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Abstract. We study prescribed-mass solutions of a nonautonomous Kirchhoff equation
with a purely Sobolev-critical nonlinearity and a nonnegative trapping potential. The
trapping potential breaks the scaling invariance of the autonomous problem, while the
critical nonlinearity causes loss of compactness. We establish a global compactness
alternative for constrained Palais—Smale sequences and combine it with sharp energy es-
timates adapted to the nonlocal Kirchhoff term. Under suitable structural assumptions
and an explicit energy-separation condition, we obtain a positive normalized ground
state as a local minimizer of the constrained energy. For sufficiently small Kirchhoff
parameter b > 0, we further prove the existence of a distinct positive normalized
solution at a mountain-pass level.
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1. INTRODUCTION

In this paper, we study the following Kirchhoff equation with a purely Sobolev-critical
nonlinearity

— a—l—b/|Vu|2 dz | Au+V(z)u = I+ u’, in R3,
R3 (1.1)
|’u]|2 = 62’ in RS,
R3
where ¢ > 0 is the prescribed mass and A serves as a Lagrange multiplier. Throughout

the paper, a > 0 and b > 0 are standing assumptions on the Kirchhoff parameters,
and V(z) > 0 is a trapping potential.
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The Kirchhoff coefficient in (1.1) depends on the global Dirichlet energy
fR3 |Vu|? dz, so the problem is nonlocal even though, for a sufficiently regular so-
lution, the differential equation is still satisfied pointwise. This nonlocal dependence
introduces significant mathematical challenges and makes the problem particularly
interesting to study. Equation (1.1) may be viewed as the stationary counterpart of
the hyperbolic Kirchhoff-type equation

Ugt — a+b/|Vu|2 dz | Au = f(z,u), (z,t) € Q x (0, 400),

Q
u(z,t) =0, (x,t) € 092 x [0, +00).

(1.2)

The equation (1.2) was introduced by Kirchhoff [16] as an extension of the D’Alembert
wave equation for free vibrations of elastic strings:

L
82’& £0o E
Porz ~ ﬁ*ﬁ/
0

where p is the mass density, v the lateral displacement, py the initial axial tension,
h the cross-sectional area, F the Young’s modulus, L the length of the string, and f
the external force. Kirchhoff’s model accounts for the length variation of the string
caused by transverse vibrations. Early classical studies of Kirchhoff equations include
[2] and [21]. The study of (1.2) received substantial attention after Lions [18] developed
an abstract framework for such problems. Subsequent contributions include those
of Arosio et al. [1], Cavalcanti et al. [6], and D’Ancona et al. [10]. Arosio et al. [1]
studied a Cauchy—Dirichlet problem related to (1.2) in the Hadamard sense, viewing
it as a special case of an abstract second-order Cauchy problem in a Hilbert space.
Cavalcanti et al. [6] established the existence and uniqueness of regular global solutions
for the Kirchhoff-Carrier equation with nonlinear boundary dissipation and obtained
uniform decay rates without restrictions on the initial data. D’Ancona et al. [10]
proved the existence of global classical periodic solutions for degenerate Kirchhoff
equations and interpreted Kirchhofl’s equation as a quasilinear hyperbolic Cauchy
problem describing transverse oscillations of a stretched string. In particular, (1.2)
with @ = 0 describes a string with zero initial tension; this case is referred to as the
degenerate Kirchhoff equation. We refer to [13, 22] for related developments.

2
0%u
dx @

0
5 = /(a,u),

1.1. PREVIOUS DEVELOPMENTS

Normalized solutions, namely solutions with a prescribed L?-norm |jull; = ¢ > 0,
have attracted considerable attention in recent years. We briefly review the de-
velopments most relevant to normalized Kirchhoff problems. We begin with the
Gagliardo—Nirenberg inequality, which provides a convenient framework for distin-
guishing the L2-subcritical, L?-critical, and L?-supercritical regimes. Throughout the
paper, || - ||, denotes the usual norm in LP(R?) for 1 < p < oco.
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Lemma 1.1 ([30]). Letp € (2,6). Then there exists a constant

1
p P
Cp: TE— Y >0
<2||Up||§ 2)

P 1-— p
lully < CpllVullg"ull,™™, Vue H'(R?),

a1
IY;D'_ 2 p )

and U, denotes the unique positive radial solution of

such that

where

1 2
—AU + ( - 1) U= —\U|p72U, z € R3.
Tp p

In the full class of positive solutions, uniqueness is understood up to translations.

At the Sobolev-critical endpoint p = 6, the preceding L2-based representation of
the sharp constant is no longer applicable. Instead, we use the sharp Sobolev inequality

Jully <S7HIVull3, we DVA(R?),
where )
[Vull3

S= in 5
uweDL2(RIN(0} ||ul|

Recently, Ye [32] investigated the following Kirchhoff equation

- a+b/|Vu|2dx Au=u+ |[ulf?u, xcR?
R3

where p € (2,6). Ye proved that for any ¢ > 0,

{a(c) € (—00,0], ifpe(2,p),

o(c) = —o0, if p € (p,6),
where 14
ﬁ — 5 U(C) = lnf j(u)7
3 uGS'r
2
- b 1
I(u) :== g/|Vu|2 dzr + 1 /|Vu|2d:c - §/|u|p dz
R3 R3 R3
and

S, = ueHl(RB):/|u|2de262

R3

(1.3)
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In the L?-subcritical case, namely p € (2,p), Ye obtained global minimizers on S,
by solving (1.5). For p € (p,p), where p := 13—0, he also constructed a local minimizer,
which is a critical point of f|S In the L2-supercritical case p € (p,6), the direct
minimization problem (1.5) is no longer applicable because of (1.4). Ye therefore
sought critical points of T | 5, by minimizing I on the natural constraint

M= {ue S, )= gty =0},

where X
ug(z) = t2u(te), Vt>0,uc H (R?),

which preserves the L?-norm, i.e., u; € S, whenever u € S.. Using the Lagrange
multiplier method, Ye showed that ./\/l is a natural constraint for I g 3,- In the L2-critical
case p = p, Ye [33] proved that (1.3) admits a solution (te, Ac) satlsfylng luellz = ¢ > c*
for some ¢* > 0. Ye [34] also analyzed the concentration behavior of normalized
solutions. Using direct energy estimates and avoiding the concentration—compactness
principle, Zeng—Zhang [36] established the existence and uniqueness of normalized
solutions to (1.3) when p € (2,p). Later, Qi—Zou [24] determined the exact number of
positive normalized solutions and obtained explicit formulas for them. For combined
nonlinearities, in which |u[P~2u is replaced by |u|P~2u + p|u|9"2u, local and global
minimizers together with a mountain-pass solution were obtained in [8, 17] for 2 <
g<p<p<6borp<q<p <6, using Pohozaev-manifold methods and sharp
energy estimates developed in [7, 15, 25, 26, 29]. More recently, Cai-R&dulescu [4]
established normalized solutions for Kirchhoff equations with a general nonlinearity
by minimizing the energy over a suitable combination of the Nehari and Pohozaev
constraints, intersected with the closed L?(IR3)-ball of radius ¢. Their assumptions on
the nonlinearity f include the following two regimes:

(i) fis L?-subcritical at the origin and L?-critical at infinity,
(ii) f is L2-critical at the origin and L2-supercritical at infinity.

Several works have also addressed normalized Kirchhoff equations in the presence
of a potential V| including the problem

- a+b/|Vu|2dx Au+V(2)u = I+ |uP~?u, in R3,
R3 (1.6)
lu|? = 2, in R3,

R3

where p < p < 6. Cai-Zhang [5] first proved the existence of normalized solutions to
(1.6) under suitable assumptions on a nonnegative potential V. They also obtained
positive-energy mountain-pass solutions and proved nonexistence of negative-energy
solutions when V < 0 is bounded, as well as a local minimizer when the negative
potential is sufficiently controlled on a suitable interval. When p = p and V > 0 is
a trapping potential, Hu-Tang [12] studied the limiting behavior and local uniqueness
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of normalized solutions to (1.6) by means of energy estimates and blow-up analysis.
More generally, when |u[P~2u is replaced by Q(x)f(u), existence and multiplicity
results for normalized solutions were obtained in [9, 31].

The preceding literature mainly concerns Sobolev-subcritical nonlinearities or
combinations of subcritical and critical terms, including in the nonautonomous setting.
This motivates the present study of normalized solutions for a nonautonomous Kirchhoff
equation with a purely Sobolev-critical nonlinearity.

1.2. MAIN RESULTS

Throughout the paper, we assume that V : R> — R is a nonnegative, locally Lipschitz
trapping potential. More precisely, for every zo € R3, there exist a neighborhood B(x¢)
of ¢ and a constant L > 0, depending on B(zg), such that

|[V(z) =V (y)| < Llx —y|, forall z,y € B(xo), (1.7)
V>0 and lim V(z) = +o0, (1.8)
|z|—+o00

and there exists a constant Cy > 0 such that
—2V(x) < VV(z) -2 < COyV(x) forae xcR3. (1.9)

Since V is locally Lipschitz, VV exists almost everywhere by Rademacher’s theorem.
Throughout the paper, condition (1.9) and every expression involving x - VV (z) are
understood in this almost-everywhere sense.

We introduce the energy space

H:=<uec H(R?): /(a|Vu|2 + (V4 1Du?)de < +oo p
R3
endowed with the norm
||uH§{ = /(a|Vu|2 +(V+ 1)u2) dx.
RB

Then solutions of (1.1) correspond to critical points of the energy functional I : H — R,
defined by

2
a 2 b 2 1 2 1 6
I(u) = 3 |Vul? dx + Z |[Vu|*dx | + 3 V(z)u® dx — 5 [ul® dz
R3 R3 R3 R3

constrained to the L2-sphere
S, = uE’H:/quac:c2
R3

We first introduce the notion of a normalized ground state.
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Definition 1.2. We say that ug is a normalized ground state of (1.1) if ug is a critical
point of I constrained to S, i.e., it solves (1.1), and

I(ug) = inf {I(u) : u € S, Vg I(u) =0}.

By [19, Section 1] and assumptions (1.7)—(1.8), the operator —aA + V has a first
eigenvalue \; > 0 with a positive first eigenfunction ¢; € H. We normalize 1, by
lv1|2 = c®. Moreover, 1, € C’if(ﬂ@) for every 0 < 8 < 1, and it solves

7CLA1/11 + V(I)wl = )\11,[)1. (110)
Theorem 1.3. Assume that (1.7)—(1.9) hold and that

a 3 b 1
K282 + —K*83 > )\ ?
31O > et

bA?

@C 5 (111)

where
K= B (bs% + /6288 —|—4a)} ©

Then problem (1.1) admits a positive normalized ground state u, € S.. Moreover, uy
is a local minimizer of I on S..

Theorem 1.4. Assume that (1.7)—(1.9) hold. Then there exists by > 0 such that, for
every 0 < b < by satisfying (1.11), problem (1.1) admits a second positive normalized
solution vy, € S., distinct from the ground state uy,. Moreover, v, is obtained at
a mountain-pass level of I on S..

Remark 1.5. Since V is locally Lipschitz and nonnegative, the strong maximum
principle implies that every nontrivial nonnegative solution obtained in Theorems 1.3
and 1.4 is in fact strictly positive in R?. We also note that the assumptions (1.7)—(1.9)
are satisfied by the standard polynomial trapping potentials

V(z)=lz|", v>1.

Thus, the class of admissible potentials includes the usual confining potentials arising
in normalized Schrédinger- and Kirchhoff-type problems.

Remark 1.6. The smallness assumption on b is used only in the construction of the
second solution. More precisely, in Lemma 5.2 it allows us to obtain a sharp upper
bound for the mountain-pass level below the energy threshold at which critical Sobolev
bubbling may occur. This energy separation is the key ingredient in ruling out the
noncompact alternative for the mountain-pass Palais—Smale sequence. It remains an
interesting open problem to determine whether the second normalized solution persists
for arbitrary b > 0, or whether a different compactness mechanism is required in that
regime.
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1.3.

NOVELTY AND CONTRIBUTIONS

The main novelties and contributions of this work can be summarized as follows.

(1)

(i)

(iii)

Compared with the settings considered in [4, 5], we study normalized solutions for
a nonautonomous Kirchhoff equation with a purely Sobolev-critical nonlinearity.
To the best of our knowledge, the normalized problem in this purely critical and
nonautonomous Kirchhoff setting has not been treated in the existing literature.
A fundamental difficulty is that the embedding

H — LS(R?)

is continuous but not compact, so bounded Palais—Smale sequences may lose
compactness through critical Sobolev bubbles. To capture this phenomenon, we
establish a global compactness lemma adapted to both the nonlocal Kirchhoff
structure and the trapping potential, which provides a quantitative description of
the energy carried by a possible loss of compactness.

Our compactness analysis is inspired by the ideas developed for Sobolev-critical
Schrodinger equations in [20, 28, 35]. In the present Kirchhoff setting, however,
the nonlocal term creates an additional difficulty: under weak convergence, the
limiting equation involves the effective coefficient

a+bA, A= lim |[Vu,|?
n—oo

rather than a + b||Vug||3 unless strong convergence has already been established.
Consequently, a global compactness alternative alone is not sufficient to recover
compactness. We therefore combine the global compactness lemma with sharp
energy-level estimates that separate the variational levels from the critical bubbling
threshold; in particular, we derive a sharp upper estimate for the mountain-pass
level (see Lemma 5.2) and use it to exclude the noncompact alternative in the
proof of Theorem 1.4. This strategy yields both a positive normalized ground
state and, for sufficiently small b > 0, a distinct positive normalized solution of
mountain-pass type.

The closest precedent for our variational strategy is Yu [35, Theorems 1.2-1.3
and Lemmas 2.6, 5.2], who obtained a local-minimum ground state and a second
mountain-pass solution for the purely Sobolev-critical Schrodinger equation with
a trapping potential. In particular, Yu used an energy-defect alternative and a path
obtained by adding a truncated Sobolev bubble to the ground state and then
normalizing the sum. We adapt these two ingredients to the Kirchhoff problem,
but the nonlocal term requires genuinely additional estimates: the weak-limit
equation contains the effective coefficient a + bA, the bubbling threshold becomes

LPICTS LY
3 12 ’

and the normalized bubble path produces extra b-dependent interaction terms
(see Hy in Lemma 5.2). Controlling these effects is essential both for exclud-
ing loss of compactness and for proving the strict mountain-pass upper bound.
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The paper is organized as follows. Section 2 develops the preliminary compactness
results, including the global compactness lemma for constrained Palais—-Smale sequences.
Section 3 establishes the variational geometry of the energy functional on the mass
constraint. Section 4 proves the existence of a positive normalized ground state, while
Section 5 establishes the existence of a second positive normalized solution at the
mountain-pass level.

2. PRELIMINARY RESULTS

We first recall the compactness induced by the trapping potential. By (1.8), the
embedding
H— LP(R?) for2<p<6 (2.1)

is compact. Indeed, let {u,} be bounded in H. For every R > 0 sufficiently large,

2 1 / 2
< - -
/ [t | da < Maon V(@) V(z)u;, dz,
> 2

R3\Br

and the right-hand side tends to 0 uniformly in n as R — 4o00, since
inf|,j>r V() — +o00. On the other hand, the Rellich-Kondrachov theorem gives
compactness in L?(Bpg) for every fixed R > 0. Hence,

H — L*(R?)

compactly. Combining this with the continuous Sobolev embedding H — H*(R3) —
LS(R3) and interpolation yields (2.1).

In view of [23], we recall the following Pohozaev identity.
Lemma 2.1. Let (u,\) € H X R be a solution of (1.1). Then

2
1
a/|Vu|2 dx +b /|Vu|2dx - 5/VV($)~xu2dx:/u6dx.
R3 R3 R3 R3
We next record a useful sign property of the Lagrange multiplier.

Lemma 2.2. Let (u,A) € H X R be a solution of (1.1). Then A > 0.

Proof. Since (u,A) € H x R solves (1.1), testing the equation with u and applying
Lemma 2.1 give
2
a/\Vu|2dx+b /|Vu|2 dx +/V(x)u2 dajz)\/|u\2da:+/|u|6dm
R3 R3 R3 R3 R3

and
2

1
a/|Vu|2dx—|—b /\Vu\de - i/VV(x) - xu? da:z/qux.
R3 R3 R3 R3
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Subtracting the second identity from the first yields
1
)\/ lul? do = 3 /VV(x) -zu? dx +/V(:c)u2 dzx.
R3 R3 R3
Using (1.9), we conclude that A > 0. O

As a consequence, we obtain the following lower bound for the energy of constrained
critical points.

Lemma 2.3. Let (u,\) € H X R be a solution of (1.1). Then
a b
I(u) = g\lVUH% + 351 Vull:

Proof. By Lemma 2.2, A > 0. Since u solves (1.1),

1 b 1 1
1) = Sllulld + 1Vull - 5 = cllulé
1 b 1 1 1
— Sllulld + I9ulh = 562 = ¢ (Jully + bIVaull§ - ) + A

1 2 2 b 4 1 2
= 5l = &) + S IVulld + g

a b
> S IVull5 + EHVUH‘%-

This completes the proof. O

The next estimate describes the behavior of the potential term under dilations and
will be used repeatedly below.

Lemma 2.4. For every s > 0, there exists a constant C(s) > 0 such that, for every
u € H,

/V(sm)u2 dx < C(s) /V(z)u2 dz.
R3 R3
Proof. Fix x € R%. If s > 1, then by the upper bound in (1.9),

1
iV(sgc) =VV(sz) -z =-VV(sx)- (sz) < &V(Sa?)
ds s s
for a.e. s > 0. Hence,

d —Cv

T (s™V(sz)) <0,

and therefore
V(sz) < sV (z), s>1.
If 0 < s < 1, the lower bound in (1.9) gives

% (s°V(sz)) = 28V (sz) + sVV (sz) - (sz) > 0.
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Consequently,
V(sz) <s2V(x), 0<s<l1.

Thus, the conclusion follows with
C(s) = max{s“v, s 2}. O

We now establish the compactness alternative that will be used in the proofs of the
main results. The argument is adapted to the present nonlocal setting from the global
compactness framework in [27, Ch. ITI, Thm. 3.1] and the energy-defect alternative
used for the corresponding critical Schrodinger problem in [35, Lemma 2.6]. The
additional point here is that weak convergence leaves the effective Kirchhoff coefficient
a + bA, so the defect estimate must keep track of A = lim,, || Vu,||3.

Lemma 2.5. Let {u,} C S. be a bounded Palais—Smale sequence for I|s,, and let
{An} C R be the associated Lagrange multipliers. Assume that {\,} is bounded and that

[uy [l2 = 0.

Then, after passing to a subsequence, there exist A >0, ug € H, ug > 0, and \g >0
such that
[Vunlla = A, u, —ug weakly in H, M\, — Ao,

and
—(a+bA)Aug + V(z)ug = Noug +uy in R>.
Moreover, exactly one of the following alternatives occurs:
(i) wnp — ug strongly in M,

(ii) wy, — ug in H but not strongly, and

b
I(uy) > Ja(ug) + %KQS% + EK483 + 0,(1),

bA 1 1
Ja(u) = (; + 4) /|Vu|2 dx + §/V(x)u2 do — 6/|u|6 dx.
R3 R3

R3

where

Proof. Set
G, :=/|Vun\2da?.
R3

Since {uy} is bounded in H, after passing to a subsequence, we may assume that

Gp — A= hminf/wun\?dx,
n—oo
R3

and that, for some ug € H,

U, — ug weakly in H.
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By the compact embedding
H— LP(R?), 2<p<6,

we further have
u, — ug  strongly in LP(R?), 2 <p <6,

and, after taking a further subsequence if necessary,
un(z) = ug(x) for ae. z € R3. (2.2)

In particular,
Juoll = Tim flunllz =c,
n—o00

so that ug € S, and ug # 0. Moreover, since ||u,, |2 — 0, we obtain
lug ll2 < [luo = unll2 + [luy 2 = 0.

Then ug > 0 a.e. in R3.
Since {\,} is bounded, up to a subsequence,

An — Ao for some \g € R.

Because {(un, Ay)} is a Palais—Smale sequence for I constrained to S, we have

(a 4+ bG,) / Vu, - Vodr + / V(x)unp de
R3 R3

(2.3)
[ g = [ unlungpde = 00 (D)ol
R3 R3
for every ¢ € H.
Since {u,} is bounded in L%(R?), (2.2) implies
[t [*ttr, — |uo|*uo  weakly in LY/ (R3).
Letting n — oo in (2.3), we obtain
(a+ bA)/VuO -Vodz + / V(z)uop dr = Ao /uogo dx + /uggo dx
R3 R3 R3 R3
for every ¢ € ‘H. Hence,
—(a+bA)Aug + V(z)up = Aoug +ugy in R3, (2.4)
We next show that Ag > 0. Testing (2.4) with ug gives
(a+ bA)|[Vuo||2 + / V(@)ud dz = Moc + [[uo|C. (2.5)

R3
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On the other hand, the Pohozaev identity associated with (2.4) is

1
(a+bA)||Vuol3 — §/VV(33) @ ug do = Jluolfg. (2.6)
R3

Subtracting (2.6) from (2.5), we obtain
1
Aoc? = / (V(:v) + §VV(:£) 33) ud da. (2.7)
R3

By assumption —2V (z) < VV(x)-z, the integrand on the right-hand side is nonnegative.
Thus, Ag > 0. In fact the inequality is strict. Indeed, by standard elliptic regularity
and the strong maximum principle applied to (2.4), since ug > 0 and wg Z 0,

up(z) >0 in R3.

Moreover,
2V(z)+VV(z) -2 >0

cannot vanish a.e. in R3. Otherwise, for almost every 6 € S?, the locally absolutely
continuous function
r— 2V (rf)

would satisfy
%(TZV(TQ)) =72V (rd) + VV(rd) -r) =0
for a.e. > 0, which is incompatible with
V(z) — 400 as |z| = 0.
Consequently, the right-hand side of (2.7) is strictly positive, and therefore
Ao > 0.
We now establish the compactness alternative. Put
Wy 1= Up — Ug.

Then
w, =0 inH, w,—0 inIPR?, 2<p<6.

For convenience, denote
g = [Vl poi= [Vioudde, gui= unlf
R3

By weak convergence,

IVunll3 = [ Vuoll3 + gn + 0n(1), (2.8)
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and similarly,
/V(x)ui dx = /V(:E)ug dx + pp, + o, (1).
R3 R3

The Brezis—Lieb lemma gives

lunllg = lluoll§ + gn + 0n(1)- (2.9)

Since G, — A, from (2.8) we have A = ||[Vugl|3 + lim,_ gn, whenever the latter
limit exists. Furthermore, G2 = AG,, + 0,(1). Combining this fact with (2.8)—(2.9),
we obtain the energy splitting

I(up) = Ja(ug) + Ja(wy) + 0, (1), (2.10)

where A ) )
_ (e o4 2 1 2 5. Ly e
sa) = (5 + 5 ) Ivelg + 5 [ VienPas - gl
RS

We next derive the fundamental identity for the remainder w,,. Taking ¢ = w,
in (2.3), using
Gn—>A, )\n —))\0, HwnH2—>O,

together with
/Vuo - Vw, dz = o,(1), /V(x)uown dz = o0,(1),
R3 R3

and the derivative form of the Brezis—Lieb lemma,
|| *u — ug|*ug — |wp|*w, — 0 in L6/5(R3),
we obtain
(a+bA)gn + pn = gn + 0n(1). (2.11)
Suppose first that

w, — 0 strongly in H.
Then

Uy — ug strongly in H,
which is alternative (i).

Assume now that wu,, /4 ug strongly in H. Passing to a subsequence, there exists
4 > 0 such that

lwnllze =6 for all n. (2.12)
We claim that
lim inf g,, > 0. (2.13)
n—oo

Indeed, if along a subsequence g, — 0, then by the Sobolev inequality,

an = ||wn||g < 8_392 — 0.
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It then follows from (2.11) that p, — 0. Since ||w,||2 — 0, we would get
lwallf, = agn +pn + [lwall3 — 0,

contradicting (2.12). Thus, (2.13) holds.
After passing to another subsequence, we may therefore assume

gn — g > 0.

By (2.8
y (2.8), - ,
A= |Vullz + g,

and consequently
A>g. (2.14)

From (2.11), p, > 0, and the Sobolev inequality,
(a+bA)gn < gn +0,(1) <S73g2 + 0,(1).
Passing to the limit and using g > 0, we find
a+bA < S 3¢%
Since A > g, a+ bg < S3¢?%, and hence g2 — bS3g — aS3 > 0. Therefore,

- bS3 + V288 + 40853
9= 3 :

Recalling
1
2 - 3/2 2 Q3
K —2(b8 +Vb2S +4a),

we see that

bS3 + V256 + 4aS3

= K%8%/2,
2
Thus,
g > K283/, (2.15)
It remains to estimate the energy carried by w,. By (2.11),

a bA 1 1
Ja(wy) = (2 + 4) In + §Pn - E(In
1

_ ( ; b“‘) gn+ Lo — (@t bA)gn + pn) + 0a(1)

2 4 2 6
a bA 1

=\ 35 To n > Pn 71,1-
<3+12)g +3p +0,(1)

Since p, > 0, using (2.14) and (2.15), we obtain

aod

V

lim inf J4 (wy,)

) (2.16)
a

*K2 3/2 7K4 3.

3 SV + 13 S

Y
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Combining (2.10) and (2.16), we finally obtain

I(un) > Ja(uo) + %KQS‘“’/2 + TI;K4S3 +0,(1). (2.17)

This is precisely alternative (ii). Therefore, after passing to a subsequence, exactly
one of the following alternatives occurs:

Uy — ug strongly in H,

or
Uy — ug but not strongly in H,

and in the latter case (2.17) holds. This completes the proof. O

3. MOUNTAIN-PASS GEOMETRY
To investigate the geometric structure of I, we define
By:={ueS. :||Vul3 <a} and 0B, :={ueS. :|Vu|3=a}.

We next verify the energy separation that will be used in the local minimization and
mountain-pass arguments.

Lemma 3.1. Assume that (1.11) holds and set

a=K2S3.
Then b
a 3
infl <1TI K282 + —K*S% < inf I(u).
0<ipfl < I() < K782 + KOS < inf 1(u)

Proof. We first verify that ¥, € Bg. Testing (1.10) with ¢ gives

al| V|3 —&—/V(x)z/}f dr = \c2.

R3

Since V > 0, V(z) — 400 as |z| — oo, and ¢ > 0, we have

/V(x)zpf dz > 0.
R3
Set L2 )
1€ _ 208 a 2
= = K28 t) = =t + —t2.
T  a 2, o) 5t t 7

The assumption (1.11) gives

a_ b _ _
g(z) < §a+ ﬁoﬁ < g(a).
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Since g is strictly increasing on [0, +00), we obtain

)\102 _
=z<a.
a
Therefore,
2 )\132 203 _
Vel < 25 < K254 =,
and hence 1 € B5. Moreover,
1 b 1
I(Y1) = §>\102 + ZHV%”;1 - 6”%”2
Lo Wy aoes b g
<- AR ¢ K
SoMEF pd <SR RSY
where the last inequality follows from (1.11).
For u € S., put t = ||Vul|3 and define
a, bo 1o g3
t):=—t+ -t — =87 °t°.
Ht) 2 + 4 6

By the definition of K, ,
K*=a+bK?%S2,

and consequently
S73a® = a+ba.
It follows that 1
F)=5(a+bt-S7) >0, 0<t<a

Using the Sobolev inequality, for every u € Bz we have

I(w) > (| Vull3) + %/V(m)u2 dx > 0.
R3

We claim that the infimum is strictly positive. Otherwise, there would exist u,, € Bs
such that I(u,) — 0. Since both terms on the right-hand side above are nonnegative,

f(IVun|3) — 0, /V(z)ui dz — 0.
R3
Because § is strictly increasing on [0, @] and f(0) = 0, we obtain ||Vu,||2 — 0. On the
other hand, the variational characterization of the first eigenvalue yields
all Vanlfy + [ Vi de = flunl3 = e,
R3

a contradiction. Therefore,
iélf I>0.
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Finally, for every u € 0Bg, the Sobolev inequality gives

I(u) >

The proof is complete. O

We now introduce the energy level associated with the local minimization problem:

m :=inf I.

From the proof of Lemma 3.1, we have

a 3 b
n< - K*S? + —K'S?. 1
m< 3 Sz + 12 S (3.1)
On the other hand, Lemma 3.1 also yields
P B e
I(u) > -K*S2? + —K*S°, wu € 0B;. (3.2)

3 12

Thus, 0B5 provides an energy barrier separating the local minimizing region from the
exterior region. We postpone the definition of the mountain-pass class until Section 5,
after the local minimizer has been obtained, so that the ground state itself can be
chosen as the left endpoint of the mountain-pass paths.

For later use, we record the following elementary scaling property. For every u € S,
and s > 0, define

3
us(z) == s2u(sz).

Lemma 3.2. Let u € S, be fized. Then us € S. for every s > 0, and
[Vuslla = 400 and I(us) = —oc0 ass— +o0.

Proof. Clearly,
[usllz = llullz = ¢, [Vusll2 = s[[Vullz.

Moreover, by Lemma 2.4,

/V(x)u?(:z:) dx = /V <£) u?(z) dr < +oo.

s
R3 R3
Hence, us € H and therefore u, € S.. Moreover,

as? bs* 1 T 50
) = S IValy + 2Vl + 5 [V (2) o) de = Sal

R3

For s > 1, the estimate used in the proof of Lemma 2.4 gives

Vv (f) < 5%V (2).

S
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Consequently,
s bs* 0
Iu) < 5 (alvulB+ [Vt ds | + 2 1vall - 5
R3
and hence I(us) = —o0 as s — +00. The proof is complete. O

4. GROUND-STATE SOLUTION

In this section, we prove Theorem 1.3 under assumptions (1.7)—(1.9). We first show the
existence of the local minimizer. The local-minimum strategy is analogous to the one
used for the critical Schrédinger problem in [35, Theorem 1.2], while compactness here
is recovered through Lemma 2.5, which incorporates the effective Kirchhoff coefficient
a+ bA. Then, using Lemma 2.3, we verify that the local minimizer is the ground state
in the sense of Definition 1.2.

Lemma 3.1 identifies m as the natural local-minimization level. The compactness
alternative in Lemma 2.5 allows us to prove that this level is attained.

Lemma 4.1. Under the assumptions of Theorem 1.3, the infimum m is attained.

Proof. Let
Ba:={ueS.:|Vu|3<a}.

Since S. is a complete C' Hilbert manifold and Bg is closed in S, it is a complete
metric space with the distance induced by H. By Lemma 3.1,

a 3 b
inf I(u) > -K>S2 + —K*'S* > m.
W5 1w =3 UET; "
Consequently,

inf I =inf I =m.

Bs Ba
Choose a nonnegative minimizing sequence {u,} C Bs for m. Applying Ekeland’s
variational principle to I on the complete metric space B, we obtain w,, € Bs such
that

Hwy) = m,  |un — wellu — 0,

and
I(v) > I(wy) — enllv — wyl|ln  for every v € By,

where €, — 0. Since the energy on 0B is separated from m, for all sufficiently
large n we have w,, € Bs. Thus, the preceding variational inequality can be tested
with arbitrary sufficiently small variations in S., and therefore

Vs I (wn)l = 0.



Solutions with prescribed mass for the Sobolev-critical Kirchhoff equation. . . 659

Furthermore, since u,, > 0,
lwy ll2 < llwn = unfl2 = 0.

Hence, {wy,} is a Palais-Smale sequence for I|g, at the level m satisfying the
negative-part condition in Lemma 2.5.
The sequence {w, } is bounded in H. Its associated Lagrange multipliers are

2

1
A== /|an|2dx+b /|an|2dx +/V(a:)widx7/\wn|6dx ,
R3 R3

and {\,} is bounded. Therefore, Lemma 2.5 applies. Up to a subsequence,
Wy —=wo inH, w,—wy in L*(R?),

and wy, (z) — wo(z) for a.e. x € R3. In particular, wy € S, and wy > 0.
We claim that w,, — wq strongly in H. Suppose otherwise. Set

A= lim V|3,
n— o0
after passing to a further subsequence. The noncompact alternative in Lemma 2.5
gives

b
m > Ja(wo) + %Kzsg + EK483’

abA
1ato) = (5+ % ) Ivel + /v o da — ¢ ol

b
Ja(wo) = I(wo) = ZIIVon% (A= IVewoll3) > 0

Hence, using m < %KQS?’/2 + %K"‘S?’,

where

Moreover,

I(wo) < Jalwo) < m — %KQS% - %K4S3 <0. (4.1)
On the other hand, in the noncompact alternative the proof of Lemma 2.5 gives
A= Vw3 +g for some g > 0.
Since w,, € Bg, A < &, and therefore
[Vwoll2 < A < a.

Thus, wy € Bs. By the definition of m,

which contradicts (4.1).
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Hence,
wp — wo strongly in H.

Passing to the limit in the Palais—Smale equation, we obtain
VSCI(wo) =0, I(wo) =m.

Since ||[Vwpl|3 < @ and the boundary energy is strictly larger than m, wp is a local
minimizer of I on S.. O]

Proof of Theorem 1.3. By Lemma 4.1, there exists wg € Bz NS, such that
I(WQ) = ’ﬁl, VSCI(W()) =0.

Thus, wg is a normalized solution of (1.1) and a local minimizer of I on S.. Since
wp > 0 and |lwp|l2 = ¢ > 0, the strong maximum principle gives

wp >0 in R

We now prove that wy is a ground state. Let u € .S, be any constrained critical point
of I. If u € By, then, by the definition of m,

I(u) > m.

If u ¢ Bs, then |[Vu||3 > &, and Lemma 2.3 yields

a b
I(u) > gllVUHE + 15lIVullz
TP R R S
> K287 4 — .
> 3K S2 + 12K S°>m
Therefore,
I(wo) =inf {I(u) :u € S., Vg I(u) =0},
and wyq is a positive normalized ground state. The proof is complete. O

5. MOUNTAIN-PASS SOLUTION

In this section, we prove Theorem 1.4. Throughout, we assume that (1.7)—(1.9) and
(1.11) hold. Let u € S, be the positive normalized ground state obtained in Theo-
rem 1.3. Thus,

I(up) = m, ||Vub||§ < q, (5.1)

where

For convenience, set
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By (3.1),
0<m<E&. (52)
We denote by A, the Lagrange multiplier associated with wu; hence
— (a+b)|Vup||3) Aup + V(z)up = Apup +uj  in R®. (5.3)

By Lemma 2.2, A\, > 0.
When the dependence on b needs to be emphasized, we write I, and m; instead of
I and m.

5.1. A SHARP UPPER ESTIMATE FOR THE MOUNTAIN-PASS LEVEL
We first establish a compactness property of the family of ground states as b — 0.

Lemma 5.1. Let b, — 07 be a sequence for which (1.11) holds, and let uy,, be positive
normalized ground states given by Theorem 1.3. Then, up to a subsequence,

up, — ug  strongly in H

for some positive uy € S.. Consequently, for every fited R > 0, there exist bg > 0 and
kg > 0 such that
up(x) > kg for all x € Bag (5.4)

whenever 0 < b < br and (1.11) holds.
Proof. Set u, = up, , and write K3, for the constant K corresponding to b = b,, and
5[1)” = KEHS%

We first note that 1y € Bs, for every n. Indeed,

o Ve 3 + / V(@0 do = M,
R3

and the potential term is strictly positive. As shown in the proof of Lemma 3.1, the
single inequality (1.11) implies

A 02 3 _
! < I(gnS5 = qQy

"

Hence,

)\1 02 _
< oy

IVaul3 <

Consequently,
Ibn (un) = Thbn S Ibn (1/)1)
From (5.1) and the definition of &, the sequence {||Vuy||2} is bounded. By the Sobolev
inequality, {||u,|l6} is bounded. The preceding energy bound then yields

sup/V(aL‘)uf1 dr < +o00,
n RS

so {u,} is bounded in H.
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By the equation and the Pohozaev identity,
2 1 2
Ap, ¢ = / (V(x) + 5VV($) x) us d.
R3
In view of (1.9), {A\y,} is bounded. Therefore, up to a subsequence,
Up —ug inH, up, —ug in L*(R?),

with ||’ZLO||2 = C.
We next justify the passage to the limiting functional. Define

a 1 1
Iofu) = 51Vul} + 5 [ Vi@a® do - g ul
2 2 6
R3
Since each u,, is a constrained critical point of I, , for every ¢ € T, S,,

1T (10 (] = bVt 2 / Vi, - Voo da| < Challglla.
R3

Thus,
Vs Zo(un)|| = 0.

Moreover,
b
Iy, (up) = Io(un) = ZnHvun”% — 0.
Hence, {u,} is a bounded Palais—Smale sequence for Iy|s,, up to a vanishing pertur-
bation, with bounded multipliers and w,, > 0.

Suppose that wu,, /4 ug strongly in H. Applying the splitting argument in the proof
of Lemma 2.5 with b = 0, we obtain

o

liminf Iy, (un) > Io(uo) + ~a>S3.

n— oo

(5.5)

Wl =

The limit function ug satisfies the limiting Euler-Lagrange equation and its Pohozaev
identity. Hence, as in Lemma 2.3,

a
Io(uo) = gHVU(JH% > 0.

On the other hand,

limsup Iy, (u,) < lim I, (1)
n—oo

n—roo

1 1 1
= iAlcz — 6“1[)1”2 < 5)\162.
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Letting b, — 0 in (1.11) gives

Wl
S|
[N
95}
o
v

which contradicts (5.5). Therefore,
Uy — ug  strongly in H.

By standard local Brezis—Kato estimates and elliptic regularity, after passing to
a subsequence, u,, — ug locally uniformly in R3. The strong maximum principle gives
up > 0 in R3. It remains to prove the uniform lower bound. If (5.4) were false for some
fixed R > 0, there would exist b, — 0% and z,, € Bag such that

up,, () — 0.

After passing to a subsequence, x,, — xg € Bag, while the preceding compactness and
local uniform convergence give

up,, () = uo(xzo) > 0,

a contradiction. This proves (5.4). O
We next introduce the standard truncated Sobolev bubble
(3¢2)7

@y 0
(€ + |z]?)

Ue(x) = Kn(x)

where 7 € C’B’O(R?’), 0 <n <1, satisfies
n=1 inBg, n=0 inR*\ Bypp.

By the standard estimates of Struwe [27, p. 179] and Brézis—Nirenberg [3, (1.13),
(1.29)],

IVU|2 = K283 + O(e), U8 = K°8% + O(é?), (5.6)

and
||U5||§ = Cie+ o(e) (5.7)

for some C7 > 0. More generally,

Dy~ % +0(7%), 3<p<6,
U2 = { Dse3|loge| + O () p=3, (5.8)
Dpe%—i—o(e%), 1<p<3,

where D, > 0 for p # 3 and D3 > 0. Since K — a'/* as b — 01, all constants needed
below may be chosen uniformly for sufficiently small b.
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Lemma 5.2. There exists by > 0 such that, for every 0 < b < by satisfying the
assumptions of Theorem 1.4, there exist z, € S. and v, € C([0,1],S.) such that

")/b(O) = Up, "yb(l) = Zp, (59)

I(z) <0, ||[Vz|?>a, (5.10)
and

max_I(v(7)) < m+ &. (5.11)

7€[0,1]

Proof. The path below is adapted from the normalized truncated-bubble construc-
tion in [35, Lemma 5.2]. In the Kirchhoff setting we must additionally control the
b-dependent interaction terms generated by the nonlocal gradient contribution, and
these terms are what lead to the smallness restriction on b.

For t > 0, set

||Ut ell2
Vt,e = Up + tUea S = Ste = )C )

and define
1
Ure(2) = 520.¢(s2). (5.12)

Then ||¥¢||2 = ¢. Since up > 0, Ue > 0, and ¢ > 0, we also have

[lup + tUel|2 > ||upll2 = ¢, and hence s> 1.

Writing
() = s%ub(sx), Ucx) = S%Ue(sx),
we have
Uy e = Up + tU..
Moreover,
A2 —1) =t U2 + Qt/ubUe da. (5.13)
R3

By Lemma 5.1 and (5.7)—(5.8), for ¢ in a fixed bounded interval,
s—1=0(e?) (5.14)

uniformly for sufficiently small b.
Using
(A4+B)* > A%+ BS + 6A°B + 6AB%, A,B >0,

together with the equation satisfied by uy, a direct expansion gives
I(V¢,e) <m+ Fo(t) + Hy + Hy + Hs + Hy, (5.15)

where ) . .
at bt t
F(t) = T IVULIE + 219U - S0,
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H, = I(’LVLb) — I(ub) + t)\b82/ﬂb0€ dx,
RS
H, = t/[V(Jc) — 82‘/(333)}121,(7€ dz,
RS
t? . .
Hs = E/V(x)Uf dm—t5/ﬁbU€5 dz,
R3 R3
and
2
H, = bt? / Vi, - VU, dx
]RS
+ bt? /Vﬂb VU, dz | |VU.||?
R3
b2 . .
+ 7||Vub||§||VUeH§'
By (5.6) and the identity
K*=a+bK2S2,
we have
max F(t) = & + O(e). (5.16)

>0

We next estimate the error terms. In what follows, all o(e!/?)-terms are understood
uniformly for b sufficiently small and for ¢ in the indicated fixed bounded intervals. Set

W(z) = V(z)+ %vwm) 2.

By (5.3) and the Pohozaev identity,

Apc? = /W(x)ug dzx.
R3

Since the gradient and LS terms are invariant under the scaling in (5.12),

i) — I(up) = %/ [5-21/ (g) - V(m)} u2(z) da.

R3

Consequently,
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By (1.9), 0 < W(z) < (1 + &%) V(). We justify the dilation estimate used below.
For y in a fixed neighborhood of 1, Lemma 2.4 gives

[W@ltPds < ¢ [Vl ds < ¢ [Vl i,

R3 R3 R3
where C' is uniform for such y. Thus, the dilation operators T,u = u(y-) are uniformly
bounded from H into L?(R3, W (z) dz) for y close to 1. For u € C2°(R3), Tyu — u in

this weighted space by dominated convergence; the general case follows by density,
using the local boundedness of V. Hence,

Tyu—u in L*(R® W(z)dr) asy— 1.

We next establish the joint small-b/small-dilation limit required below. For arbitrary
admissible sequences
b, =0, y, =1,

one has

lub, (Yn +) — v, || L2(®3, W (2) dz) — O
Indeed, if the limit failed, there would be a subsequence along which the left-hand
side remained bounded away from zero. Applying Lemma 5.1 to this subsequence
and extracting further if necessary, we obtain w,, — uo strongly in H, and hence
in L?(W dx). The uniform boundedness of T,u = u(y-) near y = 1, together with the
strong continuity of 7 on the fixed function ug, gives

1Ty, ub, — ub, 2w doy < Ty, (up, — o)l L2(w da) + I Ty, w0 — vol|L2(w dx)
+ [luo — b, || 22w az) — 0,

a contradiction. Thus, the joint limit holds for the original sequences. Consequently,
if s, > 1land 1 <y, <s,, then y, — 1 and the same joint limit applies. Hence,

sup /(ug(x) —uj(yx))W(z) dz| = o(1) (5.17)

1<y<s

as b — 07 and s — 1 jointly. Otherwise, a sequence of near-maximizers would
contradict the preceding joint limit and the estimate

(U2 - (TyU)Q)W dz| < (||u||L2(Wdz) + ||Tyu||L2(Wd:z))||u - Ty“HLZ(de)-
R3

Hence,
I(ty) — I(up) < —Xpc?(s — 1) +o(]s — 1|). (5.18)

Moreover, the scaling gives

52/12;,{]6 dr = /ubU6 dx. (5.19)

R3 R3
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Combining (5.13), (5.18), and (5.19), we obtain

s—1

Hy < =2 012 4 e
1= s+ 172 b s+1
R.’B
Since
U =0, [ ub.ds = 0(c),
RS
we conclude that )
H1 = 0(65).

/ubUE dx + o(|s — 1|).

(5.20)

Since V is locally Lipschitz and the support of U, remains in a fixed bounded set

for ¢ in a fixed bounded interval, (5.14) yields

[SIE

H2 = 0(6 )

Furthermore,

/V(x)UE dx = O(e).
R3
By Lemma 5.1, after decreasing by if necessary,

up > kg >0 in Bg.
The scaling invariance of the interaction term gives
/ﬁb[ng dr = /ubUf’ dx.
R3 R3
Hence, (5.8) with p = 5 implies

/ubUf dz > Coe? + o(e%)

R3

for some Cj > 0 independent of sufficiently small b. Thus, for every fixed tg > 1 and

tyh <t <to,
Hy < —Cae? + o(e?)

for some Cy > 0 independent of small b.
Finally, by Cauchy’s inequality, Lemma 5.1, and (5.6),

|Ha| <Cb

for t € [ty ', 0], with C' > 0 independent of sufficiently small b.
Combining (5.15), (5.16), and (5.20)—(5.21), we find

I(Brc) < M+ & — Cae? +o(e?) + Ce+b)

uniformly for ¢, l<i< to.

(5.21)

(5.22)
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‘We choose
e=".

Since b = o(b'/?) as b — 0, (5.22) gives, after decreasing by,
I(0p) <m+&, ty' <t <t

It remains to control the two complementary ranges of ¢. Since &, — %a?’/ 283/2 > 0
as b — 0%, there exists £, > 0 such that & > E, for all sufficiently small b. For
0 <t <1, the estimates above give, uniformly for small b,

Fy(t) < Ct?,  Hy+ Ho+ H3 + Hy < 0y(1) + Cbt2.
Consequently,
I(Vsp) —m < Ct* + 0p(1)  uniformly for 0 < ¢ < 1.

Choose tg > 1 so large that Ct;? < E, /2, and then decrease by so that |o,(1)] < F./2
for 0 < b < bg. We obtain

I(¥p) <m+& for0<t<tyh.

For large ¢, recall that s > 1. By Lemma 2.4,

|4 (%) < s*V(z).

The definition of ¥, therefore gives

1 1
i/V(x)ﬂtvb dx < B /V(ZE)(Ub +tUp)*dx < C(1 +t%).
RS RS

Moreover,
IV (wy + tUy)[I5 < C(L+1%), bV (up +tUp)|3 < Ch(L +¢7),

while, because uy, Uy > 0,

[[up + tU[I§ > t°|Usl§ > cot®
for some ¢y > 0 independent of sufficiently small b. Hence,

I(¥p) < C(1+1%) + Cb(1 + t*) — cot®.

Increasing tq if necessary and decreasing by once more, we obtain

I(Up) <m+& fort>tp.
Therefore,

sup I(0yp) < m + &p.
>0
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Moreover,
I(Vyp) = —00, ||VOipll2 = +00 ast— +oo.

Choose Ty, > tq sufficiently large and set
2y = VT, b-

Then (5.10) holds. Reparameterizing the curve ¢ — o5 on [0,T}] gives a path
Y € C([0,1],S.) satisfying (5.9) and (5.11). O

We now fix the endpoint z;, given by Lemma 5.2 and define

['={y e C([0,1],5) : 7(0) = up, ¥(1) = 2},

and

7 = inf I(v(1)).
m = inf max (v(1))

Since
IVup|3 < @ < [[Va]3,

every path v € T intersects 0Bg. Therefore, by (3.2),

&y < . (5.23)
On the other hand, Lemma 5.2 gives
m<m+& (5.24)
Thus,
E <m<m+&.

5.2. CONSTRUCTION OF A BOUNDED PALAIS-SMALE SEQUENCE

For (u,s) € S. x R, define
D, (u)(x) = egsu(esx),

and R
T(u,5) = I(®,(w).

Clearly, ®5(u) € S, for every (u,s) € S. x R. We also record that
IeC' (5. xR,R).

Indeed, after the change of variables y = e®z,

A a b 1 1
Hus) = 51 9ull + e |Vully + 5 [ Ve apa® do - g ulf:
R3
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Since V is locally Lipschitz and |VV (z)- 2| < max{2, Cy }V (z) by (1.9), differentiation
under the integral sign is justified by Lemma 2.4. In particular,

051 (u, 5) = al| VO, (w)[|3 + bl Vs (w)|[3 — [|®s (w)[I§
— f/VV | (u)|? d.
The continuity of this derivative, as well as that of the derivative in the u-variable,

follows from the same weighted-dilation argument used in the proof of (5.17). Hence,
I is indeed of class C*.

Define
I'= {4 € C([0,1],5 x R) : 4(0) = (up,0), 4(1) = (26,0)},
and .
m = inf max I(5(¢)).
inf DB (3(1))
Lemma 5.3. We have
m=1m

Proof. For every v € I, the path

belongs to I. Hence, m < m
Conversely, let

and define
V() = ey (ult)).
Then v € I" and
I((1) = 1(3(1))-
Taking the infimum over I' yields /m < . Therefore, m = . O

We use the following minimax principle from [11, Theorem 4.1].

Lemma 5.4. Let X be a Hilbert manifold and let J € CY(X,R). Let K C X
be compact, and let 4 be a homotopy-stable family of compact subsets of X with
boundary IC. Assume that

e s S

If {A.} C ¥ satisfies

max J(u) = 4,

then there exists {x,} C X such that

J(xn) =4, ||VxT(x,)|| — 0, dist(z,,A,) = 0.
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Lemma 5.5. There exists a sequence {v,} C S, such that

I(v,) = m, ||Vs.I(v,)] — 0, (5.25)
and
2 4 6 1 2
al|Vopll5 + b|Vualls = llonlle — 3 /VV(J:) -z v, dr — 0. (5.26)
R3
Moreover,
vy, [l2 — 0. (5.27)

The sequence {v,} is bounded in H, and there exist associated Lagrange multipliers
{An} CR such that I'(v,) — Apvy, — 0 in H™L; moreover, {\,} is bounded.

Proof. Choose (,, € I" such that

nax, I(Gn(t)) = m.

Since I(|u]) = I(u) and both endpoints u, and z, are nonnegative, replacing ¢, by ||
if necessary, we may assume that

(a(t) >0 ae. in R

for every ¢ € [0,1].
Set .
Ca(t) = (Ca(?),0).

By Lemma 5.3, .
max (6, (1)) = 7 = .
te[gﬁ] (Cu(t) =>m=m

Furthermore, by (5.2), (5.10), and (5.23),
max{I(up),I(zp)} < .
We apply Lemma 5.4 on the Hilbert manifold
X =5 xR

More precisely, set
K= {(ub7 0)7 (Zb7 0)}’
and let .
G = {»7([0, 1):4 € r} :
Then ¢ is homotopy-stable with boundary KC, and with
A, = CAn([O, 1])

we have . .
max I(x) — m=m, maxI(z)<m.
z€A, zek
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Therefore, Lemma 5.4 yields (uy, s,) € S X R and t,, € [0, 1] such that
f(un, Sn) — M,

Vs, xrl (tn, $0)]| — 0, (5.28)

and
[lten, — Cn(tn) 2 + |Sn] — 0. (5.29)

Define 3
Un = q)Sn (un), Un(x) = eES"Un(ES"x),

We now transfer the Palais-Smale information from I to I|g,. Let & € T, S. and set

gn = (I),sn (5) S TunSC.

Since s, — 0, Lemma 2.4 implies that the operators ®4  are uniformly bounded
on H. By the chain rule,

I'(0a)[€] = Oul (un, 50 6n].
Therefore, (5.28) gives
Vs, I(vp)|l =0, I(vy) = I(un,sn) — 1,
which proves (5.25). Finally, the s-component of (5.28) and the formula for 8,1 above
give (5.26).
Since (,(tn) > 0, (5.29) gives
[t ll2 < [lun = Ca(tn)ll2 = 0.
The transformation ®, preserves the L2-norm and the sign, and hence
oy ll2 = [lug |2 = 0,

which proves (5.27).
It remains to prove boundedness. Set

en = al|[Vonl3,  pn = b|[Vonll5,
dp = |Jvalls, P, = /V(m)vi dx, h, = /VV(x) x vl d.
R3 R3

From (5.25) and (5.26), we obtain

2
2en + pn + 2P, — §d” =4 + o, (1), (5.30)
and 1
en+ pn — =hp =d, +0,(1). (5.31)

2
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Combining (5.30) and (5.31) gives

1 1

By (1.9),
hy > —2P,.

Therefore,

1
so {d,} is bounded. From (5.30),

2
260+ pu + 2Py = Zdy + 4170+ 0,(1),

and hence {e,}, {pn}, and {P,} are bounded. Thus, {v,} is bounded in H.
We now define the associated Lagrange multiplier by

1
)\n::C—Q(en—i—pn—i—Pn—dn).

Equivalently,
en + pn + P = A€ +d,. (5.32)

The boundedness already established for e, p,, Pn, and d,, therefore shows that {\,}
is bounded. Moreover, by the definition of A, and (5.25),

I'(vy) = A, — 0 in HH

S0 A, is precisely the multiplier associated with the constrained Palais—Smale sequence.
O

5.3. PROOF OF THEOREM 1.4

Proof. Let 0 < b < by, where bg is given by Lemma 5.2. By Lemma 5.5, there exists
a bounded sequence {v,} C S, satisfying

I(on) = m, Vs I(on)| =0, v, ll2 =0,

and the associated Lagrange multipliers {)\,} are bounded.
Passing to a subsequence, we may assume that

vp — vy weakly in H, w, — vy strongly in L*(R?),
and vy, (z) — vo(x) for a.e. x € R3. In particular,
||U0||2 = C, Vo 2 0.

We claim that
vp, — vg strongly in H.
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Assume by contradiction that the convergence is not strong. Applying Lemma 2.5,

after passing to a further subsequence, we may set
A= lim ||Vu,|3,
n—oo

with
A > ||Vuol)3,

and the noncompact alternative gives

where

(5.33)

(5.34)

a bA 1 '
Ja(v) = <2 + 4> V|3 + = /V(z)v2 dx — 6Hv||g (5.35)

R3

Moreover, vy satisfies
—(a+bA)Avy + V(x)vg = Avo +v) in R3

for some Ay > 0.
We distinguish two cases.

Case 1. Assume that
Vol < .

Then vy € Bz N S., and hence, by the definition of m,
I(’Uo) Z m.

Furthermore, by (5.33),
b
Ja(vo) = I(vo) = 7 [Vwol3 (A= [ Vwo3) > 0.

Therefore, J4(vg) > m, and (5.34) yields
m>m+ &,

which contradicts (5.24).

Case 2. Assume that
[Vwoll5 > a.

The Pohozaev identity associated with (5.36) is

1
(@+bA) Vel - 5 [ IV(@) - ofdo = unl},
R3

(5.36)

(5.37)
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Substituting (5.37) into (5.35), we obtain
a bA
aaton) = (5 + 55 ) 1wl
1 2 1 2
+3 V(z)vg dx + 2 VV(z) - xvgde.
R3 R3

Using (1.9), we infer that

Since

it follows that

Thus, (5.34) gives

However, by (5.2) and (5.24),
m<m+ & <28,

a contradiction.
Both cases are impossible. Hence,

vp — Vg strongly in H.

Passing to the limit in the constrained Euler-Lagrange equation, we obtain

— (a+b||Vuol|3) Avo + V(z)vo = Aovo + v in R,
and
I(vg) = .
Since vy > 0 and |lvg||2 = ¢ > 0, the strong maximum principle yields
vo >0 in R3.
Finally, by (5.2), (5.23), and the identity I(vg) = m,

I(Uo):ﬁlng>ﬁlif(ub).

Therefore, vy # up,. Hence, vy is a second positive normalized solution of (1.1) at the

mountain-pass level m. The proof of Theorem 1.4 is complete.
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