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Abstract. In this paper, we study the existence and multiplicity of solutions to the
following subelliptic problem with Hardy potential

—Agu(€) — p = u(€) + M) inQ,
u(§) >0 in Q,
u(€) =0 on 0%,

where (2 C G is a bounded domain containing the origin with smooth bound-
ary 09, 0 < pu < ji := (%)2 with N > 2, and A > 0. Here, the Hardy poten-
tial is defined on the first stratum of a stratified Lie group G. Specifically, we

have |2/| = /a2 +...+2%, 2/ = (z1,...,2n) € RY, where N is the dimen-
sion of the first stratum of the stratified Lie group G. Under the assumptions
2

Il<r4+1<2<qg+1<2":= Q—%, we prove the existence of at least two positive

solutions provided that A is sufficiently small.
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1. INTRODUCTION

A great deal of attention has been devoted to the study of the existence and
non-existence of solutions to elliptic equations with Hardy potential, both in linear and
nonlinear settings. This interest is driven by the potential’s importance in physics, as
it is closely related to Heisenberg’s uncertainty principle in quantum mechanics. From
a mathematical perspective, the Hardy potential given by the reciprocal of the square
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function provides an excellent setting to study the existence of solutions to nonlinear
partial differential equations, certain eigenvalue problems, and other related issues.

In a seminal paper [8] Brezis, Dupaigne, and Tesei studied the existence and
nonexistence of solutions to the following equation in a ball B = B(0, R) of R",n > 3,

—Auy — #u =P,

where 1 < p < 22 and the coefficient u satisfies the inequality 0 < pu < ji, with

n—2
2
(= %. Since then, many authors have considered similar problems involving

the Hardy potential. We can refer to the following papers and the references therein,
[1, 4, 11, 18, 19], among others.
In [17], Dupaigne considered the following equation

fAuf#u:uertf in Q,
u>0 in Q, (1.1)
u=20 on 0f,

where Q) is a smooth bounded open set of R® (n > 3) containing the origin, u > 0,
2

p>1,t>0 are constants, 0 < u < p := @ and f # 0 is a smooth, bounded,

nonnegative function. In equations like (1.1), the crucial role is played by the constant

i1, which is the best constant in the Hardy inequality:
u2
/|Vu|2 > ﬁ/W for all u € Hj(Q).
Q Q

According to the result in [10, Proposition 5.2], if 4 > i, then there is no nontrivial
nonnegative solution to the problem

{—Au — u=f(z) inQ\{0},
u =0 on 0N,

where €2 is a bounded smooth domain containing the origin and f is a measurable
nonnegative function.

In [24], Ghoussoub and Yuan considered the following problem with the
Hardy—Sobolev potential:

—2

—Apu(x) — HW = Au|""?u inQ,
u(z) =0 on 99,

where A, is the p-Laplacian, €2 is a smooth bounded domain in R™ containing 0 in

its interior, A and p are positive parameters. Under the assumptions 1 < p < n,

0<s<p,p<qg< Z—:;pandogsgp,pgrgp*:n"—zgtheyobtainedexistence

and multiplicity of weak solutions.
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The study of subelliptic equations with Hardy potential on stratified Lie groups
has received great interest in the last few years. Many results in this direction have
been established regarding the existence of solutions to semilinear equations, beginning
with the pioneering works on the Heisenberg group (see e.g., [25]).

In [13], Citti considered the following problem with the critical exponent

—Ageu(€) + au(€) = ud2(€) i Q, 12
u(€) =0 on 99, .
where Q is a smooth bounded domain in H", @ = 2n 4 2 is the homogeneous

dimension of H", and Agx is the sub-Laplacian on H™. Since the equation (1.2) involves
a nonlinearity of critical growth, Citti [13] established a representation formula for
the Palais—Smale sequence and subsequently demonstrated the existence of positive
solutions to (1.2) under appropriate assumptions on a. The reader is referred to
[12, 14, 22, 27, 28] and the references therein for further reading on this topic.

In [26], Kassymov and Suragan considered the following semilinear problem

{_AHW(&“) —Mp =), €= (n)eQCH, (1.3)

u(§) =0, §eo9,

where |z| = /23 + ...+ 22 + 7 +... + 12, z = (z,y) € R™, ¢t € R, Q is a smooth

bounded domain in R?"*! with smooth enough boundary 99, and 0 < A < %

with @ > 4. When 1 < p < %, they proved the existence of at least two positive
weak solutions to the problem (1.3).

Motivated by the above studies, we aim to extend these results to the sub-Laplacian
operator on stratified Lie groups. Specifically, we consider the following semilinear
subelliptic problem involving the sub-Laplacian and the Hardy potential associated

with the first stratum of the stratified Lie group G:

~Agu(€) — piath = ut(§) + M'(€) i,
u(§) >0 in Q, (1.4)
u(§) =0 on 01,

where 2 C G is a bounded domain with smooth boundary 92 containing the origin,
O<pu<p:= (%)2 with N > 2, and A > 0. Moreover, |z/| = /2% + ...+ 2%,

2 = (11,...,2y5) € RN, with N being the dimension of the first stratum of a stratified
Lie group G.

The main existence result for the problem (1.4) is stated as follows.

Theorem 1.1. Letl <r+1<2<qg+1<2*:= 5—?2 Then, there exists Ay > 0
such that for all X € (0, \g) the problem (1.4) admits at least two positive solutions.
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To prove our main results, we employ a variational approach based on the first
stratum Hardy inequality in the stratified Lie groups. For 1 < p < n, the classical
Hardy inequality in R™ takes the following form:

n=p\ [P e, e ce (&
(=2) d<R[v()d e o (R")

p |z [P

P
where the constant (%) is sharp. Different versions of the Hardy inequality were

established in the context of stratified Lie groups in [15, 16, 21, 29] and [34]. In
particular, the following first stratum Hardy inequality on stratified Lie groups was
proved in [31, Theorem 3.1]:

Npr
p | ]2

< Vi S o), ¥ € CE(G\{a' =0}, 1<p<N, (L5)
L (G)
where N is the dimension of the first stratum. We note that the first stratum Hardy
inequality (1.5) is valid for the general class of stratified groups, including, in particular,
the Heisenberg group and Euclidean space.

The paper is organized as follows. In Section 2, we recall the definition of a stratified
Lie group, as well as the horizontal gradient and sub-Laplacian. In addition, we
introduce the main inequalities and function spaces relevant to our study. In Section 3,
we prove the main result of this paper, Theorem 1.1. The proof involves several steps.
First, we introduce the variational framework for the problem (1.4), associating it with
the corresponding Euler-Lagrange functional. Next, using the Sobolev—Folland—Stein
embedding theorem along with the first stratum Hardy inequality, we show that
this functional meets the assumptions of the mountain pass lemma and satisfies the
Palais—Smale condition. The most crucial step is proving the weak lower semicontinuity
of the truncated functional, for which we employ a concentration-compactness argument
developed by Smets [36]. Finally, the proof of the main result follows by using the
mountain pass lemma and a minimization argument. The other question is to show
the positivity of solutions, which relies on the strong maximum principle. Some
versions of the strong maximum principle have been proved, for example, in [33]
for nonlinear sub-Laplacian equations on stratified Lie groups, and in [5] for fully
nonlinear subelliptic equations involving vector fields that satisfy the Hormander rank
condition. We apply the strong maximum principle from [38], which is most relevant
to our setting.

2. PRELIMINARIES

2.1. STRATIFIED LIE GROUPS

Let us briefly recall the definition of a stratified Lie group (homogeneous Carnot
group). We refer to the recent books [6, 20, 32] for extensive studies on stratified Lie
groups and their properties.
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Definition 2.1. A Lie group G = (R™,0) is called a stratified Lie group (or a homo-
geneous Carnot group) if the following two conditions are satisfied:

(a) For some natural numbers N; 4+ ... + N, = m the decomposition
R™ = RM x ... x R¥" holds, and for every A > 0 there exists a dilation
Oy : R™ — R™ given by

ox(§) = 6 (x(l), e ,m(r)) = ()\x(l), . .,)\Tx(T)> ,

which is an automorphism of the group G. Here, ¢ = (z),...,2(") € R™ with
z®) e RNk for k=1,...,r.
(b) Let X1,..., X, bethe left invariant vector fields on G such that X (0) = -2

dxy,
k=1,...,N; with N7 as in the above decomposition of R™. Then the Hérmander
rank condition

for

rank (Lie {X1,..., XN, }) =m

holds for every £ € R™. In other words, the iterated commutators of Xy,..., Xn,
span the whole Lie algebra of G.

In Definition 2.1, r is called the step of the stratified Lie group G. The number

Q= Zka
k=1

is called the homogeneous dimension of G.

Throughout this paper, we denote the dimension of the first stratum by N := Ny,
and express its coordinates as 2’ := z(1) = (z1,...,zx) € RY.

The horizontal gradient on G is given by

VH = (Xl,...,XN).
For any C* vector field V = (V1, Vs, ..., Vy), the horizontal divergence is defined by
N
divgV :=Vy -V =>_ XV
k=1
Then, the sub-Laplacian (or horizontal Laplacian) on G is defined by
N
Ag:=Vy-Vg=)Y Xi.
k=1

We denote by df the Haar measure on G, which is a usual Lebesgue measure
on R™. For any Haar measurable subset 2 C G, we have |6, (Q)| = A?|Q]|, where |Q)] is
the Haar measure of €.
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2.2. HEISENBERG GROUP

Let us recall the definition of the Heisenberg group. For a complete treatment, we refer
to the book [9]. The Heisenberg group H" = (R?"*1 o) is the simplest example of
a stratified Lie group endowed with the non-Abelian group law

1
ol = (z,y,t)o (2,9, 1) = (x—&-x',y—l—y/,t—&-t’—k2(x-y'—x'-y)>
defined for any &,& € H™. The left-invariant vector fields
X]:aL]_%ata }/j:ay]—"_%at? Tzata 1§J§n

form a canonical basis for the Lie algebra b, of the Heisenberg group H". They satisfy
the commutation relations [X;,Y;] = 6;;7 and [X;,T] =[Y;,T] =0,4,5 =1,2,...n,
while all commutators of length greater than two vanish. Hence, b, admits the
stratification
bn = g1 @ g2,
where g1 = span{X;,Y;}}_,, and go = span{T'}. Therefore, H" is a stratified Lie
group of step two. The corresponding group dilations are defined as
6 (&) == (A\z, Ay, A\°t), VA >0.

The homogeneous dimension of H" is @@ := 2n + 2.
Consider a horizontal vector field V' € span{X;,Y;}7_,. Then the horizontal
divergence of V is defined as

divgV =Y (X;V; + YiViyy).
j=1
The horizontal gradient of a C! function u : H” — R is defined by
Vau:=(Xiu, -, Xpu, Yiu, - Yyu).

The sub-Laplacian (Kohn—Spencer Laplacian) of u € C?(H") is defined by

Agnu = Z (Xj2 + Yf) u.

j=1

2.3. INEQUALITIES AND FUNCTION SPACES ON STRATIFIED LIE GROUPS

Let us now provide a brief overview of the main tools.
For p € (1,+00), the Folland-Stein-Sobolev space S3*(€2) is defined as the com-
pletion of C§°(2) with respect to the norm

1
P

Jullspriay = | [ Vst de
Q
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By the result of [23], if © is a bounded domain in G, then the embedding
SoP(Q) < L"(Q) (2.1)

is compact for all » € [1,p*), and continuous for all r € [1,p*], where p* := 5Q is the
critical Sobolev exponent.

In particular, for p = 2, we denote the space as S} (2) := Sé’Q(Q) and its norm
simply as

1
2

el =l st ey = / IV ()] de
Q

In this case, the embedding
S5(9) = L*() (2.2)
is continuous for all s € [1,2*] and compact for all s € [1,2*), where 2* := Qz—QZ
Consider the Euclidean distance on the first stratum of a stratified Lie group,

defined by
|2| = /a2 + ... + 22

Then we have the first stratum LP-Caffarelli-Kohn—Nirenberg inequality on stratified
Lie groups.

Theorem 2.2 ([31, Theorem 3.1]). Let G be a homogeneous stratified group
with N being the dimension of the first stratum, and let a, 5 € R. Then for any
f€C (G\{z' =0}), and all 1 < p < 00, we have

f

o[

p—1
IN =1l

p

f

|77

, (2.3)
LP(G)

H| T

Lr(G)

L?(G)

where ¥ = a+ B+ 1 and | -| is the Euclidean norm on RN . If v # N then the constant

N—~| .
% is sharp.

In particular, when a =0, 8 =p —1, and 1 < p < N, inequality (2.3) reduces to
the following first stratum Hardy inequality

P,

Il”lp

e< s / VuflPds, Ve CF G\ {a = 0}) (2.4)

P
with g := (%) being the best constant.

We recall the following strong maximum principle from [38, Theorem 5. Consider
the following problem
—div, A(z,Veu) =0 in Q CR™, (2.5)

where V,ou = (Xju, Xou, ..., Xyu), and X1, Xo,..., Xn are C*-vector fields in R™
satisfying the Hormander hypoellipticity condition. Note that the sub-Laplacian on G
is a particular case of the operator div, A (z, Vou); see [38, p. 248].
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Theorem 2.3. If u is a nonnegative supersolution of equation (2.5) in the domain (2,
then the inequality
1/s
][us dp < cgessinfu
iB

B
is wvalid for every 0 < s < so (p,f/a,Cy) and every ball B (2B C Q). Here cy is
a positive constant depending on the domain Q and the constants p, 5/a,C),, and s.

3. PROOF OF THEOREM 1.1

In this section, we prove the main result given by Theorem 1.1. Taking into account
that we are looking for positive solutions, we consider the following problem

—Acu(€) - pEE = wl(©) + A (€ (3.1)
u(§) =0 on 09,
where vy = max{u,0}. We will also denote u_ := min{u, 0}. Note that if the solutions

of (3.1) are strictly positive in 2, then they also satisfy problem (1.4).

Definition 3.1. We say that u € S}(£) is a weak solution of (3.1) if and only if

u
/VHU'VHgadffu/ l;rgdg/uwdgxfuwdgo
Q Q

Q Q
for any function ¢ € S§(9).

We define the Euler-Lagrange functional I, : S§(£2) — R, associated to the
problem (3.1), as

Loa(u) := 1 IV gul® de — £ v d¢ — L ul™lde - A u e, (3.2)
WAV T H 2 ) |22 qg+1 + r+1 * T
Q Q Q Q

Note that I, » € C*(S5(2),R), and we have

u
< ;47)\<U),<,0> :/VHU'VHQOdf—,u/ﬁdg_/u‘i(pdg_/\/ui(pdf
Q 5 &

Q

for any u, ¢ € S§(Q).

From the above definitions, it follows that u € S3(€2) is a weak solution to the prob-
lem (3.1) if and only if (17, , (u), ) = 0 for all ¢ € S5(€2). In other words, the critical
points of the functional I, correspond to weak solutions of the problem (3.1).
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Let us now recall the definition of a Palais—Smale sequence.

Definition 3.2. Let E be a Banach space. A sequence {uy} C E is a Palais—Smale
sequence for a functional F' € C*(E,R) at some level ¢ € R, if

F(ug) = c¢ ask — +oo,

and
F'(ur) =0 ask — +oo in E*,
where E* is the dual space of E.

We will use the following version of the classical mountain pass lemma [2]
(see also [3]).

Lemma 3.3. Let F be a functional on a Banach space E, F € C*(E,R). Assume
that there exist positive constants p,a > 0, such that

(i) F(u) > o, Yu € E with |Jul| = p,
(ii) F(0) =0, and there exists v € E with ||v|| > p such that F(v) < a.

Define the set of paths joining u = 0 with v = v:

I':={y € C([0,1], E): v(0) = 0,%(1) = v}

and set

= inf F(~(t)).
¢:i= Inf max (v(?))

Then, there exists a sequence {uy} C E, such that F(u) — ¢, and F'(u) — 0 in E*
(dual of E).

Now we show that the functional I,  defined in (3.2) verifies the assumptions of
Lemma 3.3.

Lemma 3.4. Let Q be a bounded domain in G. Then there exist positive constants
p,a > 0 such that the following assertions hold:

(i) there emists \* > 0 such that I, x(u) > « for all X € (0,\*) and all u € S§(£2)
with [u]] = p,
(ii) for any A > 0 there exists v € S§(Q) positive such that ||[v|| > p and I, \(v) < a.

Proof. (i) Since 1 < r 4+ 1 < 2, applying the embedding (2.2), we obtain

[l

L) < Clull. (3.3)
Similarly, for ¢ + 1 € (2,2*), we have

lull Latr () < Cllull. (3.4)
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Then, using the inequalities (3.3), (3.4), and the first stratum Hardy inequality
(2.4) with p = 2, we get

A T
IH)\(U) /‘VH | d§ — 7/ ‘m/‘z +1 uq+1d§ - m/quldf
Q

1 )\
> 2_7 2 - q+1 A r+1d
> 5l = el - = [utae— =5 [
Q Q
1 o) 2 Cs Cs
>(-- L — 2 |t = A2 35
> (5 ) IolP = -2l -2 (35)
C C C
= SHull - 2l - A==l
where Cy 71,, 0, and C5,C3 > 0. Since 1 <r+1 < 2 < ¢+ 1, we can choose

a radius p > 0 and a sufficiently small threshold A* > 0 such that for all A € (0, A*),

we have ) o "
C q "
_Gipm Gep™ /\C:w > 0.
2 g+1 r+1

Consequently, for any u € S§(Q) with |lu|| = p, we have I,, y(u) > a > 0.
(i) Fix vg € S}(Q) positive such that ||vg|| = 1 and take ¢ > 0. Then we have

2
Tt = gl = 5 [ {Eae - — [wyriiag = 2 [wrsiae
Q

2 |z qg+1 r+1
Q Q

1
*||t oll> — 1 (tv)? Tt d¢

| /\

Q

2 et 41
=§—q+1/118 @t
Q

Since 2 < ¢+ 1, we get I, x(tvg) = —oo as t — +o00. Therefore, by setting v = tgvo,
with ¢ sufficiently large, it follows that |[v]| > p and I, z(v) < a. O

According to Lemma 3.3, Lemma 3.4 ensures the existence of a Palais—Smale
sequence for the functional I, ». To obtain the existence of a critical point, we must
additionally verify that the functional I, » satisfies the Palais—Smale condition. We say
that a functional satisfies the Palais—Smale condition if every Palais—Smale sequence
of this functional admits a convergent subsequence.

Next, we show that the functional I,, y defined in (3.2) satisfies the Palais-Smale
condition.

Lemma 3.5. Let {u;} be a Palais-Smale sequence at level ¢ € R for a functional I, x
defined in (3.2). Then there exists u € SE(Q) such that, up to a subsequence, we have

li —ul| =0.
s =l =0
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Proof. Let {ux} be a Palais-Smale sequence at level ¢ € R for the functional I, x.
Then, by Definition 3.2 we have

T (ug) = ¢ (3.6)

and
Iy (ug) = 0in (S5(Q))" (3.7)
as k — +oo0.
First, we show that the sequence {uy} is bounded in S3(Q). Using inequality (2.4)
with p = 2 and the embedding (2.2) for r + 1 € (1,2), we get

1
I (ur) — 1 <IL,,\ (u) , ur)

_ 1 1 || ||2 1 1
2T g P27 4+

1 1 2 1% 1 1 2 1 1 r4+1
2= ) lwll” == 5= — ) lwl” = A — ) G Jlur|™"
2 q+1 n\2 q+1 r+1 qg+1

1 1 1 1 T
= (3- ) (-2 mr - ( ) Callul™!
2 g+l i rtlogtl

= C Juxl|* = s x|,

with Cy, Cs > 0. On the other hand, for & sufficiently large, (3.6) and (3.7) imply that

1
qg+1

La(uy) — (I, A (ug),up) < e+ 14 [ug .

Combining the estimates above, we obtain Cy [Jug||* — Cs [Jur||"™" < ¢+ 1 + [Jur]|.
Since r + 1 < 2, we conclude that |lug|| < C for some constant C' > 0. Hence, the
sequence {uy} is bounded in S3(€2). Consequently, since S§(£2) is a reflexive space,

there exists u € S(Q) such that, up to a subsequence,
up — uin SH(Q) as k — 4oo, (3.8)
and the compact embedding in (2.2) yields
up = uin L°(Q) 1 <s< 2%, wup—uae inQ ask— 4oo. (3.9)
Using (3.7) and the boundedness of the sequence {uy} in S} (2), we deduce that
(I, \(ug),up —u)y =0
as k — +o00. Moreover, using (3.8), it follows that
(I, \(w),u, —u) =0

as k — +oo.
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Hence,
( aalur) = I,y (u),up — u) = o(1) (3.10)

as k — 4oo.
On the other hand, we have

(Bioalun) = L (@), = ) = g~ [ () = ) (s — W) g

o ?
Q

- / ((ur)h —ud) (up — u) d€ — /\/ ((ue)’ — uly) (up — u) d€.
Q Q
(3.11)
Applying Holder’s inequality with exponents %1 and ¢ + 1 and (3.9) with
q+ 1< 2" yields

/ () — ) (up —w)d§| < (1(ur) 1 aen + g [ Fosn) llun = o — 0

Q
(3.12)

as k — +o00. Using the same argument, we also obtain

/ (Cu) —wlp) (ur — w) d€| < (1(ur) 7 + gl i) llue = ull s — 0
Q
(3.13)
as k — +oo0.
Note that |(ug)4+ — uy| < |up — u| pointwise a.e. in Q. Using this, together with the
Cauchy—Schwarz inequality and the first stratum Hardy inequality (2.4) with p = 2, it
follows that

((ur)+ — us) (ue — U)d ((ur)+ — U+)2 (uk — U)2
£l < B a—S —— 4

' |

Nl=
[N

(3.14)

H 2
o(1) 2 s~ = &l —]? + (1) = (1—M) ok — al? + o(1),

and since 1 — p/fin > 0 we conclude ||ug —ul| — 0 as k — +oo. This completes
the proof. O
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We now define the functional H,, ,, : Sy (Q) — R as follows

Jul”

’Hu,p(u) IZ/‘VHuV)df—,u/ |x,|pdf. (3.15)
Q Q

Before proving the main result, we first need to show that the functional
H,p is weakly lower semicontinuous on S’é’p (©). For this purpose, we employ the
concentration-compactness argument based on the decomposition technique (see, e.g.,
Smets [36] or Willem [39]). In the setting of the Heisenberg group, certain versions
of the concentration-compactness principle related to the Hardy—-Sobolev embedding
were established by Bordoni et al. in [7] for bounded domains, and by Pucci and
Temperini in [30] for the entire group H". However, the following result differs slightly
from these, as we consider the first-stratum Hardy potential on a general stratified Lie
group G. We have the following decomposition lemma, which follows the arguments
given in the Euclidean setting in [35].

Lemma 3.6. Let {u;} C Sy?(Q) be such that uy — u in Sy*(Q) as k — 4oc. Let us
define

Qr:={2zecQ:|2|< R},

= i lim Pd
oo = i k:~l>r+noo/ V™ dS,
Qr

vy = lim m |Uk|pdf
R—+o00 k—+o00 ‘Jj‘/|p
Qr
Then we have
[ |ul” / |ul?
1 = 1
T [ = [ e (3:16)
Q Q
k— 400
Q Q
o < fio, (3.18)

where i is the best constant in inequality (2.4).

Proof. Since up — u in LP(Q\Qg) by the compact embedding (2.2), and 1/]2’]| is
bounded in Q\Q g, we have, for every R > 0,

p P
lim [usl” 4 _ / [ul” e

|/ |P
AR O\Qr
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612
Splitting Q = (Q\Qr) U Qg we obtain, for every R > 0
— [l / |ug|” |ug”
Jm ) ks [ et i [
\Qr On
_ |ul? — [ |wl”
- [ e i, |
N\Qr Qr

Therefore, taking the limit as R — +oco yields (3.16)
Since the mapping u — |V gu|P is convex, the functional fQ\QR |V gul? d€ is weakly
lower semicontinuous. Therefore, using the property of the limit superior, we get
hm /|VHuk\Pd§> lim |VHuk|pd§—|— lim /|VHuk|pd§,
k—)+oo k—+o00
Q\Qg

/ |VHu|pd§+ hm /\VHuk|pd£

Q\Qr

Then, taking the limit as R — +o00, we obtain (3.17)
Next, we prove (3.18). Using the fact that for each € > 0, there exists a constant

(e,p) > 0 such that
(3.19)

|a]?| < elal” + (e, p)|bI”,

lla + 0" —
we can verify that
T T P
= i T [ Wt —p i 520
o . o ‘Uk — u|p
vo=plim Mmoo A (3.21)
Qr
Indeed, if we take a = Vg (ur — u) and b = Vyu in (3.19), so that a + b = Vguy,
(3.22)

then we have
IVaup? = Vi (ug —w)|P] < eV (ug —u)|” + c(e,p)|ViulP

Using this inequality and integrating over ()i, we derive
[ 19mupds <o) [19mlu —wlPde +cep) [ (Vaups
Qr

Taking the limp_; o0 limy_s 1 o0 on both sides, we get
ml/wHW—mmg

li lim Pde < (1 li
A J [ Dl < 04e) i T

Qr
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which implies that

< . I _ p .
po< (o) fim T [ |Vau - wps
Qr

Now, using the inequality (3.22) again and integrating over g, we obtain

(-2 [ IVatn—wlPde < [ [Vnalpde+cep) [ 1Vaurae
Qr Qr Qr
Taking the limp_, 4 o mkﬁJroo on both sides, we have

_ . T _ P < . . P
(1 E) RLHEOO kgr—&r-loo / |VH(Uk u)‘ df - RLHEOO kEToo / |VHuk| dé’
QR QR

which gives
_ . EE _ P < .
(=0) lim T o= e < o
Qr

Therefore, since ¢ is arbitrary, we conclude that

= i lim — Pdg.
po = lim  lim / [V (g — w)|Pdg
Qr

The proof for vy proceeds similarly.
Next, we introduce a cutoff function ¢ € C*° (G) with 0 < ¢r < 1, such that

0, if x € Q\Qpg,
or(z) = . \
1, ifx € Qp41.

By the construction of ¢, there exists a constant Cr > 0 such that |Vgor| < Cgr
in Q. Moreover, by (2.4), we have for all v € S3(£2) that

— |¢R'U|p p

e < [ 19 (ono)l . (3.23)
Q
Using the truncation ¢r we obtain from (3.20) and (3.21) that
— m — )P P
po = lim T [ [V (s = )l e (3.24)
Q

and o op

vo— lim Tm [l OR (3.25)

R—+400 k——+00 |a’|P
Q
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By applying (3.19) once more and using the compact embedding (2.1), we get

o= lim T f V0 (=) o) (3.26)
Q

Indeed, since

Vi ((w —u)¢r) = ¢rVH(ur —u) + (uk — u)VHdr,
taking a = ¢V (ur —u) and b = (up, — u)Vgdg in (3.19), we obtain

Vi (ux —uw)ér) [P — [¢rV E (ur — u)|?| (3.27)
< elprVa(ur —u)’ + c(e,p)|(ur, — w)Vuor|’. .

Then, integrating over 2 gives
[ 193 (G = o) e
Q
<(1+¢) / |0V i (ug, — w)|PdE + c(e,p) / [(up — u)Vuor|Pdé
Q Q
<(+2) [ [6rV it~ w)Pde + cle,p)Ch [ (.~ w)Pd
Q Q

Taking the imp_, o limy_, 1 oo on both sides of the inequality above and applying the
compact embedding Sy () < LP(£2), we derive

—400 k—4o00

Jim T / Vi (s~ w)p) [Pd < (1+2) lim T / |6V sk — 1) P
Q Q

Thus, using (3.24), we have

. EE _ p <
P T [ Vi (= 0 om)l” d¢ < (14 o
Q
Again, applying inequality (3.27) and integrating over {2 yields

(1-¢) / |68V 5 (ug — w)|Pde
Q

< [ 19 (o = wiom) P+ ee.p) [ 1k = ) Vol
Q Q

< / Vo (uk — u)r) [PdE + e, p)C / \(ux, — )P,
Q Q
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Then, arguing as above, we obtain

(1—e)uo < lim  Tim /|vH((uwu>¢R>\Pds.

R—+o00 k—+00

Consequently, since ¢ is arbitrary, we conclude that

o . T _ p
po =l Tm [V (G~ w) oml” de.

Finally, by substituting v = u; — u into (3.23) and applying (3.25) and (3.26),
we obtain (3.18). The proof is complete. O

As a direct consequence of Lemma 3.6, we prove that the functional #H,, ,, defined

n (3.15), is weakly lower semicontinuous on Sy (). Note that, although we only
need weak lower semicontinuity for H,, := H, 2, which also follows from the Hilbert
space structure of S3(Q), we provide the proof for all 1 < p < N, as we believe that
the result is interesting in its own right.

Lemma 3.7. If 0 < p < i, then the functional H,, , is weakly lower semicontinuous
1.p
on SyP(Q).

Proof. Let {u} be such that uy — u in Sy (). Coing if necessary to a subsequence,
we can assume that H, ,(uy) is convergent. By Lemma 3.6, we have

kkrf H ,p(uk): hm /\VHuk|pd§ ", hm /||$/|p d¢
T D | k|p
=kggloo/\vm| & i, Tim /|$,|p ¢
> Hyp(w) + po — pro
> Hu,p(u) + (/1 - ,u) Y
> Hyup(w),
concluding the proof. O

We are now in a position to prove our main result.

Proof of Theorem 1.1. To prove the existence of the first solution, we apply the moun-
tain pass lemma. As we already proved in Lemmas 3.4 and 3.5, the functional I, x
defined in (3.2) has a mountain pass geometry and satisfies the Palais—-Smale condition.
Moreover, we have I, 5(0) = 0. Therefore, if we take v as in Lemma 3.4 and define

c:=inf sup I ),
inf sup (1)

with
I:={y€C([0,1],55()) : v(0) = 0,7(1) = v},
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then, by the mountain pass lemma, c is a critical value of I, . Consequently, there
exists u1 € S} (Q) satisfying

Ip,)\(ul) =c>a>0,

which is a solution to the problem (3.1).

We construct the second solution using a minimization technique. For this, we define
the truncation of the functional I, ». First, using the estimate in (3.5), we obtain, for
all u € SL(Q),

4 CQ /\Cg r
Lua(u) > Fllull® = == [lu] ™ = == ful",

pA U

where C1,C5, C5 > 0 are positive constants. For ¢ > 0, we define the following function

h(t) = th _ &ttﬁ-l _ )\70315“'1.

2 q+1 r+1
Let us write
h(t) =" (g(t) — co) (3.28)
with o o \C
1,1—r 2 —r 3
t) = —t - —= d = .
9(t) 2 q+1 e T

Sincel<r+1<2<qg+1wehavel —r>0,q—1>0and ¢g—r >1—r. Hence,
9(0) =0, g(t) = —o0 as t — 400, and ¢ is strictly increasing on (0,ty) and strictly
decreasing on (tg, 00), where

o ()™

Let us denote My := g(tp) > 0 and set A** := (r + 1) My /Cs. Then, for all A € (0, A**),
it holds that 0 < ¢y < My. Hence, the equation g(t) = ¢o has exactly two roots Ry
and Ry, with 0 < Ry < to < Ra such that g(t) > ¢y on (R, Rg). Finally, by (3.28),
we conclude that h(R;) = h(R2) = 0 and

h(t) > 0in (Rl, Rg), h(t) <0in [O, Rl] U [RQ, OO) .

Now, we take a nonincreasing cutoff function o € C'*° ([0, +00), [0, 1]) such that

1 <t<
o(t):=<" 0<t<hi, (3.29)
0, t> Ry

Consider the following truncated functional

/lw e /| a2 g i/ g
Q
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Then, arguing as in (3.5), we obtain

U AC -
Turw) = Tl - M@uunw 2 it e sie),

where C1, Cs,C3 > 0 are positive constants. We define the function

gl@ _ CQL(t)tq-H _ LC?’tT'H

h(t) :=
*) 2 qg+1 r+1

, Vt>0.
Then, by (3.29), h(t) — 400 as t — +oo and h(t) > h(t) for all ¢ > 0. Furthermore,
the following properties hold

h(t) = h(t)in (0,R:), h(R)=h(R)=0,

n ' : (3.30)
h(t) > h(t) > 0in (Rl,RQ), h (RQ) > 0.

Observe also that h(t) > 0 for all t € (Ra, +00).
Consequently, J, (u) > h(||lul|) for all u € S§(£2). Moreover, by (3.29) and the
definition of the truncated functional, we have

Ioa(u) = Jua(u), Yue SH(Q) with 0 < [|lu]| < Ry.

Since both o and I, 5 are C', it follows that J, \ € C*(S§(Q),R).

Observe that if ||u|| > Ry, then J, x(u) > h(||u||) > 0. Therefore, if J, x(u) < 0,
then we necessarily have [Ju| < Ri. Moreover, by the continuity of J, » and (3.30)
we conclude that, if J, x(u) < 0, then I, x(v) = J, A(v) for all v in a small enough
neighborhood of wu.

Now we will analyse the properties of the functional J, . Since r +1 < 2, the
functional J, » is coercive. Moreover, the functional J,, 5 is weakly lower semicontinuous
on S3(2). Indeed, applying Lemma 3.7 to H,, := H,, 2 and using (3.9), the weak lower
semicontinuity of the norm || - ||, and the fact that o is continuous and non-increasing,
we obtain

lim J, x(ug)

k—+oo
. 1 po [ (ur)? ||Uk|| | A
= lim | =|u 277/ tq / q+d /u g
k—joo (2” k” 2 | /|2 g + 1 ( k)+ g
Q Q Q

o 1 po [ (u)i 1 o ([|uxll) +1
= ki%oo <2||(Uk)+||2 - 2Q/ B de + §|\(uzc)—||2 - qulﬂ/(wC)i d¢
~ (uk)’"++1d£>

Q

1 2 H o (||ul) q+1 A r+1

= g™ = |x/\2 - /“* dg_r—kl/ d
Q Q Q

= u,A(U)-
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Thus, by [37, Theorem 1.2], we can conclude that the infimum

m:= inf J,\(v
vESH(Q) pA (V)

is attained at some ug € S§(9).
Now we show that m < 0. Fix vy € S§(Q2) with v > 0 and |vo|| = 1. By (3.29),
we have that o(t) = 1 for 0 <t < R;. Hence,

t? 2 [ g gt At
T (tvg) = 3 o] — & 0_q¢ — /v8+1d§ - /vg“dg

2 ) | q+1 r+1
Q Q Q
t2 )\tr+1 .
— — T dE <0
=7 r+1/”0 ¢
Q

for sufficiently small ¢t > 0, since r + 1 < 2. This implies that m = J, x(up) < 0.
Consequently, we have |lug|| < Ry. From this, we conclude that ug is a local minimum
of I, x, and thus Il’m\(uo) = J;L’/\(uo) = 0. Hence, uy is a critical point of I, , i.e.,
a weak solution of (3.1). Finally, I, x(uo) = m < 0 < o < ¢ = I, x(u1), where u;
is a mountain pass solution. Therefore, the two solutions are distinct.

As a result, for all A € (0, Ag), where Ag := min{\*, \**}, problem (3.1) admits two
solutions. Let u be any of these two solutions. Then (I}, ; (u), ) = 0 for any ¢ € S§(€).
In particular, (] ,(u),u-) = |lu_||? = 0, which implies u_ = 0. Consequently, we
have u = uy > 0.

Note that any weak solution u of problem (3.1) is also a weak supersolution of
the homogeneous problem —Agu(§) = 0 in Q. Indeed, using the weak formulation
of problem (3.1), we have

u
[ VuuVupde = [ Zae [utode+n [ >0
Q Q Q Q
for all 0 < ¢ € S§(£2). Therefore, by applying Theorem 2.3, we deduce that any

nontrivial weak solution u to problem (3.1) is strictly positive in Q.
Thus, we conclude that problem (1.4) admits two positive solutions. O

Corollary 3.8. Let Q2 C H” be a bounded domain containing the origin, with smooth

2
boundary 0Q2. Assume that 0 < p < i = (%) with @ >4, A>0andl<r+1<

2<qg+1<2"= 5—?2, where Q@ = 2n + 2. Consider the following problem:
—Aunu(€) - p = (&) + M (€) i,
u(§) >0 in Q, (3.31)
u(§) =0 on 99,

where € = (2,t) = (v,y,t) € Q and |z| = /23 + ...+ 22 + 47 +... + y2. Then, there
exists Ao > 0 such that for all A € (0, o) the problem (3.31) admits at least two
positive solutions.
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