Opuscula Math. 46, no. 5 (2026), 623639
https: //doi.org/10.7494/OpMath.202610131 OPUSCULA MATHEMATICA

PURE-SWIRL LOSS OF BOUNDEDNESS
UNDER L!1? FORCING:
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Abstract. We give an explicit pure-swirl family of forced Navier—Stokes solutions
in a bounded circular cylinder with no slip on the lateral wall and free slip on the
horizontal faces. For each T' > 0 and each finite pair p,q > 1 with 1/p+1/q > 1, we
construct a corresponding force in L(0,T; LP(D)) N L'(0,T; L?(D)) whose velocity
loses L°° boundedness as t T T'. The construction refines the & = 1 case of our previous
weighted ansatz: we correct the mixed-norm calculation and the convection identity,
and impose an annular cancellation to ensure smoothness at the axis. For this family
we prove exact mixed-norm membership criteria, including the spatial force endpoint
p =1, and two-sided rates for the force, velocity supremum norm and enstrophy. The
velocity has a strong L? trace at T and, with this trace, is the unique Leray-Hopf
solution on [0, 7] and satisfies the energy equality. The same velocity and force solve
Stokes with zero pressure.

Keywords: Navier—Stokes equations, external force, loss of boundedness, pure swirl,
mixed norms, Leray—Hopf solution.
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1. INTRODUCTION AND MAIN RESULTS
We study the forced incompressible Navier—Stokes system

{6tv—Av+(v~V)v+VP:f in D x (0,T), 1)

V-v=0 in D x (0,7),

where
D = By(0,1) x (0,1) C R?

is the unit circular cylinder. Write

FV = 832(07 1) X (07 1), FH = BQ(O, 1) X {07 1}
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On the vertical boundary we impose no slip, and on the horizontal boundary we
impose the free-slip (zero tangential stress) condition

v=0 only, v-n=0, ((VU-I—VUT)TL)T =0 only. (1.2)
For the pure-swirl fields constructed below, the condition on I'y reduces simply to
V3 = O7 8I31}1 = 6131}2 = 0.

For the classical energy formulation, see [7-9, 12]; for conditional regularity and
weak-strong uniqueness criteria, see [4, 5, 11]. Forced weak solutions may nevertheless
display nonuniqueness or loss of boundedness; see [1, 6]. These phenomena are distinct
from the unforced smooth-data regularity problem.

A direct forced blow-up construction in a finite cylinder was recently given by
Zhang [14]. His velocity is purely azimuthal, and the system reduces to a scalar
parabolic equation; he obtains a force in L{L. for every finite ¢ > 1. The self-similar
scalar profile is inspired by Leray’s classical ansatz, although nontrivial unforced
backward self-similar solutions are ruled out under natural integrability assumptions
by Necas, Riizicka and Sverdk [10]. Thus, the singular forcing is an essential part of
Zhang’s mechanism.

Remark 1.1 (The pure-swirl reduction). For an axisymmetric field v = W(r,t)eq
independent of x3,

(v-V)v = e

This term is cancelled by the pressure gradient when P, = W?2/r. The azimuthal
equation is therefore linear. The same velocity and force solve the Stokes problem with
a spatially constant pressure, which we take to be zero. This corrects the statement in
[2, Remark 2.1] that the convective term itself vanishes.

Our purpose is to give a direct and quantitative account of the k = 1 weighted
construction in [2]. The annular profile below makes the velocity and force smooth at
the axis for every 0 < a < 1. Its explicit outer tail gives matching upper and lower
bounds, exact integrability criteria, and an explicit terminal trace. We describe the
corrections to [2] and compare the result with [6, 13] after the main statement.

We now state the main result; the mixed-boundary Leray—Hopf class is recalled
below.

Theorem 1.2. Let T >0 and let 1 < p,q < oo satisfy

1 1
S I>1 (1.3)
p q
Then there exist a force
f € LU0, T; L (D)) (14)

and a solution (v, P) of (1.1)~(1.2), with v, P, f smooth on D x [0,T"] for every T' < T,
including at the boundary edges, such that

v e L>®(0,T; L*(D))n L*(0,T; H*(D)) (1.5)
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and
fim [v(@) L (D) = o0. (1.6)

In addition, the force constructed above always satisfies
f € LY0,T; L*(D)). (1.7)

Consequently, the solution extends to a function v € C([0,T]; L*>(D)). This extension
is the unique Leray—Hopf solution on [0,T] with the same force, initial datum and
boundary conditions, and it satisfies the energy equality on [0,T).

More precisely, one may choose a parameter

max{0,3—2—2}<0¢<1 (1.8)
such that, ast 1T,
I B)llze(py = (T — 1)~ =%, (1.9)
lo() | 2= (py = (T — )=, (1.10)
IVo()l[22(p) = (T — )", (1.11)

For each fixed a in this constructed family, the velocity has the following ezxact
mized-norm classification. For 1 < m,o < oo,
2 2

L0, 7, L™(D 1————. 1.12
vEL(O,TIMD) = a>1-——- (112)

Moreover,

2
veL>®0,T;L"(D)) <— a>1-——, 1<m<oo,

m

5 (1.13)
veL?(0,T;L>®(D)) <+<—= a>1——, 1<o<oo.

g

Corollary 1.3. For every finite p > 1, one may take ¢ = 1; in particular the
construction reaches f € L*(0,T; L*(D)). Moreover, if 1 <p <2 and

4p 2 3 7

TH6 ¢ p ¥
then the conclusion of Theorem 1.2 holds, including (p,q) = (2,1). For any admissible
force exponents p,q and any prescribed finite velocity exponents m,o > 1, one may

choose the construction so that v € LYLT as well, while ||v(t)] 0o — 0.

The curve 2/q+3/p = 7/2 is retained for comparison with [2, Corollary 3.3], which
treats 1 < p < 2. The present construction also covers its endpoint (p,q) = (2,1). This
curve is not an additional critical threshold: the whole segment 1 < p < 2 lies strictly
inside the range (1.3).
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Remark 1.4 (Scope of the exponent condition). The condition 1/p+ 1/g > 1 is the
exact feasibility region for choosing 0 < o < 1 in this family. It is not asserted to be
a universal threshold for forced Navier—-Stokes solutions. The line 2/q + 3/p = 2 is the
boundary of the strict heat-potential boundedness range 2/q + 3/p < 2; endpoints
require separate analysis. In contrast, 2/q + 3/p = 3 is the scale-invariant line for
the force under fy(z,t) = A3 f(Az, \%t). Our force becomes unbounded as t T T. The
example therefore concerns loss of boundedness under singular forcing.

1.1. CORRECTIONS AND REFINEMENTS
RELATIVE TO THE PREVIOUS PAPER

The relation with [2] is summarized in Table 1. We restrict the revised existence and
classification statements to k = 1 and 0 < e < 1. The earlier weighted construction was
first posted as arXiv:2411.10823v1 on 16 November 2024, before the first preprint of
Galdi-Gazzola. Its k = 1 statements and argument, in Theorem 4.1 and Corollary 4.2
of that preprint, correspond to Theorem 3.1 and Corollary 3.2 of the published paper.
The corrections below concern this shared k = 1 construction.

Table 1
Corrections relevant to the k = 1 construction in [2]

Earlier statement Status Present treatment
Mixed-norm stronger than necessary retain the spatial root before time
conditions (3.1), in the positive-a range integration; obtain (1.14) and (1.12)
(3.3) considered here
Convection the zero-convection use (v-V)v = —W?2e,/r and
in Remark 2.1 identity is incorrect distinguish the two pressures
Smoothness a noninteger radial weight | impose annular cancellation; then
in Theorem 3.1 need not preserve axis W = Br near the axis
and Corollary 3.2 smoothness
The endpoint o =0 a nonzero v~ ' terminal require « > 0 for the energy-class

tail is outside L*(D) conclusions

For the force, an estimate of the form
1F O S (T =)~ (@mep=2)/2
must be raised to the power ¢/p before time integration. The resulting condition is

(B—a)p—2)g <2p, equivalently o >3- % - 3 (1.14)
For p > 1 the earlier inequality with right-hand side 2 remains sufficient for this
temporal estimate, but gives a smaller range. With the axis-compatible profile below,
that subrange is retained. The assertion in [2] that L} L2 was not reached is superseded.
The same root correction applies to the earlier sufficient velocity condition; we prove
the full classification for this family in Lemma 4.3.
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To see the smoothness issue directly, suppose an unweighted profile has ¢(r,t) =
c(t)r + O(r3) with c(t) # 0. Then

ro(r,t)eg = (c(t)ro‘ + O(ra+2))(—x2,x1,0).

For 0 < a < 1 this is not C*° at the axis. If the unweighted vector field is smooth there,
multiplication by 27, j = 0,1,. .., preserves smoothness; arbitrary noninteger powers
require additional vanishing. Thus, for a generic profile with ¢(¢) # 0, no parameter
a € (0,1) preserves the earlier unqualified smoothness claim without a modification of
the profile. Our profile vanishes in a neighborhood of the axis and hence removes this
obstruction for every parameter used here. Thus, the earlier unqualified smoothness
assertion requires this correction. This note does not re-establish the higher-order
assertions for k > 2.

There is a separate reason to exclude a = 0. For the nonzero-tail profile used here,
the outer formula at that value would give W = (r — r~1), and hence

@3 =< [log(T = 8)], V@3 =< (T -~ (+1T).

Thus, axis smoothness at each ¢ < T does not itself imply a uniform energy bound
up to T'. The strict range 0 < o < 1 avoids this endpoint and still gives every force
pair in (1.3).

1.2. COMPARISON WITH RELATED CONSTRUCTIONS

Galdi-Gazzola [6, Theorem 2.5] construct unique global Leray—Hopf solutions on R?
with energy equality and countably many singular times for a broader force range.
Their theorem includes L} L2; their Remark 3.8 treats Stokes. Consequently, these
qualitative properties alone are not a novelty claim here. Table 2 records the distinctions.
Their formulas (4.13) and (4.25) give exact velocity-norm and enstrophy rates. Our
quantitative statements concern the present cylinder family, including its logarithmic
endpoints and terminal trace.

The relevant qualitative overlap is already present in version v1 (13 June 2026):
Theorems 4.5 and 4.10 give unique global Leray—Hopf solutions with energy equality
and divergent L3 norms for f € L5/4(R+; L3(R3)) C L (Ry; L?(R?)). Their bounded

loc loc

L? norms then imply L* divergence through ||V (¢)[3 < |V ()|« ||V ()||3. The full
finite-exponent statement of Theorem 2.5 is already present in version v2 (10 July
2026). Theorem 2.5 in the cited version v4 retains the force condition (2.11), uniqueness,
energy equality and L blow-up conclusions of version v3 (21 July 2026). The detailed
comparison below uses version v4 (15 August 2026) and its numbering.

The spatial endpoint p = 1 is a distinction from that theorem, not a new existence
phenomenon by itself: Zhang’s earlier cylinder construction [14] already treats L{Ll.
Here it is included in the exact classification of the annular weighted family.

Zhang’s critical-force preprint [13], version v3, Theorem 1.1(a), treats compactly
supported solutions in general open domains with a force having a principal term of
order —2. Theorem 1.1(b) gives an L;’OL?;-/ ? force on R?, and Theorem 1.2 prescribes
an explicit small force in that class with zero initial data on R3. These are distinct
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statements about the domains and force classes. Our contribution is the elementary
bounded-cylinder construction, its axis-smoothness mechanism, and the complete
finite-exponent classification of this particular family.!)

Table 2
Comparison with [6, Theorem 2.5], in version v4
Feature Galdi—-Gazzola Present family
Domain R3; no boundary bounded cylinder; lateral no
and boundary slip, horizontal free slip
Force exponents in our notation, finite p > 1, finite p,¢ > 1; 1/p+1/q > 1,
qg>1with2/qg+3/p>2 including p = 1
Singularity global solution; countably many | one prescribed terminal time;
and time interval singular instants and points unbounded trace near the axis
Smoothness smooth away from the singular smooth on D x [0, T"] for every
set T <T
Quantitative explicit norm calculations and two-sided force and velocity
information rates rates, logarithmic endpoints,
explicit nonzero terminal trace

2. LERAY-HOPF SETTING AND PURE-SWIRL REDUCTION

Let o

nj/:{wecoo(D,RB)vw:()’ ¢|FV:07 1/)3‘1“11:0}7

H=7"P y_7"®
Here C°°(D) means restriction from a neighborhood of the closed cylinder. Thus,
the smooth fields are compatible at the circular edges. The space V' imposes only the
essential boundary conditions; the tangential stress condition is natural. For a smooth
solution u, it reduces on each flat horizontal face to d,,u; = 0. The edges have surface
measure zero in the boundary integrations.
For f € L'(0,T; L*(D)) and vy € H, a Leray—Hopf solution is a field

v e L>®(0,T; H)N L*(0,T; V) N CyW([0,T); H), v(0) = vy,

satisfying the weak formulation below and the energy inequality

Sl + [ 19013 ar < S+ [ o) dr

S
1) The annular construction and main integrability criteria already appeared in our preprint (3]

(arXiv:2608.11553v1, 12 August 2026), under the original subtitle “exact mixed-norm ranges.” The
revised subtitle clarifies that the exact ranges concern this explicit family.
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for s =0, for almost every s € (0,T), and for every ¢ € [s,T].
For every

p e CP(0,T] x DiR®), () eV (0<t<T), o(T)=0,

the weak formulation is

_/T/U.at<p+/T/Vv:Vgo—/T/(v®v):Vap
0D 0D 0D
T
Z/U()'¢(O)+//f'90~
D

D 0

This closure-based definition supplies the spatial approximation used below. Indeed,
the trace theorem preserves the essential conditions under H! convergence, and the
trilinear form b(a,b,c) = [, (a- V)b - c satisfies

[b(a, b, )| < [lallal[VOll2llclla < Cllall ([l llell -

Consequently, the integration-by-parts identities for 7" extend to V. In the uniqueness

proof the comparison field itself belongs to ¥ at every time before T', so no identification

with a different mixed-boundary Sobolev space or additional density theorem is needed.
Use cylindrical coordinates (r, 0, z3) and write

er = (cosf,sinf,0), ey = (—sinb,cosb,0).

Consider
v(x,t) =W(r,t)es, f(x,t)=F(rt)es. (2.1)
Then V -v =0 and w2
(v-V)v= fTeT.
If i,
2
Plr,t) = / M a, (2.2)
0

then the radial equation is satisfied, whereas the azimuthal equation becomes
5 1 1
oW — 0, + -0, — 5 |W=F. (2.3)
r r

A field of the form (2.1) is independent of x5, has zero normal component on I'y, and
satisfies the free-slip condition there. Thus, only the condition

W(1,t) =0

remains to be imposed.
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With (2.2),
(v-V)v+VP=0,

and hence 9;v — Av = f. Thus, (v,11, f) solves the corresponding Stokes system with
IT = 0. The Navier-Stokes pressure P in (2.2) is not retained in the Stokes equation.

Remark 2.1 (Enstrophy). We use enstrophy to mean ||w(t)||%2(D), where w =V x v

is the vorticity. For the pure-swirl family considered here, w = (0,0, 9, W + W/r) and
|Vol?2 = |0, W|? + |W|?/r2. Thus, for t < T,

lw ()13 = IVe®)]13 = 47T/W(7“> £)0,W (r,t) dr = 2x[W (r, £)*];=5 = 0.
0

Here we used x3-independence, smoothness at the axis, and the lateral no-slip condition,
which give W(0,¢) = W(1,¢) = 0. Consequently, the gradient rates below are also
enstrophy rates for this family with the stated mixed boundary conditions. The
convention 3|lw(t)||3 changes only a constant and leaves all rates and integrability
statements unchanged.

3. ANNULAR PROFILE AND CONSTRUCTION

Fix the prescribed T' > 0. Choose

0<a<b<min{1,

\/;T} (3.1)

and a nonnegative, nonzero function

A e C¥((a,b)).

Set ,
k(p) = —e? /24! (p) (3.2)
and
L
do(p) = —— /se52/2A(5) ds, p>0, (3.3)
P4
with ¢o(0) = 0. Finally, define
B = /seSQ/QA(s) ds > 0. (3.4)
0

Since
oo

Alp) = / e~ C2k(0) A, / e C2k(0) de =0,
p 0
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formula (3.3) is the profile formula used in Zhang’s construction. The displayed
cancellation, generated by the annular choice of A, forces the profile to vanish near
the symmetry axis and is the key to smoothness for noninteger «.

Lemma 3.1. The function ¢y belongs to C*°(]0,00)) and satisfies

§+ b — =300 — b0 — o = k(o). (3.5)
Moreover,
o) =0 (0<p<a) Gulp)=-" (r2) (3.6)
and
on(a)l < Oz Wl < T (37)

Proof. Let g(p) = pdo(p). From (3.3),

q'(p) = —pe 2 A(p).

Using (3.2), direct differentiation gives
1 1 /
[ (p +p> g = pk(p).

Substituting g = p¢o and dividing by p gives (3.5). Since A is supported in (a,b),
the integral in (3.3) vanishes for p < a and equals g for p > b. This proves (3.6) and
smoothness across the joining points. The bounds follow from the exact inner and outer
formulas and smoothness on [a, b]. O

For 0 <t < T, write

and define ) .
r r
t) = ——= — h(r,t) = k . 3.8
o) = oo (s )+ W) = sk (s ) (338)
A direct computation from (3.5) gives
, 1 1
0+ =0, — = | ¢p— 0y = h. (3.9)
ooy r2
The profile bounds imply
6,0 < O 10,600 < (310)
PUL=M ey Y= ey )
Furthermore,
o(r,t) =h(r,t) =0 for 0 <r <aR(t), (3.11)
and

o(r,t) = fg, Or(r,t) for r > bR(t). (3.12)

r
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4. CONSTRUCTION AND ESTIMATES

Fix 0 < a < 1 and set
W(r,t) = r*¢(r,t) + Br. (4.1)

Define v = Wey, define P by (2.2), and set
F=—rh—ao*r*2¢ —2ar*"10,¢, f= Fep. (4.2)

Indeed, the product rule and (3.9) yield
, 1 1
OW — |0, + =0, — 5 | W=F,
r T

so Section 2 gives a solution of (1.1).

For each t < T, (3.11) gives W = fr and f = 0 near the axis, so the nonin-
teger factor r* causes no loss of smoothness. In Cartesian coordinates this reads
v = B(—x2,x1,0) near the axis. Moreover, xz-independence gives the condition on Ty,
while 1/R(t) > b and (3.12) imply W (1,¢) = 0. Thus, v, P, f are smooth on D x [0,7"]
for every T' < T, including the circular edges, and satisfy (1.2).

Lemma 4.1 (Exact force rate). For every 1 < m < oo there exist constants ¢, Cpy, > 0
and t,, < T such that

3-a 3-a
em(T =) 20 < | (Ol mp) € Cu(T =) 2 F3m (4.3)
fort,, <t <T. Consequently, for this fixed profile and finite exponents 1 < o,m < o0,
2 2
ferL°0,7;L"™(D)) <— a>3-———. (4.4)
m o

In particular, f € L'(0,T; L?(D)) for every 0 < a < 1.

Proof. Set s =T —t and

B-—am—2
2

Because k is supported in (a,b), cylindrical coordinates give

B, = > 0.

bR(t)
/\ro‘h\m dz < CR(t)™3™ / remtl qr < O™ Bm, (4.5)
D 0
By (3.10),
a—1
2 a—2 2 a—lar < C T .
‘ar ¢+ 2ar (b’_ s

The left-hand side vanishes for » < aR(t). Hence, after r = /sy,

x y1+amfm
/ Y dy<CsBm. (4.6)

/ }azrafzqﬁ + 2ara716r¢|m de < Cs Bm 150
D

av2
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The final integral is finite because m(3 — a)) > 2, which follows from m > 1 and « < 1.
This proves the upper bound in (4.3).
For the lower bound, fix 79 € (0,1). When bR(t) < r < rg, (3.12) and (4.2) give
the exact identity
F(r,t) = —fa(2 — a)r*3, (4.7)

Therefore,
70

T e
bR(t)
for ¢ sufficiently close to T'. This proves (4.3). The equivalence (4.4) follows by inte-

grating s~7((3=2)/2=1/m) pear s = 0. At equality the integral diverges logarithmically.
Taking (o, m) = (1, 2) gives the last assertion. O

Lemma 4.2 (Velocity and energy rates). There exist ¢,C > 0 and tg < T such that,
forto <t <T,

l1—a 11—«
o(T = )75 < [o(®)ll (o) < O )75 (48)
and
o(T =) < [|Vo(t)|[2(py < C(T =) (4.9)
Moreover,
sup |[[o(t)]|L2(p) < oo. (4.10)
0<t<T
Proof. From (3.10),
ra+1
(W(r,t)| < C— +Cr, s=T-—1t.
r2+s
Writing r = /sy shows that
ra+1

sup < Cs(a_l)/g,

ref01] T2+ s

because y**! /(14 y?) is bounded for 0 < v < 1. This proves the upper bound in (4.8).
For any fixed py > b, put r(t) = poR(t). For ¢ close to T, r(t) < 1, and (3.12) yields

W (r(t),t) = =Bp5 ' R(&)*™" + BpoR(2).

The first term dominates, proving the lower bound.
For a pure swirl independent of x3,

[w?
e (4.11)

Vol = [0, W]* +

The pointwise bounds on ¢ and 0,.¢ give

W] e

0. W |+ <C—
r“+s

+C.

r
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Consequently,

! 2a+1 ® 2a+1
paelel B oY o
0 0

For the reverse inequality, in the outer region one has

W(r,t) = B(r —r>1h).
Choosing a fixed small 79 > 0, the term |W|/r is bounded below by cr®~? on
bR(t) <r <y for all ¢ close enough to T. Thus,

70

Yo@)|2 > ¢ r2e=3 qr > cso‘_l,
2

bR(t)
which proves (4.9).
Finally,
1
) T2a+3
o)z < C/ (I dr+C (4.12)
0
1/\/5 y2a+3
=(Cs" ———d c<cC 4.13
« | @ rese )
0

where the last estimate follows by splitting the y-integral at 1. This proves (4.10). O

Lemma 4.3 (Exact mixed norms of the velocity). For every 1 <m < co, ast 1T,

1, m(l—a) <2,
lo@)llLm(py =< § [og(T =)™, m(l—a)=2, (4.14)
(T—t)"="F %, m(l—a)>2
Consequently, for 1 < m,o < o0,
2 2

veL?(0, T;L"(D)) <+<— a>1-————. (4.15)
m o
Furthermore,
2
veL>®0,T;L"(D)) <«<— a>1——, 1<m<oo, (4.16)
m
and, for 1 <o < oo,
2
ve L0, T;L*°(D)) <— a>1- P (4.17)

In particular, the terminal profile belongs to L™ (D) precisely when a > 1 —2/m; in
this case v(t) — vp strongly in L™ (D).
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Proof. Put s =T —t. The pointwise estimate used in the proof of Lemma 4.2 gives

" Tm(oz+1)+1
0

After the change of variables r = /sy, the integral on the right is

1-m-o) l/ﬁym(aﬂ)ﬂ

S 2 —— dy.
/ (L+y2)m
The large-y behavior of the integrand is y*~™(1=®) Tt follows that the right-hand
side of (4.18) is bounded respectively by a constant, by C|log s|, or by Cs'="(1-)/2
according as m(l —a) <2, m(l —a) =2, or m(1 — ) > 2.
For the reverse estimates, choose rg € (0, 1) sufficiently small. In the outer region
bR(t) < r <1y one has
W(r,t) = B(r—r>1),

and hence |[W (r,t)| > cr®=! for all ¢ sufficiently close to T'. Therefore,

70
Hv(t)”Tm(D) Z C / rlfm(lfa) dr.

bR(t)

The three alternatives in (4.14) now follow by evaluating this elementary integral.
Integrating the resulting power, or logarithm, in time proves (4.15). The endpoint
statements (4.16) and (4.17) follow from (4.14) and (4.8), respectively. Finally,
vr(r) = B(r — r* 1)eg belongs to L™ (D) exactly when m(1 — ) < 2. In that case
the domination |[W (r,t)] < C(r®*~! +r) yields strong L™ convergence by dominated
convergence. O

The rate is realized on the scale r < R(t), whereas for fixed r > 0 we have
W(r,t) — Wr(r) = B(r —r®~1); thus the terminal loss of boundedness is concentrated
on the symmetry axis.

Proposition 4.4 (Final trace, energy equality and uniqueness). The solution con-
structed above extends to v € C([0,T]; L?(D)), belongs to L*(0,T;V), satisfies (2.1)
and the energy equality on [0,T), and is the unique Leray—Hopf solution with the
same data.

Proof. For every fixed r > 0, the outer formula applies for all ¢ sufficiently close to T', so
W(r,t) — Wp(r) := B(r —r*h). (4.19)

Moreover, (3.10) implies
[W(r,t)| < Cr*t +7).
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The right-hand side belongs to L?(D) precisely because o > 0. Dominated conver-
gence gives
v(t) — vy := Wreg  strongly in L?(D). (4.20)

Set v(T) = vr. Smoothness before T and (4.20) imply v € C([0, T]; L*(D)). By (4.9)
and a > 0, v € L%(0,T;V).
For every t < T, multiplying (1.1) by v and integrating gives

Sl + /||w 1B ds = Lllw(0)[3 + //fvd:rds (4.21)

The pressure and transport terms vanish by incompressibility and the normal boundary
conditions. The viscous boundary term vanishes because v = 0 on I'y, while 0, =0
on I'y. The work term is absolutely integrable because

T
/ ((F(5)0()) 22 ds < [0l ez 1 Fll 2z < oo.
0

The dissipation converges since Vv € L? > and the kinetic energy converges by (4.20).
Passing ¢ T T in (4.21) therefore proves the equality at T. Subtracting two such
identities gives the energy equality on every subinterval of [0, T7].

For a test field from Section 2, the classical formulation on [0,t¢] contains the
terminal term (v(t), p(t)), which tends to zero since ¢(7") = 0. The nonlinear integral
converges, for example, by

[ [ 1w®0)s Vel < Tholf a1 9luzs, < oo

The other terms converge by the energy bounds and the force integrability. This proves
(2.1), so the extension is a Leray—Hopf solution.

Let u be another Leray—Hopf solution with the same data. Fix 7" < T and set
w = u—v. On [0,7"] the field v is smooth up to the boundary. Testing the weak
equation for u with a smooth time cutoff times v gives the cross identity for (u(t),v(t)).
Inserting the classical equation for v, and combining this identity with the energy
inequality for v and the energy equality for v, gives

t

Slw@+ [ Ivu(s)l3 ds < = [bw,v.w) ds < [ IVo)lclu()l ds. (122)

0

Here the spatial integrations against v € V follow by the closure and trilinear continuity
described in Section 2; the time cutoffs converge using weak continuity. The boundary
terms vanish on Iy because u = 0, and on I'y because u-n = 0 and 9;,v = 0.
Gronwall’s lemma gives u = v almost everywhere on [0,7”]. Weak continuity then
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gives equality at every time in [0,7"]. Since 77 < T is arbitrary, equality holds for all
t <T. For each ¢ € H,

(u(T), %) = lim(u(t), ) = lim(v(t), ) = (vr, ¥).

T T
Thus, u(T) = vr, which proves uniqueness on the closed interval. O

Proof of Theorem 1.2. Condition (1.3) is equivalent to

2 2
3—-—-<1

p q

Choose « as in (1.8) and perform the construction in Sections 3, 4. The preceding
construction gives a classical solution with the required boundary conditions. Applying
Lemma 4.1 with (o, m) = (q,p) gives f € L{L?, while applying it with (o, m) = (1,2)
gives f € L L2. The rates and the loss of boundedness follow from Lemmas 4.1, 4.2,
while Lemma 4.3 gives (1.12)— (1.13). Finally, Proposition 4.4 gives the Leray—Hopf
extension, the energy equality and uniqueness. O

Proof of Corollary 1.3. For ¢ = 1, condition (1.3) holds for every finite p > 1. On the
displayed curve,

and apply (1.12). O

5. CONCLUSION

For the annular weighted family with 0 < « < 1, the exact conditions for finite
exponents p,q,m,o > 1 are

2 2 2 2
feLll? <— a>3—-=-—=, vel{Ll] — a>1-———.
p q m g

The velocity cases with one infinite exponent are stated separately in Lemma 4.3.
These classifications, together with the two-sided rates and explicit terminal trace, give
a quantitative description of this bounded-cylinder example. They do not characterize
all possible forced singularities. The same velocity and force solve Stokes after the
Navier—Stokes pressure is replaced by zero.
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