NP-hard.

The connectivity number «(D(P)) of D(P) has been studied in [11] and [17],
establishing the following upper and lower bounds, respectively:

(7)) +("7) <m0y < T+ o)

2 2

Finally, Aichholzer et al. [1] established an asymptotic upper bound on the maxi-
mum size of certain independent sets in D(P), and Leafios et al. [18] more recently
provided a complete characterization of all those segment disjointness graphs that are
Hamiltonian.

1.3. BASIC NOTATIONS AND CONVENTIONS

Throughout this paper, P is a set of n > 3 points in general position in the plane.
If x and y are distinct points in P, then we will use xy to denote the closed
line segment with endpoints z and y. Similarly, P will denote the set of segments
{zy :x,y € P and x # y}, and its elements will be referred to as the segments of P.
Thus, P constitutes the vertex set of D(P). Often, no distinction will be made between
an element of P and its corresponding vertex in D(P).

If e € P and z is an endpoint of e, we simply write x € e. We shall use ¢(xy) to
denote the directed line spanned by z and y, directed from z towards y, and £ (zy)
(respectively, £~ (zy)) to denote the open half-plane lying on the right (respectively,
left) side of ¢(xy). We remark that P naturally defines a straight-line drawing of the
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complete graph K, in the plane. Let z1y; and z2ys be two distinct elements of P, and
assume that x1y; N z2y2 # (0. Then, their intersection consists exactly of one point
o € R?, since P is in general position. If o is an interior point of both z1y; and 2oy,
we say that they cross at o. If the segment zy € P is not crossed by any other segment
of P, then we will say that xy is clean in P.

If me {3,4,...} and ¢1, 92,43, - - ., gm are points in general position in the plane,
then @ := q1g2 - - - ¢ will denote the (not necessarily simple) polygon formed by the
segments q1G2, q243, - -, Gm-19m, gmq1- If m =3 (resp. m = 4), then @ will be called
a triangle (resp. quadrilateral), and so on.

As usual, we will denote by C'H(P) the boundary of the convex hull of P, and by
P the set PN CH(P). If z and y are distinct points of P and zy ¢ CH(P), then zy
is a diagonal of P. See Figure 1(b).

If m is a nonnegative integer, then [m] := § if m = 0, and [m] := {1,...,m}
if m > 0.

1.4. MAIN RESULTS

Our goal in this section is to present our main results about the mutual-visibility
number of the disjointness graphs of segments.

Recall that if G is a disconnected graph and G4, ...,Gj are its connected com-
ponents, then u(G) = max{u(Gi),...,u(Gk)}. Furthermore, D(P) is connected if
and only if n = |P| > 5 (see for instance [11]). In light of these two facts, for the
remainder of this paper, it suffices to consider the case where P is an n-point set in
general position in the plane with n > 5, which ensures that D(P) is always connected.

Our main results are the following.

Theorem 1.1. Let P be a set of n > 5 points in general position in the plane.
Then diam(D(P)) € {2,3,4} if n = 5, diam(D(P)) € {2,3} if n € {6,7,8}, and
diam(D(P)) =2 ifn > 9.

Theorem 1.2. Let P be a set of n > 5 points in general position in the plane. Then
u(D(P)) = (5) -9
Proposition 1.3. Consider the set
P = {py = (121,204), ps = (175, 196), ps = (216,82), ps = (189, 51),
ps = (44,96), ps = (36,140), p; = (127,135)}
of T points in general position, as depicted in Figure 1(a). For this 7-point set P,
we have pu(D(P)) = (;) —9=12.

We remark that, with the 7-point set P in Proposition 1.3, the value of u(D(P))
attains the bound established in Theorem 1.2.

Theorem 1.4. Let P be a set of n points in general position in the plane. If n is big
enough, then () —5 < u(D(P)) < (5) — 4.

Proposition 1.5. Let C,, be the set of n points in general and convex position in the
plane. Then u(D(Cy)) = (5) — 5 for each integer n > 10.
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Fig. 1. The 7-point set P = {p1,p2,...,pr} in general position is shown in (a). In particular,
we note that P = P\ {p7}. In (b) we have P, which can be seen as the straight-line drawing
of K7 induced by P. Observe that CH(P) is the convex hexagon formed by the union of
segments p1p2, P2p3, P3P4, PaPs, PsPs, and pepi. The graph in (c¢) is D(P) and has diameter
3. The red vertex set is a mutual-visibility set of D(P) of size 12. The red vertices in (c)

correspond to the red segments in (b)
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Let A be the arc of the circumference that goes from (—5,2) to (5,2) and pass
through the point (0,3/2). Let B be the reflection of A along the xz-axis. Then any
point of A (resp. B) is above (resp. below) every straight line spanned by two points
of B (resp. A). If p,q > 1 are integers, then the set of (p 4 ¢) points C, , that results
by choosing p points of A and ¢ points of B is a double chain.

Proposition 1.6. Let p >3 and g > 6 be integers. Then p(D(C,4)) = (P19) — 4.

Again, we remark that Propositions 1.5 and 1.6 imply that the asymptotic bounds
for u(D(P)) given by Theorem 1.4 are both best possible.

The remainder of this paper is organized as follows. Section 2 presents Theorem 1.1.
The more technical work of this paper is the proof of Theorem 1.2, and it is given
in Section 3, which is further subdivided based on the size of P. Theorem 1.2 is
demonstrated for |P| = 3,4 in Section 3.3. Section 3.4 then introduces three sufficient
conditions that guarantee the validity of Theorem 1.2 for [P| > 5. These conditions
will be essential in subsequent sections. The validity of Theorem 1.2 for |]3\ =5,6,7
is established in Section 3.5, while the case where |[P| > 8 follows directly from
results derived in Section 3.4 and is presented in Section 3.6. Section 4 provides
a computer-assisted proof of Proposition 1.3. Finally, in Section 5 we show Theorem 1.4
and Propositions 1.5 and 1.6.

2. THE DIAMETER OF D(P): PROOF OF THEOREM 1.1

We recall that n = [P| > 5 and that the set P of (}) line segments with endpoints
in P is the vertex set of the graph D(P). For brevity, let G := D(P). Since G is not
a complete graph, diam(G) > 2.

Let a and b be distinct elements of P such that dg(a,b) = diam(G). Then
dg(a,b) > 2, and so aNb # (. This inequality and the fact that P has no three
collinear points imply that a N b consists precisely of one point of R2, which will be
denoted by o. Then a and b cross at o, or o is common endpoint of a and b. An
endpoint of a or b that is in exactly one of a or b will be called a leaf of {a,b}. Then,
{a, b} has exactly two or four leaves.

Let ¢, and /¢, be the straight lines spanned by a and b, respectively. Clearly,
R2\ {¢,, 0y} consists of four open connected regions, say R, R, R3, and R4. For
i€{1,2,3,4},let P,:=PNR;.

(i) Suppose that n > 9. Then |P;| > 2 for some j € {1,2,3,4}, and so P; has at
least two points, say p;, and p;,. Since afb defines a path of length 2 for f := p;, p;,,
we can conclude that dg(a,b) = 2, as required.

(ii) Suppose that n € {6,7,8}. Since diam(G) > 2, it remains to show that
dg(a,b) < 3.If |P;| > 2 for some i € {1,2,3,4}, then we can proceed as in previous
case and conclude that dg(a,b) = 2 < 3, as claimed. Then, we can assume that |P;| < 1
for each ¢ € {1,2,3,4}. This and n > 6 imply that there exist j, k € {1,2,3,4} such
that j # k and |P;j| = 1 = |Ps|. Let p; (respectively, pi) be the only element of P;
(respectively, Py). It is not hard to see that, independently of the relative position of
P; and P, with respect to o, P always contains at least two disjoint segments f and h
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satisfying the following properties: f (respectively, h) is disjoint from b (respectively, a)
and joins a point of {p;, pr} with a leaf of a (respectively, b). These properties of f and
h imply that ahfb defines a path of length 3, and hence that dg(a,bd) < 3, as claimed.

(iii) Suppose that n = 5. Since diam(G) > 2, it remains to show that dg(a,bd) < 4.
If |P;| > 2 for some i € {1,2,3,4}, we can proceed as in (i) and conclude that
dg(a,b) =2 < 4, as claimed. Similarly, if there exist j,k € {1,2,3,4} such that j # k
and |P;| =1 = |Py|, we can proceed as in (ii) and conclude that dg(a,b) =3 <4, as
claimed. Then, we can assume that |P;| = 1 for some i € {1,2,3,4} and that |P;| =0
for each j € {1,2,3,4} \ {¢}. These facts and n = 5 imply that a and b cross at o, and
hence {a, b} has 4 leaves. Let p; be the only element of P;. It is not hard to see that
P always contains at least two segments f and h satisfying the following properties:
f (respectively, h) is disjoint from b (respectively, a) and joins p; with a leaf of a
(respectively, b) that is incident with P;. Let e be the segment of P that joins the
two leaves of {a,b} that are disjoint from f U h. From the choice of f,h, and e it
follows that ahefb defines a path of length 4, and hence that dg(a,b) < 4, as claimed.

3. MUTUAL-VISIBILITY OF D(P): PROOF OF THEOREM 1.2

Since the proof of Theorem 1.2 is somewhat intricate, we begin with a brief overview
of it to provide the reader with a roadmap for the arguments that follow.

3.1. OVERVIEW OF THE PROOF OF THEOREM 1.2

Our approach relies on Lemma 3.1, which provides the topological and geometric
criteria for determining mutual visibility in the disjointness graph D(P). The proof then
proceeds through a systematic geometric case analysis according to the cardinality of P.

A second fundamental ingredient is Theorem 1.1, which establishes that
diam(D(P)) < 3 almost always. This result makes it possible to develop what we call
a local visibility criterion. The central idea of such a criterion is to find a subset S C P
satisfying the following two properties: (1) |S| < 9, and (2) every pair of distinct
segments a,b € P’ = P\ S is P’-mutually visible. Since diam(D(P)) is small, deciding
whether a and b are P’-mutually visible reduces to analyzing the intersections of
their neighborhoods with S. A third component of the proof is the identification
of three special point configurations. We show that the existence of any one of these
configurations in P immediately yields Theorem 1.2.

3.2. MASTER VISIBILITY LEMMA
Our main tool in this paper is the following lemma.

Lemma 3.1. Let S be a subset of P with s = |S| and let P’ = P\ S. Then
w(D(P)) > (g) — s if each pair of distinct segments a and b of P’ satisfies exactly one
of the following conditions.
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(1) dp(py(a,b) =1 (or equivalently, anb=10).

(2) dppy(a,b) =2 and there is fi € S such that (aUb) N f1 = 0.

(3) dp(py(a,b) = 3 and there are f1, fo € S such that aN fi =0, fi N fo = 0 and
fg Nnb=40.

(4) dppy(a,b) =4, n =75, and there are f1, f2, f3 € S such that aN fi =0 = f3Nb,
anNh#£0 forhe€{fs f3}, bNh#£0 for h € {f1, fo}, fiN fix1 =0 fori e {1,2},
and f1 N f3 # 0.

Proof. We recall that n = |P| > 5. Let S,P’ and s be as in the statement of the
lemma. Let a and b be distinct segments of P and let ¢ = dp(py(a,b). By Theorem 1.1,
we know that ¢ is an element of {1,2,3,4}.

We now show that a and b are P’-visible. If (1) holds, then a and b are adjacent in
D(P), and so they are P’-visible. Suppose now that ¢t € {2, 3,4} and that (¢) holds.
Then af; - fi—1b forms a shortest a — b path in D(P) that is internally disjoint
from P’, and so a and b are P’-visible again. Since |P’| = (}) — s, we are done [

Definition 3.2. If S is a subset of P and a,b are distinct segments of P\ & with
anb+#0, then (a,b) will be called an S-pair.

3.3. MUTUAL-VISIBILITY OF D(P) WHEN |P| € {3,4}

If  and y are distinct points in the plane, let d(zy) denote the Euclidean distance of
the segment xy. The following classical theorem from Euclidean geometry will play
a key role in the proof of Proposition 3.7.

Theorem 3.3 (Ceva’s Theorem). Let vivavs be a triangle, and let 01, 02, and o3 be
points in the interiors of the sides vovs, v1vs, and vivs, Tespectively. Then the lines
L(v101), L(v202), and £(vs03) are concurrent if and only if

d(U103) ) d(’UgOl) ) d(’U302)
d(031)2) d(Ol’Ug) d(OQ'Ul)

=1.

Definition 3.4. Let vivovs be a triangle, and let o1, 02, and o3 be distinct points
in the interior of wpvs, listed in counterclockwise order. Let o4 be a point in the
interior of v1v3. See Figure 2. We next construct a set of five points {x1, x9, x5, ¢, x7}
and nine lines {¢1,0s,..., 09}, which we call the (5,9)-configuration produced by
(v1v9vs, 01, 02, 03, 04).

Let £; = £(v10;) for i € {1,2,3}, and let €4 = {(v204).

Let xr1 = Kl ﬁ£4 and To = 62 064.

Let €5 = E(’Ugl‘l) and 66 = E(U3x2).

Let Iy5 = 63 ﬁfg, and Te = 63 066.

Let ¢7 = l(voxs) and fg = £(vaxg).

Let z7 = 47 N ¥y and {9 = E(U3LL‘7).

For k € {5,6,7,8,9}, let o, be the point of /5 that crosses a side of v1vavs3.
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14

Fig. 2. The (5,9)-configuration produced by (vivavs, 01, 02,03, 04)

Proposition 3.5. Let vivov3 be a triangle, and let o1, 02, and o3 be distinct points in
the interior of vovs, listed in counterclockwise order. Let o4 be a point in the interior of
vivs. If {x1, 22, x5, 26,27} and {€1, 0o, ..., Lo} form the (5,9)-configuration produced
by (v1v9v3, 01, 02,03,04), then the lines £1,ls and by are concurrent.

Proof. Trivially, for each i € {1,2,5,6,7}, the three lines passing through x; are
concurrent. Hence, by Theorem 3.3, the following equalities hold.

d(ve0o1)  d(osv2) d(o4v1)
1): = . , thanks to 7.
( ) d(011}3) d(’U105) d(’0304) !

)
2): 1= , thanks to xs.
( ) d(OG’UQ) d(OQ’Ug) d(O4U1) 2
3): 1= d(vi05)  d(v20s) d(0307), thanks to xzs.
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By Theorem 3.3, it suffices to verify that

d(UgOl) 1.1. d(’UgOg) ) d(’l]log)
d(oyv3) d(ogvy) d(ogvs)

=1.

This equality follows immediately by replacing each of its five factors with the
corresponding expression from the preceding five equations and simplifying the resulting
product. O

Definition 3.6. Let vq,v2, ..., v, be the points in 13, and assume that they appear
in clockwise cyclic order on P. For i € [m], let v; (respectively, vj ) be the first
(respectively, last) point of P\ {v;, Vi1, Vitm—1} that we find when we rotate £(v;v;41)

clockwise around v;, addition taken mod m (i.e., m +i = 1)

We remark that the points v;” and v;r in Definition 3.6 are well defined and distinct,
since n > 5 and P is in general position.

Proposition 3.7. Assume that v1,v2,v3 are the points in P and that they appear in
clockwise cyclic order on P. Then v;vjvprgviﬂ form a convex quadrilateral for some
i € {1,2,3}, addition taken mod 3.

Proof. Suppose first that {v;, v}, {vs, 03}, {vs,vi} are pairwise disjoint. Assume
w.l.o.g. that vq,vs,vs are placed as in Figure 3(a). If E(vfuf) does not cross vyv3,
then v, vf v3v9 is the required quadrilateral. So, we may assume that Z(vfuf ) crosses
v9u3 at 0. We only analyze the case in which v; is closer to o than v], as depicted in
Figure 3(a). The proof for the case in which v is closer to o than v] is analogous.

Since v, and v3 are distinct, the segments vov; and vzvy must cross each other.
Then vy € £~ (v1vy ) and each point in P\ {v1, va,v3,v7,v],v5,v7 } is in the interior
of the convex quadrilateral @ defined by £(viv] ), £(v1v]), £(vavy ) and £(vsvy ). See
Figure 3(a).

Since if v is on the left of £(viv; ), then vy vy v1vs form the required quadrilateral,
we assume that vy is on the right of £(v;v; ). From the definition of v3 , it follows that
vy must be in the interior of triangle 7" bounded by £(vsvy ), £(viv]) and £(vev] ).
From vy € T and vy € £~ (vyvy ), it follows that £(v3 v3) crosses vqvs.

We note that, if we move v to £(viv]) Nl(vavy ), v1 to L(vivy ) N L (vevy ), and vy
to £(v3vy)NL(viv] ), then we obtain a (5,9)-configuration with 7' remaining unchanged.
By Proposition 3.5, the interior of T' lies on the right of the new ¢(vav3), then the
interior of T lies on the right of the original £ (vgv;' ). Hence, vy v; V901 is the required
quadrilateral.

Suppose now that {v; ,v;"} intersects either {v;, , v\ ,} or {v;,,,v; .} for some
i € {1,2,3}. It is easy to see that, up to symmetry, such intersection can occur
essentially in two ways: either v; = v = v, or v; =v =0,

Suppose that v; = v = v;’;Q. Then each point of P’ := P\ {vy,vq,v3,v} is in
the interior of the triangle v;vv; o. If v;’ € 0~ (viy1v; ) (resp. vi+ € (T (vipqv; ), then
'U;Uj'l)i+2'l)i+1 (resp. v;_Qv;g_QviHvi) is the required quadrilateral.

Suppose finally that v; = v = v;g_l. Let 0; := £(v;v) N V41042 and 041 =
£(v;11v) Nv;v;42. Then each point of P\ {v1,ve,vs,v} is in the interior of the convex

- ot
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quadrilateral formed by 0;v0;41v;12. See Figure 3(b). If v;" € £~ (v;12v) (respectively,
v € 0T (vi42v)), then vi_v;"v¢+gv¢+1 (respectively, Ui_-i-lvzj—lvivi-ﬁ-?) is the required
quadrilateral. Then v;" must lie on the right of £(v;;2v) and v;, 1 must lie on the left of
{(viy2v), as otherwise we are done. But these imply that v;,, must be in the interior
of the triangle vv;v;", contradicting the definition of v, ;. O

Fig. 3. If P = {v1,v2,v3}, then v;v;rvi_‘_gviH form a convex quadrilateral for some
i € {1,2, 3}, addition taken mod 3

Lemma 3.8. Ifn >5 and |P| = 3, then p(D(P)) > (5) — 8.

Proof. Let u,v,w be the points in ]3, and assume that they appear in this cyclic order
on P. Let u™ (respectively, u™) be the first (respectively, last) point in P\ P that we
find as we rotate ¢(uv) clockwise around u. By Proposition 3.7, we can assume that
u”uTwo form a convex quadrilateral. See Figure 4(a).

Let o= = f(uu™) Novw and ot := f(uu’) N vw. Then all the points in
P\ {u,v,w,u”,ut} are in the interior of the triangle uo~o™. See Figure 4(a).

Let S := {vu™,vu™,u~ v, vu™, wu™,vu™, wut,vw} and let (a,b) be an S-pair.
By Lemma 3.1(2), it is enough to show that S has a segment f such that (aUb)N f = 0.

Suppose that (a Ub) N{u} # 0. If and = {u}, then (aUb) N f = ( for some
f € {wut, uTu~, u”v}. Suppose w.l.o.g. that u € a and u ¢ b. If @ = uw (respectively,
a = wv), then a Nb # () implies that w € b (respectively, v € b), and so u™ v
(respectively, uTw) is the required f.

Then, we assume that w,v ¢ a, and so a Nvw = (). Since b N vw = @ implies that
vw is the required f, we can assume bNovw # Q. If v € b (respectively, w € b), then
utw (respectively, u~v) is the required f.

Suppose that (a Ub) N {u} = 0. If both v,w € a Ub, then aNb # @ implies that
(aUub)N f =0 for some f € {uu", vut, u ut}.

Since v, w ¢ a U b implies that vw is the required f, we can assume w.l.o.g. that
vwNa# 0 and vwNb=0. If v € a, then a NuTw = ). Since b N utTw = () implies
that uTw is the required f, we must have that «* € b. Then aNb # () guarantees that
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(aUb)N f =0 for some f € {wu~, v~ u}. Similarly, if w € a, then a Nu~v = (). Since
bNu v = @ implies that u~v is the required f, we must have that u~ € b. Then
aNb# 0 guarantees that (a Ub) N f =0 for some f € {vut, uTu}. O

Lemma 3.9. Ifn > 5 and |P| = 4, then u(D(P)) > () - 9.

Proof. Let v1,v2,v3,v4 be the points in f’, and assume that they appear in this cyclic
order on P. Trivially, vivs, vovs, vsvs and vavy are clean in P. We assume w.l.o.g.
that vy, vg, v3, vy are placed as in Figure 4(b).

(a) (b)

U1 (%)

w p

Fig. 4. The set formed by the 8 (respectively, 9) continuous segments of the drawing
on the (a) (respectively, (b)) is S

Let 0 := v1v3 Nvovy. Since the points in P are in general position, then o ¢ P. As
n > 5, at least one of the four triangles formed by CH(P) and its diagonals, must
contain points of P in its interior. Assume w.l.o.g. that vzov, is such a triangle. Let
v’ be a point of P in the interior of the triangle vsovs that is closest to v3vy. Then
A := v3v'v4 has no points of P in its interior.

Let & = {v1v2,v103, 110", 0104, U2V3, U2V, Vovg, V30", 040"} and let (a,b) be an
S-pair. By Lemma 3.1(2), it is enough to show that S has a segment f such that
(aUb)n f=0.

We note that if ¢ € P’ is incident with either vs or vy, then e is disjoint from
v1vy. Thus, we can assume that at least one of a or b is disjoint from {vs,v4}, as
otherwise vyvs is the required f. Suppose w.l.o.g. that b is disjoint from {vs,vs}.
This, together with the choice of v' imply that b intersects at most 2 segments in
Q := {vyva, vovs, V3V, V4V’ V4V }.

Since v3vy is clean in P and a N'b # @, a cannot be vzv,. Similarly, we note that if
a intersects at most 2 segments of Q, then (aUb) N f = 0 for some f € Q, as required.
Then we can assume that a intersects at least 3 segments of Q, and so we must have
that a crosses v;v" and v; € a for {i,7} = {3,4}.

We will only analyze the case i = 3 and j = 4, as the proof for the case i = 4
and j = 3 is totally analogous. Since if v; ¢ b, then f = vyv4 is the required segment,
we can assume that v; € b. From this last assumption, the properties of b, the fact
that A = v3v'vy is empty, and a N'b # @, it is not hard to see that f = vyv' is the
required segment. O
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3.4. SUFFICIENT CONDITIONS

In this section we present three sufficient conditions under which p(D(P)) > (3) — 9
when m := |P| > 5. These will be often used in the rest of the paper.

Let v1,v2,...,vm be the points in ﬁ, and assume that they appear in clockwise
cyclic order on P. For i € [m], let e; := v;v;41 where addition is taken mod m.

Proposition 3.10. If P has 5 clean segments which are pairwise disjoint, then
u(D(P)) = (3) — 5.

Proof. Let S :={f1, f2, f3, fa, f5} be the set of pairwise disjoint segments that are clean
in P. Let (a,b) be an S-pair. Since the segments of S are clean and pairwise disjoint,
then a U b is disjoint from at least one f; € S, and we are done by Lemma 3.1(2). O

Definition 3.11. Let x € P\ ﬁ7 and let e; = v;v;4+1 and m be as above. We say that
a triangle A := zv;v;41 is a good-triangle of P if the following conditions are satisfied:

(i) « lies in the interior of the quadrilateral v;v;1v;42Vifm—1.
(ii) If uv € P\ {zv;, 2v;41, €;} intersects each of the three segments of A, then

uv € {Uivi+2, ViVi43, Vi4-1Vitm—2, Ui+1vi+m71}~

Evidently, if z satisfies condition (i) and xv;, xv;y1 are clean in P, then A :=
TV;V41 is a good-triangle of P.

Observation 3.12. If s € P\ {zv;, zv;41,€;} is a segment that intersects the three
sides of I\, then s must have an endpoint at a vertex of /\. Since e; is clean, s in-
tersects e; only if s has an endpoint in {v;,v;41}. Hence, condition (ii) is equivalent
to the following: for every u € P\ {x,v;,vi11}, if viu is not in the list of (ii) then
viuNzvir = 0, and if vi 1w is not in that list then vy 1u N xv; = (.

Proposition 3.13. If P has a good-triangle and m = |P| > 6, then u(D(P)) > (5)—9.

Proof. By relabelling the points of P if necessary, we may assume that A := zvgvy
is a good-triangle of P. By (i), = lies in the interior of the convex quadrilateral
Q := vav3v4vs. Let L := {v3vs, v306, V104, V204 } be the list in (ii) for ¢ = 3, and let

S :={e1,e3,e5,xv3, 204} U L.

We remark that eq, e3, e5 are clean in P and pairwise disjoint. Let (a,b) be an S-pair.
By Lemma 3.1(2), it is enough to show that S has a segment f such that (aUb)N f = 0.
Suppose, to the contrary, that every segment of S intersects a U b.

Since P is in general position, two segments of P with no common endpoint can
intersect only if they cross. In particular, a segment of P intersects an edge v;v;41 of
CH(P) if and only if one of its endpoints is v; or v; 1. Let A := {v1,v2}, B := {v3, va},
and C := {vs,vs}. See Figure 5. We will use the following three facts.
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(F1) aUb has an endpoint in each of A, B and C, since it intersects e;, e3, and es.

(F2) If s € P\ S has v3 (resp. v4) as an endpoint, then sNzvy = O (resp. sNzvs = ).
This follows from Observation 3.12, since £L C S.

(F3) Every segment with both endpoints in AUC! is disjoint from zv3 and zvy. Indeed,
the line £(vyvs) separates the points in {x, v3,v4} from those in {vq, vg}.

By (F1), at least one endpoint of a Ub belongs to B. We may assume, without loss
of generality, that vz is an endpoint of a. The case in which vy is an endpoint of a U b
is symmetric: exchange vy <> vg, v2 <> v5 and v3 <> v4, which maps @, £ and S onto
themselves.

Let y be such that a = vsy. Since zvs, €3, v3v5, V306 € S, we have y ¢ {x, v4,v5, Vg }.
Thus, a has no endpoint in C. By (F2), a N zvy = 0. Since xv, intersects a U b, we get
bNzvg # 0. Another application of (F2) gives that vz is not an endpoint of b.

By (F1), we may write b = wz, where w € C. Since b N zvy # 0, (F3) implies
that z ¢ A. Then (F1) gives y € A. If y = vy, then a = ey is clean, and b has no
endpoint in {ve,v3}. Hence, a Nb = 0, a contradiction. Therefore, a = viv3. We note
that « € ¢~ (viv3) implies that a intersects each of the three segments of A. Asa ¢ L,
we have z € {1 (vyvs).

Since a N'b # B and vy, v3 ¢ b, then a and b must cross. Moreover, since w €
C C £t (v1vs), then z € £~ (v1v3). As 2z # vg, the point z lies in the interior of the
triangle v1vov3. Thus, v4z ¢ L, and Observation 3.12 gives v4zNxvs = §). Consequently,
x € £1(vy2). Hence, £(v42) separates z from w, so bNxvy = O (note that vy ¢ b). This
contradicts b N zvy # 0. O

Um

[’(’('1 L';;)

Fig. 5. The red triangle A = zvzv, is a good-triangle of P. The segments of L

are shown in blue, and the 9-set S consists of the blue and red segments. The thick

segments are a = vyvz and b = wz in the case w = v5. The point z lies in the interior
of the triangle vyvovs, and xvy € S is disjoint from a U b
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Definition 3.14. If uv and xy are disjoint segments of P, we define D(uv, zy) :=
{wv, ux, uy, ve, vy, xy}. Then, D(uv,zy) defines a straight-line drawing of K4. The
two segments in {ux,uy,vx,vy} that lie in the interior of the convex hull of D(uv, zy)
will be the diagonals of D(uv, zy). We will say that D(uv,xy) is a good-2-set of P if it
satisfies the following conditions:

— uv and zxy are clean in P. ~

— If e € {uw, zy}, then e has at least one endpoint in P.

— If L and R are the opposite quadrants of the plane defined by the lines spanned
by the diagonals of D(uwv, zy) that are internally disjoint from uv and zy, then L
(resp. R) has a segment ¢; (resp. e,) of P in its interior which is not crossed by
a segment of P\ D(uv, zy).

We note that the existence of a good-2-set in P implies that n = |P| > 8.
Proposition 3.15. If P has a good-2-set, then u(D(P)) > (5) — 8.

Proof. Let D := D(uv,zy) be a good-2-set of P and let L, R,¢;, and e, be as in
Definition 3.14. Let S := D U {e;, e,-} and let (a,bd) be an S-pair. By Lemma 3.1(2), it
is enough to show that S has a segment f such that (a Ub) N f = 0.

Let ¢; and /5 be the straight lines spanned by the diagonals of D(uv,zy). We
assume w.l.o.g. that ¢; and ¢ are directed in such a way that L (resp. R) lies on the
left (resp. right) side of ¢ and ¢5. Clearly, the convex hull of D is either a quadrilateral
or a triangle. Then, up to order type isomorphism, there are only two possibilities
for D, namely those depicted in Figure 6.

(a)

Fig. 6. The convex hull of D is either a quadrilateral (a) or a triangle (b).
The set formed by the 8 continuous segments is S.
The opposite quadrants L and R are the shaded regions
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Since if (aUb)Ng = 0 for some g € {e;, e, }, then f = g is the required segment, we
can assume that a U b intersects both e; and e,.. Assume w.l.o.g. that a intersects e;.

Similarly, we note that if (a Ub) N g = 0 for some g € {uv,zy}, then f = g is the
required segment, and so we can assume that a U b intersects both uv and xy. This
last, the properties of D, and the fact that wv and zy are clean in P imply that a
(resp. b) shares exactly one common endpoint with exactly one of uv or zy. From
these facts and the assumption that a intersects e; € L, it follows that a is disjoint
from the interior of R. See Figure 6. Then b must intersect e,, as otherwise e, is the
required f. From bNe, # 0, and the fact that b has exactly one endpoint in {u,v, z,y}
it is easy to see that b does not intersect the interior of L, and so we have aNb = 0,
a contradiction. O

3.5. MUTUAL-VISIBILITY OF D(P) WHEN m := |P| € {5,6,7}

Let vi,vg,...,vy be the points in P and assume that they appear in clockwise
cyclic order on P. In this section, addition is taken mod m (i.e., m + i = 4). Let
Dy = {viv; : 1 < i< j<m} CP. The set of segments drawn in Figure 7(a)
(respectively, right) is precisely D5 (respectively, Dy).

For i € [m], let e; := v;v;41 and let P; be the subset of P that lies in interior of
the triangle v; i (,—1)vivit1. Let P, (respectively, Pf) be the subset of P; that lies
on £~ (v;vi42) (respectively, £ (v;v;4 (m—2))) and let P? := P;\ (P, U P;"). Then P is
disjoint union of P;”, P?, P;", and P;” = P}, for cach i € [m]. See Figure 7(a)

(a) (b)

Fig. 7. (a) We have |13| = 5 showing the labels that we use for the points and the regions
of D5 that are incident with P. This notation is used in all the proofs given in Section 3.5.
(b) We have |P| = 7, and the labeling depicted is used only in the proof of Lemma 3.20. In
particular, the set of points of P that lies in the green pentagon is C1, and C is a subset of C;
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Proposition 3.16. Let i € [m] with P; # 0, and let u be a point of P; farthest from
the line £(v;_1v;11). Then v;u is clean in P.

Proof. Let £ be the line through u parallel to £(v;_1v;+1), and let H be the closed
half-plane bounded by ¢ that does not contain v;. By the choice of u, every point of
P\ {v;} lies in H. Thus, any segment of P that does not have v; as an endpoint is
contained in H and can intersect v;u only at u. By general position, this can occur
only if u is one of its endpoints. On the other hand, any segment with endpoint v;
intersects v;u only at v;. Hence, no segment of P crosses v;u. O

The following remark follows directly from Proposition 3.16 and the fact that
PYN P; =0 for all i # j.

Remark 3.17. If P; = P and P; = P} for some i # j, and u; € P;, u; € P; are
chosen as in Proposition 3.16, then the segments v;u; and v;u; are clean and disjoint.

Lemma 3.18. If n > 5 and |P| = 5, then u(D(P)) > (5) —9.

Proof. Note that m = 5.

Case 1. Suppose that P; = @ for some i € [5]. Assume w.l.o.g. that P, = 0.
Let S := {e1,eq,e3,e€4,€5, V103, V104, V204, 0305}, and let (a,b) be an S-pair. By
Lemma 3.1(1)—(2), it is enough to show that S has a segment f such that (aUb)Nf = 0,
unless a Nb = ().

We can assume that each segment of £ := {ej,es,...,e5} intersects a U b, as
otherwise we are done. Then either a or b intersects at least three elements of £, say a.
Since vous is the unique segment of P’ with this property, we must have that a = vqvs.

Since if bNe3z = 0, then f = e3 is the required segment, we can assume either

v3 or vy is an endpoint of b. Since P; = ), then b cannot cross a, contradicting that
anb#{.
Case 2. Suppose that P;, P, , are nonempty for some i € [5]. Assume w.l.o.g. that
Pr #0and P; # (0. Let uy € P (resp. us € P; ) be a point that is closest to e;
(resp. e3). By Case 1 we have Ps # (). Let us be a point of Ps farthest from £(vqv7).
By Proposition 3.16, usvs is clean in P.

Let 81 := {e1, uv1,u1v2}, So := {es, uzvs, uzvs} and S := S USy U {usvs}. Then
e1,e3 and usvs are clean in P and pairwise disjoint. Let (a,b) be an S-pair. By
Lemma 3.1(2), it is enough to show that S has a segment f such that (aUb) N f = 0.

We can assume that (a Ub) Nusvs # 0, as otherwise f = wusvs is the required
segment. Assume w.l.o.g. that a has an endpoint in {us, v5}. Then a is disjoint from S;
for some i € {1,2}. Suppose that a is disjoint from S;. Then b must have an endpoint
in {v1,v2}, as otherwise f = v1vq is the required segment. If v; € b (resp. v2 € b),
then a Nb # () implies that some f € {ujvy,e3} (resp. f € {ujvy,es3}) is the required.
The case in which a is disjoint from S, is totally analogous.

Case 3. Suppose that P;, P;' are nonempty for some i € [5]. Assume w.l.o.g. that
P #0and Pt # (0. Let u; € Py (vesp. us € P;') be a point that is closest to e (resp.
es). By Case 2, we can assume that P; , P;" and P, are empty. Since P;” = Py, these
facts and Case 1 imply that P3 = P{ and Py = PJ are nonempty. Let u3 (resp. u4) be
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a point of P5 (resp. Py) farthest from ¢(vouvy) (resp. £(vsvs)). By Proposition 3.16 and
Remark 3.17, uz € PY, uy € P, and u3vs, ugvy are clean and disjoint.

Let 81 := {e1,uv1,urv2}, So := {es,usvs, usv1}, S := {ugvs,uqvs} and S :=
S1US2 USs. Then §; and Sp are triangles whose intersection is v1. Let (a,b) be an
S-pair. By Lemma 3.1(2), it is enough to show that S has a segment f such that
(aUb)n f=0.

Suppose first that v; € a Ub. It is easy to see that if v; = a N b, then the required
f is some element of S3 U {usvs, ujve}. Suppose w.l.o.g. that vy is in a but not in b.
Then a is incident with at most one segment of Ss. If b is disjoint from Ss, the required
f is either ugvs or uqvs. Similarly, if b is disjoint from S; U S3, the required f is
either uyve or uzvs. Then, b must have an endpoint in {us,vs, us,vs} and the other in
{us, vs,uq,vs}. From these facts it is easy to see that the required f is some element
of 83 U {Ul"UQ, U5U5}.

Suppose that v; ¢ a Ub. We assume that each segment of S; U Ss intersects a U b,
as otherwise we are done. This fact and v; ¢ a U b imply that at least three points of
{va, vs, u1,us} are endpoints of a U b, and hence the required f is some element of Si.

Case 4. Suppose that P, = Zj_l is nonempty for some i € [5]. Assume w.l.o.g. that

P # (. By Cases 2 and 3 we can assume that P;", Py, P, and P, are empty. These
facts and Case 1 imply that PJ, P{ and P? are nonempty. Let u; € P, be a point
that is closest to eq. For j € {3,4,5}, let u; be a point of P; farthest from £(v;_1v;41).

Let 81 = {el,ulvl,ulvz}, 82 = {U31)3,U4U4,U5’U5} and S = 81 U 82. Then 81
forms a triangle and the segments in Sy are clean in P and pairwise disjoint. Let (a, b)
be an S-pair. By Lemma 3.1(2), it is enough to show that S has a segment f such
that (aUb) N f = 0.

We assume that each segment of Sy intersects a U b, as otherwise we are done.
Since the segments in Sy are clean and pairwise disjoint, then at least three points
of {us,uyq,us,vs,v4,v5} are endpoints of a U b, and hence the required f is some
element of Sj.

Case 5. Suppose that P; = P? for each i € [5]. By this supposition and Case 1,
we can assume that P? # () for each i € [5]. Let u; be a point of P; farthest from
L(v;—1vi11), and let S := {ujv1,...,usvs}. By Proposition 3.16 and Remark 3.17, the
segments of S are clean in P and pairwise disjoint. Then S satisfies the hypothesis of
Proposition 3.10, and we are done. O

Lemma 3.19. If n > 6 and |P| = 6, then u(D(P)) > (5) — 9.
Proof. The strategy of our proof is closely aligned with that utilized in the proof of
Lemma 3.18.

Case 1. Suppose that n = 6. Let S := {vyv4, v2vs5, V306, €1, €2, €3, €4, €5, €6 }. Let (a,b)
be an S-pair. Then P\ S = {vyv3, v305, V105, Va4, V4Vg, V2Ug . By Lemma 3.1(2)—(3),
we need to show that S has a segment f such that (aUb) N f = ) when dp(py(a,b) = 2,
and that S has two segments g1, go such that gy Ngo = P and ang; = 0 = bN gs,
when dp(py(a,b) = 3.
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From a Nb # () it is easy to see that either a = v;v;12 and b = vy 1v,15 for
some ¢ € [6] or a = vjvj1o and b = v;vj44 for some j € [6]. In the former case,
dp(py(a,b) =2 and f = v;43v;14 is the required segment. In the latter case, d(a,b) = 3
and g1 = vj44v;45 and g2 = v;41V;42 are the required segments.

Case 2. Suppose that n = 7. Then P\ P contains exactly one point, say z. It is
not hard to see that there must exist ¢ € [6] such that « lies in the interior of the
triangle formed by e; = v;v;41 and the diagonals v;v;13 and v;41v;44. If = lies on
0 (vi490i15) (resp. £ (vir2vits)), then it is straightforward to check that A = zv;v;11
(resp. A = xv;43v;44) is a good-triangle. The statement follows from the existence of
such A and Proposition 3.13.

In view of Cases 1 and 2, from now on we assume n > 8.

Case 3. Suppose that P;, P, 3 # () for some i € [6]. Assume w.l.o.g. that P, Py # 0.
Let uy (resp. ug) be a point of Py (resp. Py) farthest from £(vgvs) (resp. £(vsvs)); by
Proposition 3.16, v;u; and vauy are clean. Then D(vavs, v5vg) together with e; := vyuy
and e, := v1u; form a good-2-set of P, and we are done by Proposition 3.15.

Case 4. Suppose that at least two of the sets P, P?, Pi+ are nonempty for some
i € [6]. Assume w.l.o.g. that ¢ = 2. Let uz be a point of P, farthest from ¢(viv3). By
Proposition 3.16, usvsy is clean in P. We distinguish two cases, according to whether
us belongs to PY or not.

Suppose that us € PY. By hypothesis, Py UPy" # 0. 1f Py # (), then P3 D Py” = Py
is nonempty; let us be a point of P; farthest from £(vovs). Then D(ugve, v4vs),
e; := ugvy and e, := v1vg form a good-2-set of P. If P2+ # 0, then P, D P = 2+ is
nonempty; let u1 be a point of P; farthest from ¢(vgva). Then D(ugve, v5v6), € := vUsvy
and e, := ujv; form a good-2-set of P. In both cases we are done by Proposition 3.15.

Suppose that us € P, U P;". We consider only the case us € P, , as the case
uy € Py is analogous. We recall that Py, C Ps. Let uz be a point of Py farthest from
L(vovyg). If ug # ug, then D(ugve, v4vs), € := ugvs, and e, := vivg form a good-2-set,
and the result follows from Proposition 3.15. On the other hand, if uy = ug, then
Proposition 3.16 guarantees that usvs is also clean in P. Hence, A := wugwvovs is
a good-triangle of P, and the result follows from Proposition 3.13.

Case 5. Suppose that P;” # 0 and P2, U P, 5 # () for some i € [6]. Assume w.l.o.g.
that i = 1. We only analyze the case Py # (), as the case P{ # 0 is totally analogous.
Then we can assume that Py U Ps U Ps = () by Case 3. Similarly, by Case 4 we can
assume that (P \ P, ) U (P \ PY) U (Ps\ PY) = 0.

Let uy be a point of P, = P; farthest from £(vqiv3), and let uz be a point of
P3 = PY farthest from ¢(vyv4). By Proposition 3.16, usve and usvs are clean. Then
D(ugva,v4vs), € := uzvs and e, := v1vg form a good-2-set of P, and we are done by
Proposition 3.15.

Case 6. Suppose that P;~ # () for some i € [6]. Assume w.l.o.g. that i = 1. Then we
can assume that PyU Ps =0, (P \ P, ) U (P2 \ Py") =0 and PY U PY = () by Cases 3,
4 and 5, respectively.
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Suppose that |P; | = 1. Let « be the point in P, . Then the segments of the triangle
A := zvive are clean in P, and so A is a good-triangle. The statement follows from
the existence of such A and Proposition 3.13.

Now, suppose that |P; | > 2. Let « and y be distinct points of P; . Let & =
{e1,e3,e5}, Sa 1= {v1v4, VoU5, V306, V2V, 103} and S := §; U Sy U {zy}. Let (a,b) be
an S-pair. By Lemma 3.1 (2), it is enough to show that S has a segment f such that
(aUb)n f=40.

We can assume that (aUb)Ne; # 0 for e; € Sy, as otherwise f = e; is the required.
Then either a or b intersects exactly two segments of S7. Since (¢ Ub) Ney # (. Then
a or b has an endpoint in {v1,v2}. We only analyze the case vy € a U b, as the case
v1 € a Ub is analogous. It follows from the choice of S that if vo = a N b, then a and
b have their other endpoint in e, and f = e5 is the required. Suppose w.l.o.g. that vy
is in @ but not in b. Then a has its other endpoint in ez and so a € {vavs, vavs}. Then
aNes =0 and, as a consequence, b must have an endpoint in e5. Since a Nb # @) and
V9Us, UoUg, V3Vg € Sa, then b € {v4vs, V305, V406 }. Then f = zy is the required.

Case 7. Suppose that P = () for some i € [6]. Assume w.l.o.g. that i = 1. Then we can
assume that Py =0, P, \ P) =0 and P, U P; = () by Cases 3, 4 and 5, respectively.
Let u; be a point of P = P} farthest from £(vgvs). By Proposition 3.16, v1u; is clean.

Suppose that PYUPY # (). We only analyze the case Py # (), as the case P§ # () is to-
tally analogous. Let uy be a point of Py = PY farthest from £(v;v3); by Proposition 3.16,
vauig is clean. Then D(viuy,v3v4), € := V506 and e, := vaug form a good-2-set of P,
and we are done by Proposition 3.15.

Suppose that P{ U PY # (). We only analyze the case P # (), as the case P # 0 is
totally analogous. By previous case we can assume that P9 U P = ().

Let us be a point of Ps farthest from f(vovy). Let &1 := {e1,ea,e5},S2 =
{v1u1, voUs, VoUg, V3Us, V36, Vauz} and S = Sy U Sy. Let (a,b) be an S-pair. By
Lemma 3.1 (2), it is enough to show that S has a segment f such that (aUb) N f = 0.

We can assume that (a Ub)Ne; # 0 for e; € Sy, as otherwise f = e; is the required.
Since vous, vovg, V3U5, U3V € Sz, neither a nor b can go from ey to e;. Then we can
assume w.l.o.g. that a intersects es and that b intersects e5. Similarly, we can assume
that (e Ub) Ng # 0 for each g € {vyuy,vaus}, as otherwise f = g is the required.

Since a intersects es, it has an endpoint in {ve, v3}. Assume first that ve € a. If
a Nuvgug # (0, then necessarily b Nviu; # 0, and the line £(vovs) separates a from b.
Hence, a Nb = (), a contradiction. Otherwise, a N vyuz = @, and therefore b N vyuz # 0
and a Nviuy # 0. The line £(vsvg) again separates a from b, yielding a N'b = (),
a contradiction.

Now, suppose that v € a. If a = vyvs, then b Nvgug # @, and the line £(vzvg)
separates a from b, and so we have a N'b = ), a contradiction. Thus, we may assume
that v1 ¢ a. Then b € {vivs,v1v6}, as otherwise f = e; is the required. The facts that
Ps =0, v; ¢ a and b € {vv5,v106} imply that a Nb = ), a contradiction.

Suppose that (PY U P.) \ {u1} contains at least one point z, where P. := P\
((Uf:1 P)u ﬁ) By previous cases we know that P = U?Zl P;. Let &1 :={e1,¢e3,e5},
Sy := {v1v3, V104, VoUs, V306, V2V } and S := S1 U Sy U {ujx}. Let (a,b) be an S-pair.
By Lemma 3.1 (2), it is enough to show that S has a segment f such that (aUb)N f = 0.
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We can assume that (a Ub) Ne # () for every e € &1, as otherwise f = e is the
required. Since (a Ub) Ney # . Then a or b has an endpoint in {vy,va}.

First, suppose v1 € aUb. If v1 = aNb, then f = eg is the required. Assume w.l.o.g.
that v; € a and vy ¢ b. This implies that b has an endpoint on es. If a (respectively, b)
has its other endpoint in e5, then a € {vivs,v1v} (respectively, b € {v3vs, V4v5, V4V6 }).
Since a Nb # (), then f = ujx is the required.

Suppose now that vy € aUb. If vo = aNb, then f = ey is the required. Assume w.l.o.g.
that v € a and vo ¢ b. Then a has its other endpoint in eg, implying a € {vavs, vavy}.
Consequently, aNes = @), and thus, b must have an endpoint in e5. Given that aNb # )
and vus, V2vg, V306 € S, we have b € {vzvs, v4vs5, V406 }. Therefore, f = ujx works.
Case 8. Suppose that P, # (). From Cases 6, 7, P, = Pt and P, = P, UPY U P
it follows that P; = @) for each i € [6] and therefore P = PUP,. By Case 2, we can
assume that |P.| > 2. Let « and y be distinct points of P,.

Let S; := {e1,e3,e5}, Sa := {v1v4, 0205, 0306} and S := S; USy U {zy}. Let (a,b)
be an S-pair. By Lemma 3.1 (2), it is enough to show that S has a segment f such
that (aUb) N f = 0.

We can assume that (aUb)Ne; # 0 for e; € Sy, as otherwise f = e; is the required.
Then either a or b intersects exactly two segments of S;. By relabelling the points in
P if necessary, we may assume that a has an endpoint in e; and the other in es. Then
a € {v1vs,vav3,v2u4}. Then aNes = B and, as a consequence, b must have an endpoint
in e5. Since a Nb # 0 and vovs, v3v6 € Sa, then b € {v4vs5, v3Us5, V1Vs5, V1Vg, V2VG, V4V |-
Then f = zy is the required. O

Lemma 3.20. Ifn > 7 and |13| =17, then u(D(P)) > (’;) -9.

Proof. Our proof strategy is very similar to that in the proof of Lemma 3.18.

Case 1. Suppose that P="P. Let S := {e1,e2,e3,€4,€5,€e6,e7} and let (a,b) be an
S-pair. If (aUb) Ne; = P for some e; € S, we are done by Lemma 3.1 (2). Then we
can assume that a Ub intersects each segment of S, and hence a Ub has four endpoints
in P. Then dp(py(a,b) = 3 and there must exist j € [7] such that v; € a Ub and

vj41 € aUb. By relabelling the points of Pif necessary, we may assume that j = 1.
Then a = vivg, b= vovg, and so fi = vsvg, fo = vsvy satisfy Lemma 3.1 (3).

Case 2. Suppose that P; # () for some i € [7]. Assume w.l.o.g. that ¢ = 1, and let
x be a point of P; farthest from £¢(v7vq); by Proposition 3.16, viz is clean. Then
D(vavs, vgv7), € := viz and e, := vyvs form a good-2-set of P, and we are done by
Proposition 3.15.

By Cases 1 and 2, for the rest of the proof we assume P; = () for each i € [7]
and n > 8.

We need some additional terminology. For i € [7], let Q(e;) be the subset of P that
lies in the interior of the quadrilateral v;v;v;41v;+2, and let A; be the subset of P
that lies in the interior of the triangle v;v;43v;14. We define C; := A; \ (Q(ei12) U
Qei+a)UR), Cf == CiNQ(ei) NQ(eir) and Q; == (Q(eir2) NQ(€i44)) \ (Pigs U Pita).
Then P = U::1(Pi U C; UQ;). See Figure 7(b).
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Case 3. Suppose that P\ P has two distinct points z and y such that zy crosses at
most one segment g of D7. We recall that D7 is the subset of P formed by all segments
with both endpoints in P. If zy does not cross any segment of D7, we let g := (). Let
S :={e1,ea,...,er} U{zy} U{g} and let (a,b) be an S-pair. By Lemma 3.1 (2), it is
enough to show that S has a segment f such that (aUb) N f = 0.

If there exists a segment f € {e1,ea,...,e7} such that (aUb) N f =0, then f is
the required segment. Hence, we may assume that every segment in {ej,es,...,e7}
intersects aUb. It follows that aUb has four endpoints in {v1, v, ..., v7}, and therefore
f = zy is the required segment.

Case 4. Suppose that |Q;] = 1 = |Q;42| for some i € [7]. Assume w.l.o.g. that
i = 1. Let uy (respectively, uz) be the only point of @y (respectively, Qs). Let
S1 := {es, eq,v3u1,v5u1 }, S := {eg, veus, v7us}, Sz := {e1} and § := §; U Sz U Ss.
Let (a,b) be an S-pair. By Lemma 3.1 (2), it is enough to show that S has a segment
[ such that (aUb)N f = 0.

We can assume that (a Ub)Ne # () for e € S, as otherwise f = e is the required.
Then a U b has an endpoint in e;. Assume w.l.o.g. that a Ne; # (). If a intersects
a segment of Sp, then b must intersect each segment of S; and so b € {v3vs, viug }.
Since these imply a Nb = @) a contradiction, then @ must have its other endpoint in
{vs, vg,v5,u1}, and so bNeg # B. These facts and a N'b # () imply that the required f
is some of {es, u3vg, ugvr}; recall that (a Ub) Ne # P for each e € S.

Case 5. Suppose that C; # () and Q; = () for some 7 € [7]. Assume w.l.o.g. that ¢ = 1.
Let = € C;. By Case 2 we can assume UZ:1 P, =0.

Case 5.1. Suppose that C4NQ(e3) = (. Let 81 := {e1, ea,€4,e7}, So := {viz,v37, 067},
Ss := {v1v4,v1v5}, and S := S; U Sy U S3. Let (a,b) be an S-pair. By Lemma 3.1(2),
it is enough to show that S has a segment f such that (a Ub) N f = (). We can assume
that (aUb)Ne # @ for e € S, as otherwise we are done.

Suppose that v1 € aUb. Assume w.l.o.g. that v1 € a. Then v; € b for some j € {4,5}.
Since if a = v1v3 (resp. vivg) then a N b # @ implies that f = vex (resp. f = v3T) is
the required, then we can assume that a ¢ {vjvs,v1v6}. This implies that b has its
other endpoint in {vs,v3}, and so aNb # 0, Q1 U(C1NQ(e3)) = 0 and a ¢ S together
imply that f = vgx is the required.

Suppose that v1 ¢ aUb. Then vy and v7 must be endpoints of aUb. If vavr € {a, b},
then the required f is some element of {vsx, eq,vex}. We may then assume w.l.o.g.
that vy € a and v; € b. Since e4 N g # 0 for some g € {a, b}, then the required f is
some element of {viz, vsx, vgx}.

Case 5.2. Suppose that Cy N Q(e3) # 0. Assume first that |[Cy N Q(ez)] > 2. Let =
and y be two distinct points of Cy N Q(e3). Then zy crosses at most vsvg € D7, and
we are done by Case 3.

Assume now that |Cy N Q(e3)] = 1. Let u € Cy N Qez). Let & :=
{e1,es5,e6,€7}, So := {vsu,vqu,e3}, Sz := {vivy,v306}, and S := S; U Sy U S3. Let
(a,b) be an S-pair. By Lemma 3.1 (2), it is enough to show that S has a segment f
such that (a Ub) N f =10.
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We can assume that (a Ub) Nes # 0, as otherwise f = e3 is the required. Assume
w.l.o.g. that a Neg # (. Suppose first that vz € a. If a N {vy,v9,v5,v7} = O, then
b = vyvg. This last implies a N'b = (), a contradiction.

Thus, we must have that a N {vy,vs,vs,v7} # 0. If a N {vy,v2} # @ then b must
intersect each of {es, e, v4u}. This last implies a N b = ), a contradiction. If a = vgvs,
then a Nb # () implies that some f € {e1,eg} is the required. Similarly, if a = vsv7,
then some f € {e1, e5,vqu} is the required. The case in which v4 € a can be handled
in an analogous way.

Case 6. Suppose that |Q;| =1 = |Q;+1| for some ¢ € [7]. Assume w.l.0.g. that i = 1.
By Case 4, we can assume that Q3UQ4UQsUQ7 = 0. Then either C3UCLUCsUC, = 0
or we are done by Case 5. For j € {1,2}, let u; be the only point of Q;.

If there is # € Cf, then xuy crosses at most vovs € D7, and we are done by Case 3.
Thus, we can assume that Cf = (). Then Q(e5) = {u,ua}.

Let z be the first point of Q(es) that we find when we rotate £(v4vg) clockwise
around vy. If x = uy (resp. x = usg), then vzvs (resp. vsvr) is the only segment of
P that crosses vqz (resp. vez). Then D(vsve, v2v3) (resp. D(v1v7,v405)), € 1= V4
(resp. e; := vgx) and e, := v1v7 (resp. e, := vouz) form a good-2-set of P, and we are
done by Proposition 3.15.

Case 7. Suppose that |@Q;| = 1 for some i € [7]. Assume w.l.0.g. that ¢ = 1. Let x be
the only point in @;. By Cases 3, 4, 5, 6, we can assume that Cjy UC{ UQ2U Q3 U
Qs UQRrUC,UC3UCsUCy =0. Then Q(e3) UQ(es) = {x} and vqvg is the only
segment of P that crosses vsx. Then D(vsvg, vevr), € := v1v2 and e, := vsx form
a good-2-set of P, and we are done by Proposition 3.15. O

3.6. MUTUAL-VISIBILITY OF D(P) WHEN \}3\ > 8

Lemma 3.21. If m := |P| € {8,9}, then u(D(P)) > () — 8.

Proof. Let v1,va,...,v, be the points in ﬁ, and assume that they appear in this
cyclic order on P. Then D(vivg, vsv6), € := vyvg and e, := vzvy form a good-2-set
of P, and we are done by Proposition 3.15. O

Lemma 3.22. If m = |ﬁ| > 10, then u(D(P)) > (g) = 5.

Proof. Let v1,vy,...,v, be the points in 13, and assume that they appear in this
cyclic order on P. For i € [m — 1], let e; := v;v;41. Since {ey, e3,e5,e7,e9} is a set of
pairwise disjoint segments that are clean in P, we are done by Proposition 3.10. [

Proof of Theorem 1.2. 1t follows directly from Lemmas 3.8, 3.9, 3.18, 3.19, 3.20,
3.21, and 3.22. O
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4. THEOREM 1.2 IS THE BEST POSSIBLE: PROOF OF PROPOSITION 1.3

Proof of Proposition 1.3. Let P := {p1,pa,...,p7} be the T-point set given in Propo-
sition 1.3 and depicted in Figure 1(a). Clearly, P is in general position and |]3| = 6.
Then p(D(P)) > (1) — 9 = 12 by Case 2 of Lemma 3.19.

Moreover, diam(D(P)) € {2,3} by Theorem 1.1. Hence, every S-pair (a, b) satisfies
dD(P) ((l, b) S {27 3}

To prove that u(D(P)) < 12, we implemented an algorithm (described be-
low) in Mathematica (Wolfram Language) [22] that verifies the non-existence of
a mutual-visibility set of size 13 in V/(D(P)). To be more precise, for each 13-subset P’
of V(D(P)), the algorithm tests whether every pair of non-adjacent vertices a,b € P’ ad-
mits the shortest a-b path whose interior vertices all belong to S = V(D(P)) \ P’. As
soon as a pair fails the test, the candidate P’ is rejected and the algorithm moves on
to the next 13-subset. It returns P’ only if all such pairs pass the test, and it returns
NIL only after every 13-subset has been examined.

For each of the (il,’) = 203490 13-subsets P’ of V(D(P)), the program found a pair
of non-adjacent vertices a, b € P’ such that every shortest a-b path in D(P) contains at
least one interior vertex belonging to P’. Hence, D(P) contains no mutual-visibility set
of size 13. Since every subset of a mutual-visibility set is again a mutual-visibility
set [5], then D(P) has no mutual-visibility set of size at least 13, and therefore
u(D(P)) < 12. O

The interested reader can find and/or execute in [21] the program that we have
used to verify that D(P) has no mutual-visibility sets of size 13.

5. TIGHT ASYMPTOTIC BOUNDS FOR u(D(P))
Our aim in this section is to show Theorem 1.4 and Propositions 1.5 and 1.6.

Proof of Theorem 1.4. We first show that if n > 9, then pu(D(P)) < (5) — 4. Since
every subset of a mutual-visibility set is again a mutual-visibility set [5] then, it is
enough to show the following: for every set £ := {x1y1, x2y2, x3ys} of three distinct
segments of P, the set P’ := P\ £ is not a mutual-visibility set. Let V(&) be the set
of endpoints of the segments of £.

By Theorem 1.1, diam(D(P)) = 2. It is therefore enough to find two distinct
segments a,b € P’ such that

(i) anb# 0, and
(i) (aUb)Nz;y; # 0 for each i € [3].

Indeed, by (i) and the fact that diam(D(P)) = 2, we have dp(p)(a,b) = 2. Thus, every
shortest a-b path in D(P) has the form a f b, where f N (aUb) = (). By (ii), we have
f ¢ &, and hence f € P’. Therefore, any shortest a-b path intersects P’, which implies
that P’ is not a mutual-visibility set of D(P), as required.
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Algorithm 1: Determining whether V(D(P)) contains a mutual-visibility
set of size 13.
Input: D(P) = (V(D(P)), E(D(P))).
Output: A mutual-visibility set P’ of 13 elements, or NIL if no such P’ exists.
1 foreach 13-subset P’ of V(D(P)) do

2 | S=V(D(P)\ P
3 valid = 1;
4 foreach S-pair (a,b) do
5 flag = 0;
6 if dp(py(a,b) == 2 then
7 foreach c € S do
8 if a — c— b is a path then
9 flag = 1;
10 L break;
11 else if dp(py(a,b) == 3 then
12 foreach 2-set {c,c'} C S do
13 if a—c—c —bisapath ora—c —c—bis a path then
14 flag = 1;
15 L break;
16 if flag == 0 then
17 print P’ is not a mutual-visibility set due to the pair of non-adjacent
vertices a, b;
18 valid = 0;
19 break;
20 if valid == 1 then
21 print P’ is a mutual-visibility set;
22 return P’;

23 return NIL;

We say that U C P covers £ if every segment of £ has an endpoint in U.

Suppose first that two distinct points uy, ug € V(E) cover &. Since |V (E)| <6 < n,
there exists a point z € P\ V(€). Then a := zu; and b := zug, which are not in &,
satisfy (i) and (ii).

Suppose now that no two points of V(&) cover £. Then no two segments of £ share
an endpoint: if u were a common endpoint of two of them, then © and an endpoint
u’ # u of the third segment would cover £. So the points in {x1,y1, T2, Yo, T3, ys} are
pairwise distinct. Then a := z122 and b := 123, which are not in &, satisfy (i) and (ii).

We now show the lower bound. By Erdés—Szekeres theorem [10], there is the
smallest integer f£9(10) such that if |P| > f£9(10), then P has a 10-subset, say @Q,
in convex position.
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Let m := |CA2\ > 10. Assume that vy, vs,...,v,, are the points of @, and that they
appear in this cyclic order. Let S := {vg;_1v9; : @ € [5]}. Then the 5 segments in S
are pairwise disjoint. By Lemma 3.1(2), it is enough to show that if

(a,b) is an S-pair, then S has a segment f such that (aUb) N f = 0.

It is easy to see that if h € P\ S, then h intersects at most 2 segments of S. Thus,
if a,b € P\S, aUb is disjoint from at least one segment f of S, and we are done. [

Proof of Proposition 1.5. By Lemma 3.22, we only need to show that u(D(C,)) <
(g) —5. As in the proof of Theorem 1.4, it is enough to show the following. For every set
& = {x1y1, T2y2, x3Y3, T4ys } of four distinct segments of C,, there are two distinct
segments a,b € C' := C, \ € such that

(i) anb# 10, and
(ii) (aUb) Nwz;y; # O for each i € [4].

We use V(€) and “covers” as in the proof of Theorem 1.4. We note that [V (£)] < 8 < n.

Case 1. There exists a segment st € £ that shares no endpoint with any segment of
& = &\ {st}. If there exist two distinct points uy,us € V(E’) that cover £, then
a := suy and b := sus, which are not in &, satisfy (i) and (ii). Thus, we may assume
that no two points of V(€’) cover £'. Then, as in the proof of Theorem 1.4, the three
segments of £’ pairwise share no endpoint. Consequently, no two segments of £ share
an endpoint, and hence the eight points in {z1,y1,...,24,ys} are pairwise distinct.
Recall that x1,xs, 3, 4 are in convex position. Let a and b be the two diagonals of
the convex quadrilateral they determine. Then a and b cross, neither belongs to &,
and together they cover £, as required.

Case 2. Every segment of £ shares an endpoint with another segment of £. If there
exist two distinct points uy,us € V(E) that cover &, then, for any z € C,, \ V (&), the
segments @ := zuy and b := zug, which are not in &, satisfy (i) and (ii). It remains to
show that such a pair {u;,us} exists.

If there exists a point u € V(£) that is an endpoint of at least three segments of &,
then u, together with any endpoint v’ # u of the remaining segment (or any other
point v' € V(&) if there is no remaining segment), covers £. Thus, we may assume that
every point of V(&) is an endpoint of at most two segments of £. Consider the graph
with vertex set V(€) and edge set £. Each of its components is a path or a cycle, and,
by the assumption of Case 2, each component has at least two edges. Since there are
four edges, either there are two components, each of which is a path with two edges,
and their two middle vertices cover &; or there is a single component, which is either
a path ujusususus or a cycle ujususuguy, and so {us, ug} covers €. This proves that
such a pair exists. O

Proof of Proposition 1.6. By the first part of the proof of Theorem 1.4 we need only
to show that p(D(Cpq)) > (5) — 4. Let a1, as, ..., a, be the points of Cy, 4, C A from
left to right. Similarly, let bq,bo, ..., b, be the points of Cp, ; C B from left to right.
Let hl = blbg, h2 = b3b4,h3 = b5b@ and B := {hl,hg,hg,}.
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Let S := {ajaz} U B. We remark that the segments in S are clean in C,, and
pairwise disjoint. Let C' := C, , \ S. Consider two distinct segments a,b € C’ such
that aNb # (. By Lemma 3.1(2), it is enough to show that S has a segment f such that
(aub)nf=0.

We may assume that a U b intersects ajas, as otherwise f = ajas is the required.
Assume w.l.o.g. that a intersects ajas. Then a is disjoint from at least two segments
of B, say h; and h;. Then b must intersect both h; and h;, as otherwise f € {h;, h;}.
Then bN hy, = 0 for hy, € B\ {h;, h;}. Since if a N hy, = 0, then f = hy, is the required,
we must have that a N hy # 0, which implies a Nb = @, a contradiction. O
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