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Abstract. This paper investigates a class of strongly indefinite Choquard equations
formulated on the two-dimensional unit ball B. Specifically, consider the following
equation:

{—Au +V(@u= (I, * F(u)) f(u), z€B,
u € H(},rad(B)ﬂ

where p € (0,2) and I, represents the classical Riesz potential. A fundamental
hypothesis is that zero lies within a spectral gap of the Schrédinger operator —A + V.
Furthermore, the continuous nonlinearity f(t) is characterized by a supercritical
exponential growth governed by exp[(8 + |#|%)t?] with 3, > 0. Most existing works
on this problem are limited to the subcritical or critical exponential growth cases.
However, dealing with supercritical growth is much more difficult, especially when
estimating the exact upper bound of the minimax levels. To overcome this, we use an
approximation method and fine estimates to prove that this indefinite problem has
a positive ground state solution. Our approach can also be applied to other elliptic
problems with supercritical growth.

Keywords: strongly indefinite, Trudinger-Moser inequality, supercritical exponen-
tial growth.
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1. INTRODUCTION

We consider the following class of Choquard equations characterized by a supercritical
exponential growth condition:

{—Au +V(@)u= (I, « F(u))f(u), =€ B,
u € HOI,rad(B)'
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Here, B := B;(0) denotes the standard unit open ball in R? centered at the origin,
and for a given parameter p € (0, 2), the classical Riesz potential I,, : R? — R takes
the following form:

A, 2
I,(x)= T (%) S = xz € R*\ {0}.

Furthermore, we assume that zero is located strictly within a spectral gap of the
associated Schrodinger operator —A + V. Specifically, the potential function satisfies:

(V) V eC(B,R), V() is 1-periodic in 21 and x5 and
sup[o (—A+V)N(—00,0)] < 0 < inf[oc (A +V)N(0,00)].

As a result, the operator —A + V is strongly indefinite. It follows that its spectrum in
L?(B) is purely continuous, comprising mutually disjoint closed intervals. Addition-
ally, the nonlinearity f(¢) is assumed to be continuous and to possess supercritical
exponential growth.

Nonlocal elliptic equations of Choquard type have long played an important role in
mathematical models arising from quantum mechanics and interaction systems. The
origin of this model can be traced back to Pekar’s description of the stationary polaron
in quantum theory [36]. Later, in connection with the Hartree-Fock approximation for
a one-component plasma, Lieb [23] pointed out that Choquard used such an equation
to describe an electron interacting with the hole generated by itself. Owing to the
presence of the convolution term, the equation exhibits essentially nonlocal features,
which make its analytical treatment substantially different from that of local semilinear
elliptic equations. Over the past decades, variational methods have become one of the
main approaches to the study of Choquard-type problems. We refer, for instance, to
the classical works of Lions [25], Ma and Zhao [26], and Moroz and Van Schaftingen
[28—30], as well as the references therein, for related developments.

Recently, elliptic problems involving critical exponential growth received much
attention, and this kind of growth means that the nonlinearities f should satisfy

(F1) there exists fy > 0 such that

t
| 1|im |fét2)‘ =0, wuniformly on x € B for all 8 > [y
t|l—oo €
and
FOL _ +00, uniformly on x € B for all 8 < f3
tlsoo €Bt® ’ v o

The theoretical basis of this strictly critical exponential growth is the following
well-known Moser—Trudinger inequality [8, 31, 38, 43|, which ensures

MTg := sup /exp (5|U|2) dr < 400 (12)
uEHé,rad(B)¢”VU\|2ﬁlB
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for any 8 < 4w, where H& (B) consists of radially symmetric functions and is the

rad
subspace of the Sobolev space Hg(B). Moreover, the inequality (1.2) is sharp (or
critical): for any growth exp (,8|u|2) with 8 > 4w, the corresponding MTj3 is +o0.

More general, for any 3 > 0,

MTg:=  sup /exp (Blul?) dz < +o0. (1.3)
u€H; . 4(B)

, B

Because inequality (1.2) and its modified forms serve as fundamental tools across

multiple analytical domains, extending these results to broader elliptic equations has

been extensively investigated. For a comprehensive overview, see [1-3, 6, 11, 17, 21,

27, 33, 35, 41, 44, 45].

Considering the Choquard equation involved in the exponential critical case, that
is when f satisfies (F'1), Alves et al. [5] utilized the frameworks of (1.2) and (1.3) to
demonstrate the existence and concentration behavior of semiclassical ground states
for the planar problem. Expanding on this framework, Qin-Tang [40] investigated
systems featuring indefinite potentials under critical exponential growth, established
several existence results. In the fractional setting, Clemente et al. [12] combined
variational arguments with minimax estimates to deduce the existence of solutions
for the one-dimensional Choquard problem, provided the nonlinear term features
Trudinger—Moser critical growth. Furthermore, by imposing weak growth assumptions
on the critical exponential term f rather than relying on strict monotonicity, Yuan et al.
[47] confirmed the existence of ground state solutions for the fractional (N/s)-Laplacian
Choquard problem. For broader discussions and additional findings regarding Choquard
equations constrained by critical exponential frameworks, one may consult [5, 12, 18,
20, 40, 47] along with the references cited therein.

In contrast to the aforementioned critical case, we introduce a new hypothesis
assuming the continuous nonlinearity f : R — R satisfies a supercritical exponential
growth:

(F1) For a certain constant Sy > 0, the following limits hold uniformly with respect
tox € B:
1f ()]

ltl—00 exp[(B + |2[*)t?]

=0 for any 8 > [,

e £
. t
m expl(B + |z[*)27]

=400 for any < fp.

The primary difference between the critical growth discussed in earlier literature and
the supercritical case is the inclusion of the weight term |z|®. To handle supercritical
conditions, Ngo6-Nguyen [32] generalized the classical Moser—Trudinger inequality (1.2).
Specifically, for 5 < 4, they established the following bound:

MT, (8) = sup /eXp [(B+ |z]*) [u]*] dz < 4o0.

uEHéymd(B):HVquSl 5
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Furthermore, the supremum MTé(,B) is critical, as the integral diverges whenever
B > 4. This generalized inequality enables the application of variational techniques
to various elliptic equations. For instance, Alves and Shen [4] studied elliptic problems
with supercritical exponential growth, including a periodic Schrédinger-type framework,
and obtained existence results by variational methods. Temgoua [42] obtained solutions
for supercritical problems defined on nonradial exterior domains. Additionally, for
a slightly supercritical Neumann problem on a ball, Pistoia et al. [37] verified the
existence of multiple concentrating solutions.

Another typical feature of the current work is that the potential V' is indefinite po-
tential, which requires the use of the generalized link theorem. Initiated by Kryszewski
and Szulkin[19], this tool was later refined by Li and Szulkin [22], and Ding [13, 16].
As a primary point of reference for such indefinite problems, Qin and Tang [40]
investigated equation (1.1) but restricted their framework to the critical exponential
case. To handle this critical growth, they imposed the following assumptions on f:

(F2) f(t) = o([t[*/?) as |t| — 0,
(F3) there exists § > 1 such that

tf(t) > 0F(t) >0, VteR\{0},
(F4) there exist My > 0 and ¢y > 0 such that
F(t) < Mo |f()], V[t = to,

where F(x,t) = fot f(s)ds,

(F5')
liminf 4@ _ Ko > Y PO+ )2+ 1) arncd (402 240)
t—+o00 exp (Bopt?) 2w A, pltr/? ’

where p > 0 satisfies 2(2 + p)mp?C8 < 1 and Cy > 0 is an embedding constant,
see (3.1).

To be specific, they constructed the ground state of problem (1.1) by combining
periodic function approximations, the linking theorem, and refined analytical estimates.
Regarding the corresponding local framework of the planar Schrédinger equation, we
refer to the work in [10], which advances the findings of de Figueiredo et al. [16]. By
introducing novel techniques to sharply bound the minimax energy levels, they verified
the existence of Nehari-type ground states in the indefinite setting. Consequently, an
open problem remains: whether ground state solutions exist for the strongly indefinite
system (1.1) involving supercritical exponential growth. To the best of our knowledge,
this specific problem remains unexplored in the literature.

In this work, we investigate problem (1.1) under the assumptions that the operator
—A+YV isstrongly indefinite and the nonlinearity f(¢) exhibits supercritical exponential
growth. As far as we are aware, the existence of ground state solutions in this specific
setting has not been previously established under the assumption:
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(F5)
tF(t) 1

lim inf =K>——
tlin-ilgo exp [(Bo + |z]®) t?] " QeﬂﬁgAuBM

where B, := p?™#/[u(1 + p)(2 + p)].

which is essential for deriving a sharp upper bound on the minimax energy level.
Furthermore, (F5) naturally follows from the condition:

(F5")
. f(t)
lim inf =
= exp [(Bo + o) 2]
Y p(1+ p)(2+ p) A+ (14)2/(24p)
Qﬂ—A#lerp,/Q )

where p > 0 is chosen that 2(2 + u)mp?C3 < 1, and Cy > 0 denotes the relevant
embedding constant defined in (3.1). This implication is verified by the following
sequence of inequalities:

o tF(t) . f(@)
lim inf lim inf
t—oo exp [(Bo + |z]™) t?] SRS 2 (Bo + |z]|*) exp [(Bo + |z[*) 2]
K1
% 3o+ o)

In particular, when the weight |z|* vanishes, the lower bound reduces to:

Fr VA )@ H 1) aeipmci140?/24p) o L
280~ 2Boy/2mA, pltr/2 2emEA,B,

(F5") actually is a generalization of (F5') in [40] under the supercritical exponential
growth. The weak version hypothesis (F5) means that we need to develop the energy
estimation process to meet more nonlinearities.

We emphasize that coupling the strongly indefinite features with supercritical
exponential growth engenders novel analytical complexities, which need to use new
ideas and more technical estimates to overcome and can be summarized as follows:

(i) Restricting the minimax energy below a precise threshold poses a primary
analytical obstacle induced by the supercritical nonlinearity. Overcoming this is
mandatory for the successful proof of Theorem 1.1.

(ii) To legitimately apply MTL(5) and derive the ground state, one must first
ensure f(u) € LY(B) with ¢ € (1,2). Because the standard Trudinger-Moser inequality
WB for 8 > 0 becomes invalid under supercritical growth conditions, we are compelled
to rigorously estimate the delicate balance between the Hy ,,4(B) and L?(B) norms.

Securing this relationship is a prerequisite for employing MT}X(B), which strictly
demands an exponent bounded by 4.
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(iii) Refining the estimation techniques for the minimax energy level associated
with the functional ®. Specifically, let the working space H&,rad(B) := E be equipped
with the orthogonal splitting E = E~ & E™, under which the quadratic form [ (|Vul*+
V(z)u?) dx is negative definite on E~ and positive definite on E*. Utilizing the
critical point theorem from [7], we analyze the functional ® restricted to the subspaces
Ep =E, ® Et C E, where dim E,. = k for each k € N. We then demonstrate that ®
admits a Cerami sequence {u¥}, C Ej at the level ¢; > 0, ensuring that both ¢ and
the sequence norms {||u%| g}, remain bounded for all k € N.

Our results read as follows:

Theorem 1.1. Under the hypotheses (V) and (F1)—~(F5), problem (1.1) admits a pos-
itive ground state solution.

Corollary 1.2. Under the same framework as Theorem 1.1, replacing (F5) with (F5"),
problem (1.1) possesses a positive ground state solution.

Remark 1.3. Since (F5”) is a stronger condition than (F5), Corollary 1.2 follows
as a direct consequence of Theorem 1.1. More precisely, the argument hinges on
establishing the existence of some 7 € N which satisfies

2
max D (v+ swy,) < M,
s>0,0EE~ Bo

where £~ will be shown in Section 2. For the convenience of the reader, the detailed
derivation is provided in the Appendix.

The structure of this study is outlined below. Section 2 presents essential prelimi-
naries and auxiliary lemmas. In Section 3, we develop the minimax energy estimates
linked to MT (), while the verification of Theorem 1.1 is carried out in Section 4. For
clarity, throughout the paper, C1,Cs, ... denote positive constants whose values may
vary from line to line; for z € B and r > 0, we write B,(z) = {y € B: |y — x| < r}
and B, = B,(0); moreover, each u € Hy ,,4(B) is understood to be radially symmetric,
so that u(z) = u(|z|).

rad

2. PRELIMINARIES

Consider the operator A = —A + V with V € C(R?) N L>°(R?). It is well-established
that A is self-adjoint in L?(R?) having the domain D(A) = H?(R?) (refer to
[15, Theorem 4.26]). Let {£(X) : —00 < A < +0o0} and |A| denote the spectral family
and the absolute value of A, respectively. Defining |.A|'/? as the square root of |.A| and
setting U = id — £(0) — £(0—), one observes that U commutes with A, |A|, and |A[*/2.
Furthermore, A = U|A| represents the polar decomposition of A (see [14, Theo-
rem IV 3.3]). Let

E=9(AY?, E-=&0-)E, Et=[id-&(0)E. (2.1)
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Under condition (V), the space E admits the orthogonal decomposition £ = E~ @ E™.
For any u € E, we can uniquely write u = u~ + u™*, where

u =E0-)ue B-, ut:=[d-E&0)ue E". (2.2)
Consequently, the following relations
Au™ = —|Alu™, Aut = |AJut (2.3)
hold for u € EN®D(A). We equip the space E with the inner product defined by

(u,v) = (|A|1/2u, |A|1/2’U)L2 , uw,veEE (2.4)

which induces the corresponding norm
lull = 412, we s, (25)
where and in the sequel, (-, )2 denotes the inner product of L?(B), || - ||s denotes the

norm of L*(B). Moreover, the orthogonal splitting £ = EF~ @& E* holds simultaneously
under the (-, )2 and (-, -) inner products. Note that £~ reduces to the trivial space {0}
provided that the spectrum o(—A + V) is entirely contained in (0, c0); in any other
case, E~ remains infinite-dimensional.

Assume Q C R? is an open set. To simplify the notation, we introduce the
functionals:

Vo(w) = 5 [ F)Fu) o, (Wau),v) = [, Fu)lf(u)o da,

Q Q
for any u,v € H'(R?). Throughout this paper, when 2 coincides with the ball B, the
notations W (u) and (Ug(u),v) are abbreviated as ¥(u) and (¥’(u),v), respectively.
Let E = H'(B). Based on the hypotheses (V), (F1), and (F2), the weak solutions
to problem (1.1) correspond to the critical points of the following energy functional:

2
B

O(u) = L / (IVul* + V(2)u*) dz — U(u), Vu€E E. (2.6)

Consequently, the Sobolev embedding F < L*(B) is continuous for all s € [2, c0),
implying the existence of a constant s > 0 satisfying

lulls < sllull, Vue E. 27)

Taking (2.3) and (2.5) into account, the functional ® can be decomposed as
1
o(w) = 5 ([ut* ~ o= |*) - ¥w), Vu=u +uteE @Bt =B (28)

According to (F1) and (F2), for any fixed € > 0, we can determine constants 5 > 0
and C¢ > 0 such that the primitive F' satisfies the growth estimate:

[F(t)] < elt]? + Celt|exp [(B + |z|*) t*], V(z,t) € BxR. (2.9)
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According to (2.9), it is standard to verify that ® is of class C'(E,R) under (F1),
and

(D' (u),v) = /(Vqu + V(z)u v)dz — (¥'(u),v), VYu,v€EE. (2.10)
B
In particular, it follows from (2.3) and (2.5) that

(@ (w),u) = [|lut||* = [Ju|] = (¥ (u),u), YuekE.

Define
M={ue E\E™ : (?'(u),u) = (®'(u),v) =0,Yv e E™}. (2.11)
Lemma 2.1. Under the assumptions (V) and (F1)—(F3), there exists a radius p > 0

ensuring that
ko == inf {®(u) : uw € EY, |lul| = p} > 0. (2.12)

Proof. Invoking (F1) and (F2), we can select constants 8 € (5o, 27| and C; > 0 such
that the following pointwise estimate holds:

F@)] < |05 + Ol exp [(B+ |o2) |42], VieR. (2.13)
By virtue of the inequality (2.13) together with the Holder inequality, it follows that

[ Fnar < [ {5+ Gl exp [(5-+ o1 "]} 7

B B

4 4 ) ,,2
< 2/ {|u|2 + OF7 [u| %7 exp {(B—Hx”u} } da
B

2+
) s
4 12 a
< 2fully + Ol { [exp [(MEC' Ju ]dx (2.14)
B

4 12 ﬁ

<23 ul* + T a3 { [ exp[2(5 -+ af*) u¥] do
B

4
L PEam 12
< 23 lull® + (G5 €10) ™ Jull 5,V full < Vrr/ (T Bo).

Applying the Hardy-Littlewood—Sobolev (HLS) inequality as presented in [24]
and (2.14), we obtain the following estimate for the nonlocal term:

244
v < 2| [ 1P
B

24n 2.15)
Bo b b= 12 ] 2 (
< 2 2P + (cf ) ™ s |

© 2
< 2Bl + By (CF Cind) ull®, v lull < v/mu/ (14 o),
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where By = B(2 — u,4/(2 4+ p),4/(2 + p)). By substituting the upper bound (2.15)
into the definition of the energy functional (2.6), it follows that for any u € ET with

Jull < v/ (1 + Bo),
1 1 m 2
B(u) = 5l ~ () > 3 Jull* ~ 26033 [l ~ Bo (Cf 1) [l
Consequently, for a sufficiently small radius p € (0,1), we conclude that the lower

bound in (2.12) is satisfied. O

Following the results in [39], we state the next auxiliary lemma regarding the
geometric structure of the functional.

Lemma 2.2. Suppose that conditions (V) and (F1)—(F3) are satisfied. For any fixed
e € ET, there exists a radius ro > p such that sup ®(0Q) < 0, where

Q={v+se:veE,0<s<rgllv]|<ro}.

To address the strongly indefinite nature of the planar problem, we adopt the
approximation framework established in [10, 40]. Let {er} denote a total orthonormal
sequence in E~. For each k € N, we define the finite-dimensional subspaces E, :=
span{es, ez, ... e, } and set By, := E, ® Et.

As a direct consequence of Lemma 2.2, the following property for the truncated
subspaces holds.

Lemma 2.3. Assume that (V),(F1),(F2) and (F3) hold. For e € 0B N E*, there
exists ro > p (with p given by Lemma 2.1) such that sup ®(0Qy) < 0, where

ka{v—l—se:vEEk_,Ogsgro,HvH§r0}, keN.

For each k € N, let

Ty = {’y €C(Qx, E): ’y|an = id}
and define the minimax levels as

¢ = inf sup P(y(u)). (2.16)
YEl UEQy

By combining the definition of c; with the estimates from Lemmas 2.1 and 2.3,
the following bounds can be established.

Lemma 2.4. Assume that (V),(F1),(F2) and (F3) hold. Then

2
/‘GOSCkSEO, VkeN,

where Ky is given by Lemma 2.1.

By invoking the critical point theorem of Bartolo et al. [7] in conjunction with
the geometric properties established in 2.1 and 2.3, we obtain Cerami sequences for the
functional ® on the subspaces Ej, as follows.
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Lemma 2.5. Under the hypotheses (V), (F1),(F2) and (F3), for each k € N, there
exists a sequence {uk} C Ej, satisfying

O(up) = cry 97 (up) g (L + [Juzll) =0, n— oo, (2.17)

where cy, is defined by (2.16).
In view of (F1) and (F2), there exists a constant d3 > 0 such that

1
|f(2)] 1 0—1\2
\t|u/2 < 4752—&-;1)/2 r%Bg V[t < 6. (2.18)

By combining (2.18) with the argument in [40, Lemma 4.5], we establish the
uniform boundedness of the sequences {u*} as follows.

Lemma 2.6. Suppose that the assumptions (V) and (F1)—(F3) hold. If {uk} is
a sequence satisfying (2.17), then

297’()((52 + QIC()’YQ)
(0 —1)d2

) <max{ ,1}+on<1>, VkEN,

where v and d2 are given by (2.7) and (2.18), respectively.

3. MINIMAX LEVEL ESTIMATES

This section is devoted to establishing the minimax estimates for the energy functional
associated with problem (1.1) in the framework of MT}. Following [10, Lemma 2.3],
the following inequality holds for any v € E~:

IVlloe + [v]lec < Collv]l, VveE™. 3.1)

Assuming V(0) < 0 without loss of generality, condition (V) allows us to determine
a constant p € (0,4/||V||s) such that

Viz) <0, |z| <p.

Following the construction in [34], we introduce the Moser-type functions w,, (x)
supported in B, C B as follows:

Viegn,  0< x| <p/n,

1 | 1og(p/l2)
= —— e nS T S ) 2
wp () Nir: O Vg v p/< ||<1 P (3.2)
, p<lz] <1

It is straightforward to verify that w,, € E. Moreover, a direct calculation yields

o IF = o | < [ 19z = 1. 33)
B
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Lemma 3.1. Under the assumptions (V), (F1)—=(F3) and (F5), one can find an index
n € N ensuring that

2
max D (v+ sw,) < M
s>0,0EE~ Bo

Proof. Suppose, for the sake of contradiction, that

2
max D (v+ sw,) > (ChaDis

, VneN. 3.4
s>0,0EE~ Bo " (3.4)

For each n € N, let v,, € E~ and s,, > 0 be the sequences that attain the maximum
O (v, + Spwy) = Maxy>g yep- P(v + swy). Then, the following conditions must hold:

D (v, + spwp) > 2+ p)/Bo and (P (v, + Spwy), vy + Spwy) = 0.
Specifically, we have

1 (3721 Hw:HQ —||vn + snw;HQ) — U (z,v + Spwy) >

2+ p)m
5 .

Bo
In light of the definitions and estimates in (2.2), (2.4), (3.1) and (3.2), it follows that

|(wyy s vn)| = [(wn,vn)| = /[anan + V(2)wyv,] dz
B (3.5)
2
<190l [ 190l + [Vl ol [ il < S22 .
B B

By combining (2.2), (2.4), (2.5), (3.3) and (3.5), we obtain the following expansion:

52 [t |* = [lon + sneoz |

= ([l 17 = s %) =l = 250 (o 27) 56
2 2 4 2V2mCopsn 2 2708p2>

< sh = ol + 2 ||vn||gsn(1+ ).

Applying (3.1) and (3.2) leads to the following pointwise lower bound:

Z - ||Un||oo + SnWn
> _CO ||U7L|| + Spwy (37)
> Sp (wn — 260) .

U () + Spwp(x)

More specifically, by setting M, = \/%\/log n, we infer from (3.7) that

O () 4 Spwn () > sp (M, —2Co), Va € B,,.
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According to the growth condition (F5), for any € > 0, there corresponds a threshold
te > 0 such that

tF(t) > (k —e)exp [(Bo + |2|*)t?], Vaz € B, [t| >t.. (3.8)

Recalling the definition B, := p*™*/[u(1 + p)(2 + w)], and utilizing the estimate (3.8)
together with the integral identity

2
du dy > 4m=B,,
oy =

B

p/n Bo/m

we can obtain

U (v + Spwy,)

A b re . w
>23/ l / |x—yl2—uF( n(y) + sn n(y))dyl

B

p/n p/mn
X F(vy () + spwp(x))d
A, 2 dy
> =" [F(=Collvnll + 50 M) /(/W dz
Bp/" Bp/n

272A, B
> S I (=Collvnll + 50 M)

2r%(k —€)?A,B,
= (=Collvn|l + snMy)2n2tH
which together with (2.8), (3.2), (3.6) implies that

exp [2 (Bo + |x‘a) (—COHUnH + SnMn)Q} )

D (v, + spwp)

1
= 2 (N I = o + 5o [7) = 2 (0 4 s
2 1 o V2mCyps 212 A, B
< n_ = n Y n—iﬂﬂF*C n nMn2
< 5= g el o YR )~ T (F(Colfol + sub)
SS—%‘ 1+Lc‘%p2
2 logn

2n%(k —€)?A,B,
(=Collvnll + sn My )?n2tr
Since « satisfies the strict inequality in (F5), one can fix a sufficiently small € > 0
such that the following two conditions are simultaneously satisfied:
w(k —e)A,B, 1
(1+¢)2 2e32

exp [2 (Bo + |2]%) (=Collvn | + snMn)?] -

(3.10)

and

(L+ef (3.11)

1 .
©8 2m(k —e)B3A, B,
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Defining P(n) = v2x[Bo + (p/n)*]~1/?, we simply write P hereafter for brevity.
We consider four distinct cases. In the following analysis, all estimates are assumed to
hold for sufficiently large n € N.

Case 1. s, € [0, P]. By substituting (F4), (2.6) and (3.6) into the expression of the
functional, we obtain

1
D (vy, + Spwy) = 3 (si Hw:HQ — an + Snw;H2> — U (v, + Spwy)

1 2 24/2mCypsn

< (st = lloall” + === llval
2 Vlogn

22

Lo (1 2GR C @ 1)

2 logn Bo logn

which results in a contradiction with the assumption (3.4).

Case 2. s, € [P, \/QP] In this case, s,wy(z) > t. for x € Bp/\/ﬁ whenever n is large.
It follows from (2.6) and (3.9) that

D (vy, + Spwp)

< i 1+ 2nCi*
2 logn
2n%(k —€)?A,B,

Gl sz P [2 B0+ 21%) (=Collvnll + s M)°]

(3.12)
5 (10 200
2 logn
m(k —€)*AuBy PN —1 PN 2
~ n2telogn {50 + (E) ] P [ﬂ- (ﬂo + (ﬁ) ) *n logn]
= on(sn)-
Let 5, > 0 be the critical point such that ¢/,(s,) = 0. This yields
14 2mCE p? _ 21 (K —2522AMBM [50 N (B)ar
logn n2te n (3.13)
X exp [’/Til (ﬂg + (B>a) 52 logn} .
n
It follows (3.13) that
.o AN @+
A= meror (b (D)) =TT e
Let 14
Dy = log c (3.15)

2m(k —e)A, BB’
then (3.10) and (3.11) imply

max{D,0} —1 < 0. (3.16)
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From (3.14) and (3.15), we have
2= 2+ p)m
" Bo+(p/n)”
27rC§p2 2 P\ 2
) log (1 + Togn ) —log {27‘((% —e)?A,B, (Bo+ (2)") ]
ol (24 p)logn

2+ pu)w wDy
= Bo+(p/m)*  (Bo+ (p/n)")logn’

which together with (3.12), (3.13) implies that

Qpn(sn) < ¢n (gn)
2+ 2rCip°
= 20+ (/) ( logn )
7 [max{Dy,0} — 1] <1 271'68,02) (3.17)
2(Bo + (p/n)") logn
2+ p)r(l+e) w[max{D;,0} — 1] 27C3 p?
= 2(Bo+ (p/n)*)  2(Bo+n")logn <1+ logn ) ’

Then, from (3.12), (3.16) and (3.17), one has

_|_

2+ p)m(l+¢€) w[max{D;y,0} —1] 27C3 p?
© (v + snwn) < 3 ot (/™) * 2(By - n-)logn (1 Togn )
SRRSO

Bo
This contradicts with (3.4).

Case 3. t € {\/EP, V2(1+ E)P] Then twy,(z) > t. for € B, s and for large n € N.
It follows from (F4) and (3.8) that

D (vy, + Spwp)

< a 1+ 2nCi*
2 logn
2% (k — €)% A, B,

o et e o (280 + |2l") (~Colloal| + 50, ]
< s%

S <1 N 27708/)2)
-2 logn

e e [ (2) s [ (4 (2)") s
= Yn(sn)-
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Let 3, > 0 such that ¢/, (3,) = 0. Then

logn (14 ¢&)n?tH
X exp {7‘(‘71 (60 + (%)a) 8 logn} .

1+ 2nCop* _ 2m(x —€)*AuB, [50 + (g)ar

It follows (3.18) that

S PN @+
Jm 5= Jm 2w (S0 + (7)) =S5
Let
(1+¢)?

Dy =1
27708 2n(k —e)A BB’
then (3.10) and (3.11) imply

max{D3,0} —1 < 0.

From (3.19) and (3.20), we have

2 Ctpr { log(1 +¢) <1+ %)
" Bo+ (o/n)" 2+ 1) logn
log {277(/-@ —&)?A,B, (Bo + (%)Q)Q}
- (2+p)logn
@+pr ™Dy
= Bo+ (p/m)™ " (Bo+ (p/n)™)logn’

which together with (3.18) implies that
Vn(sn) < ¥n (3n)
27C2 p?
Lo (1 + 27“33/)2) T (1  Togm )
27" logn 2(Bo + (p/n)")logn
2+ p)m(l+¢e) w[max{Dy,0} —1] (1 27TCgp2>
~2(Bo+(p/n))  2(Bo+n"*)logn logn /)

Then, from (3.21) and (3.22), one has

2+ p)m(l+¢€) m[max{Dy,0} —1] 27C3 p?
© o) < S T+ S0 g (1 g )
PRCEIOLy

Bo
This contradicts with (3.4).

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Case 4.t € (\/2(1 +e)P, +oo). For sufficiently large n € N, the estimate twy, (z) > t.
holds for x € By, It then follows from (2.6) and (3.3) that

(v, + Spwp)
< 52 <1 N 27rC§p2> _ 27%(k —¢)*A, B,

exp (2 (Bo + [2[*) 57 My ]

-2 logn s2 M2n2+w
2r(1+¢) (1 27rC§p2>
= o+ (p/n)" logn

et 5o+ ()]
x exp [4(1+¢) (Bo + |o1”) (B + (o/m)™) ']

BYCELY

- Bo

This leads to a contradiction with (3.4). The preceding derivation exploits the fact
that the function

ﬁ 14 2mC3 p? B 2m%(k —€)?A, B,
2 logn s2 M2n2+u

exp [2 (Bo + |x]%) siMfJ

is monotonically decreasing on the interval ¢ € (1/2(1 + €) P, 00), since its stationary
points converge to P as n — o0. O

By setting e = w /||w| in the context of 2.3, the following result is established
as a consequence of Lemma 3.1.

Lemma 3.2. Assume that hypotheses (V), (F1),(F2), (F3) and (F5) are satisfied.
Then we have

sup g < (24 p)m/Bo.
keN

4. THE PROOF OF MAIN RESULT

Proof of Theorem 1.1. Combining Lemmas 2.4 and 3.2, there exists a subsequence
{ck, } C {cx} and a corresponding limit ¢ € [k, (24 u)7/Bo) satisfying lim,,_, oo ¢k, = €.

According to Lemma 2.5, we can select a subsequence {uf:} with uf: € By, such that
O(ufr) > & ||@ (e (14 ufr]) = 0. (4.1)
k

To simplify the notation, we hereafter denote u;" by ty,. Invoking (4.1), Lemma 2.4
and [10, Lemma 4.5], it follows that {i, } is bounded in E and

©(n) =& (9 (@)l g (14 l@nl) = 0. (4.2)
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Consequently, there exists a constant C5 > 0 such that ||@,||2 < Cs. In light of (F3),
(2.6), (2.10), Lemmas 2.4 and 2.5, we obtain the estimate

/ (1, * F(ii)] F(fi,)da < / (1,  F(ii)] f (i) indz < C. (4.3)
B B

Suppose that the vanishing condition holds, i.e.,

d := lim sup sup / |in|? dz = 0.
n—oo yeR2
Bi(y)

Then, Lions’ concentration compactness principle [46, Lemma 1.21] implies that
@, — 0 in L*(R?) for all s € (2,00). For any fixed € > 0, by choosing M, > MyCs /e,
it follows from (F4) and (4.3) that

/ (L, # F ()] Fi)dz < My / L, * F ()] £ (in)

| |2 Me || > M.
M,
3 [ P )] f ()i )
M,
[@n|>Me
<e
Furthermore, invoking (F2) and (F3), there exists N, € (0,1) ensuring that
L+ ()] F(tn)de
|tin|<Ne
< [l F@) s
|@n | <Ne
1
2
5 ~ ~
S o / Ly * ()] F(t,)dz (4.5)
5

B

N

y / (Iu* mn|<2+u>/2> i |2H)/2
B

VC6Coe | - (24p)/2
< WH%HQ < CeBoe.
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By taking (F1), (F3), and (4.3) into account, we have

(I, * F(ty)] F(t,)dx

< C / [, % F ()] iy |*da (4.6)

Ne<|tn|<Me

< Cy (/ (1, * F(t,)] F(ﬂn)dx> (/ (I# * |ﬂn|3) |ﬂn|3d$)

B B
< VCeCrllinl3 (24 ) = 0(1).

Since € > 0 is arbitrary, we conclude from (4.4)—(4.6) that

/ [, % F(iin)] F (@) dz = o(1). (4.7)

B

Thus, by (2.8), (4.7) and (4.2), one has
@t ]| = |la |I° = 26+ o(1). (4.8)

From (F1), (F2), (2.10), (4.3), (4.5) and the arguments in [40, (4.72)—(4.73)], we derive

_ —/[IM*F(an)]f(ﬂn)a;dx—i-o(l)

|
B
< [ s P ) a7 o
Jin | <N
+ | L F ()] f () |, |z
Na<|ﬂ[|<M5 (4.9)
+ 1ol / (L F ()] f (@) Ty dz + o(1)
Ms 1% n n n
Jn > M.
< V/Caloe + 1 g | =+ o)
< Cge +o(1),

yielding
2
@, ||” = o(1). (4.10)
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Integrating the estimates from (4.8) and (4.10), it follows that

(Rl

= [l |+ 1 [* = 28+ o(1) := 2=

(1—3¢)+o(1).

Adopting the strategy from [9], we select p > 0 such that [|V]|e/(tt — [|V]|eo) < €. Let
@," be decomposed as vy, + 2y, where v, € E(u)E and z,, € [id — E(u)]E. Analogous to
the derivation of (4.9), an application of (F1), (F2), (2.10), (4.2) and (4.3) implies that

”UnHz = <(I),(ﬂn)vvn> + / [Iu * F ()] f(tin)vnde = o(1). (4.11)
B

Hence, it follows from (4.10) and (4.11) that
i =zl = 0(1), [ Vanll; = [V2nll3 + o(1).
Due to z, € [id — E(u)])E, one has
ol = [ [Vl 4 V@)z2] do = Ao za)pe 2wl (012)
R2

which means

IV 2all3 = (1= [V ]lo0) lI2al3 - (4.13)

In view of (4.12) and (4.13), we have

2 2 2
1znll” Z IVZnllz = IV]loo l[2nll2

[Vl ) 2 _ 2 (4.14)

>\ 1= ———— | IVall 2 (1= &) [[Vznls.

( 1= Vlles 2 2

From (4.8) and (4.14), we get
linl* = [|2a® + 0(1) > (1 = &) [ Vanll3 + o(1) = (1 — &) [ Vi3 + o(1).
We then fix a parameter ¢ € (1,2) to satisfy
1+8)2%(1—38)¢?

L+ A-390 (4.15)

1—¢

In view of (F1), one can find a positive constant Cy ensuring that

FOI7 < Coexp [(1+8)q (B + |o]") ], ViR,
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which together with (1.2), (4.15) and the Young’s inequality implies that

|f (@n) |77 da

[Tn|>1
4(1 = a\ ~2
e, exp[ (1+8)a (8o +al )un}dz
2+ p
[tin|>1
1/q
A(1 4+ 5)242 ™ 2 i, 2
e o, [ 40422 Bol in (g ) w
2+ p (||
[tn|>1
1/4’
4(1 \2 .,/ «,,2
X / exp[ ( +82)_f(ix| u"} dz (4.16)
[Tn|>1

4(1 +&)%qq'reu?
2+ 4

s
< (MT,)Y4 QW/exp{

} rdr
0

1/q’

1
+27r/r(1 — r)_g"qqdr
8

- 11/d
2m(1 — &)t —epad
< (MT,)" l5exp <€q<i S}lopé)g(T)> + W] ;
re(0,

where ¢’ denotes the conjugate exponent ¢/(¢ — 1) and

. 4(1+8)%q L A1+ 8)%¢Bo |t —r®*logr
9= Zo N/ q:= o9l =———.
E2+p(g—-1) 2+ p 27
Recalling (4.16), we obtain
(L, * F(uy)] f(tn)t,dz

lin|>1
24p 2+¢L
B N (4.17)

<VCl | [ Ar@ope | [ e

Ianlzl Ianlzl

< Crolltinllagr /24 = o(1).
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Consequently, merging the results from (2.10), (4.5), (4.6), (4.2) and (4.17), one finds
that

¢+ o(1) = ®(ay,) — %<<I>’(ﬂn)7 i)

= % / [IM * F(an)] [f(ﬂn)an - F(an)] dr < e+ 0(1)
B

This contradiction establishes that § > 0. By passing to a subsequence if necessary,
there exists a sequence of translations {y,} C Z? such that

0
_ 2
n|” dz > .
[l @
Bl+\/§(yn)
Let 0, (x) = @pn(z + yn) denote the translated sequence, which satisfies
]
/ 0] da > 5 (4.18)
Bi1,v2(0)
The 1-periodicity of V(z) and f(x,u) with respect to  implies that |0, || = ||@,|| and
O(on) = ¢ [[®(Tn) ]z, (14 [15a])) — 0. (4.19)

By taking a further subsequence, it follows that ,, — ¥ in F, with ¢, — ¥ in
L*(B) for s € [2,00) and ©,, — © almost everywhere on B. In particular, (4.18) ensures
that the limit ¥ is non-trivial. For an arbitrary test function ¢ € C5°(R?), consider the
decomposition

=0t +> (deep)es, 0|7 =D 1(d.e)). (4.20)
Jj=1 j=1
Set
kn ~ oo
Gn =0 +D (de)e, =D (dre5)e; (4.21)
j=1 kn+1

For each fixed € > 0, it holds that

L % F(00))]f () dn|da

[0 |>C6 Kozl [le L (4.22)
< Ci / [1, % F(5,)]f (5)0nda < €.
6
[0n|>C6 o2l lle—!
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On the other hand, in view of (F1)—(F3) and the decompositions in (4.20) and (4.21),
it follows that

[I;L * F(ﬁn)”f@n)én‘dx
[0 |<CeKov2|d~[le!

< [/[Iu * F(fin)]F(fln)dx]

B

X / (1, * |f(5n)<5nmf(77n)q~5n|dx (4.23)

[ |<CeKov2||d~ [le—1
2+p

S C(11 |ﬁn|2u/(2+#) M;n ‘4/(2+#)d$
[ ]|<CeKov2 |~ [le~!

~ /2 7
< Cuillonlly”* | Gnllz = o(1).

By virtue of the arbitrariness of € > 0, together with (4.22) and (4.23), we conclude
that

lim [ [I, * F(,)]f () pndz = 0.

n— oo
B

Combining this with (2.10), (4.19), and [16, Lemma 2.1] we obtain

@(©).9) = [ (Vo Vo4 V(oo do— [l1, F@))f(2)oda

R2 R2

~ Jim / (Y3, Vo + V(2)3n6) da — / (L, 5 F(5)] (50) bl

n— 00
R2 R2

= lim | (D' (), dn) —/[IM*F(ﬁn)]f(ﬁn)q?ndx

n—oo
R2
= — lim [ [I, * F(,)]f () pndz = 0.
n—oo
R‘z

This establishes that © constitutes a nontrivial solution to problem (1.1). O
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5. APPENDIX

In this section, we maintain the assumption that V' (0) < 0 without loss of generality.
Condition (V) allows us to determine a constant p € (0,4/||V]|) ensuring that

2(2 + pu)wCip* < 1and V(x) <0, |z| <p, (5.1)

where the embedding constant Cy > 0 is derived from the results in [9, Proposition 2.2
and Proposition 2.4] and [10, Lemma 2.3].

Lemma 5.1. Suppose that the hypotheses (V), (F1)—=(F4), and (F5") are satisfied.
Then there exists an indexr n € N such that

2+

0] n) < 5.2
sz{){lz?e}(E* (U + sw ) By ( )
Proof. Suppose, for the sake of contradiction, that
2
max @ (v+ swy) > M, VneN. (5.3)
s>00E - Bo

For each n € N, let v, € E~ and s, > 0 be the sequences achieving the maximum
O (v + Spwy) = Maxg>g yep- P(v + swy). It then follows that

D (v, + spwy) > 2+ p)/Bo and (D' (v, + Spwy), vy + sSpwy) =0,

which yields

1
5 (2wt I = flow + sz )

1 2 5.4
,/[ * F'(vp, + spwp)|F (2,0, + spwy,) dz > m (5.4)
2 Bo
B
and
2
53 [ |” = [lon + snu |
= /[Iu * F (v + spwp))f (2,0, + spwy) (v, + sSpwy,) de. (5.5)
B
Integrating (3.5), (5.4) with (5.5), we arrive at
2 22mCopsy, 21C2 p?
CEBIT g2 o |24 22T0P0 ) < 2 (14 202 (56)
Bo Viogn logn
and
(1 N 2mC3p )
logn
(5.7)

> | [y * F(vp + spwn)]f (, 05 + spwy) (vn + spwy) d.

m\
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Moreover, (5.6) implies
2 2
@ Erum (Gt el 2VrCop
BO logn Sn \/IOE

From (3.1), (3.2) and (5.8), one has v, (x) + sp,wy, (z) > s, (M,, — 2Co) for all x € B, ,,.
According to the hypothesis (F5”), one can find a threshold ¢, > 0 ensuring that

(5.8)

K1 — €&

tF(t) > ICERED) exp [(Bo + |z|*) ], V>t (5.9)
and
f(t) = (k1 —€) exp [(Bo + |2|*) 7] (5.10)

In the following analysis, we assume that n € N is sufficiently large. By combining
(5.7) and (5.10), we obtain

2 2
s2 <1 + 2nCop” >
logn

212 (k1 — €)% A, B,
(Bo + []%)

o o [0 (1) T,

n

(5.11)

from which we infer the existence of a constant A > 0 such that
2+ ) 4Co\ ! A
2 < (7 1—— 1 5.12
n = Bo + |x|* M, + logn )’ (5-12)
which together with (5.8) yield

2
lim s? = M, lim |lv,| = 0. (5.13)
n—00 50 + |:L'|a n—o00

Similar to (5.11), one has

/[Iu * F'(vp, + snwp)|F (2,0, + spwy,) dz
B
72 (k1 — 5)2AuBu
2+ (B + [a|®)? (=Collvn | + sn M)
x exp [2 (Bo + |z|*) (—=Collval| + snMn)Q] )

Hence, it follows from (2.8), (3.2), (3.5) and (5.9), we get
V27Copsn

S N R LT
2 2" Viogn "
72 (k1 —€)?A, B, exp [2 (Bo + |x]|*) (=Col|vnll + snMn)Q]

P (B + o)’ (=Collvnll + 5,2

vV

D (v, + spwy) <

(5.14)
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In view of (5.8) and (5.12), the following estimates for s2 are established:

2+pr 2 2+ pm
ST (1)< < 1+¢).
50+|$\O‘( ) Bo + | |°‘( )
We distinguish the following cases.
Case 1.
Bo + [] Bo + |z|*

It follows from (5.6) that

[[vn] < AnCop My
s, —  logn

In conjunction with (5.6),(5.14) and (5.15), we have

s2 (1 N 27ng,02> B 72 (k1 —e)?A, B,
(

(vn + snton) 2 logn 2+ p)n?te (Bo + [x|*) logn

x exp [171 (Bo + |z|*) 52 (logn — 87C3p)] -

(5.15)

We introduce an auxiliary function ¢, (s) defined by

i - 2mC3 p? B (k1 —e)?A, B,

2 logn (24 p)nte (Bo + |2|*) logn
x exp [171 (Bo + |z|*) s*(log n — 87C3p)] -

@n(s) =

Setting C; = 8(2 + u)mC2 and letting §, > 0 be the stationary point satisfying
¢l (8,) =0, we have

2 _ 2t [1+C1+log(2+u)—log(2ﬂ(m—g)QAHB#)]+O< 1 >

" Bo+ el (2+ 1) (log n — 8C3p) log” n
and
2C2 2 27Cap>
1+21C0p 7T(1+ loon )
n(5n) < Pn(Bn) = — 22 — : : >-10
#n(sn) < on(Sn) > 2 (Bo + [2[*) (logn — 87C3p) (>:16)

Thus we have

(1 + QWC(%’)Q) 82
logn

2+ p)m { 2rCip*
= 1
Bo + || logn
Ci +log(2 + p) — log(27 (k1 — 5)214“3“)} +0 ( : )
(2 + p)(logn — 8mC3p) log”n /)

(5.17)
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Hence, it follows from (F5"), (5.16) and (5.17), we derive

24w [1 1—2(2—%—,u)7rC§,02] O( 1 )
log’n /)’

(v, + spwy) < —= | = —
( )= Bt lale |27 22+ p)logn

This result contradicts (5.3) in light of (5.1).

Case 2. 2 ) 2 -
+ p)m + p)m

_ 1+¢).

Bo + lal Bot a1

Then, assumptions (F5”) together with (5.11) and (5.13) imply that

(1 + 2Col|vnll/sn M) < S’%L <

2+ p)m 2+ur 2
71—1— 2_71+5exp4772+ Cil,
giving rise to a contradiction.
Case 3.
24 ) 24 pu)m
CEIT (1 4 ol /(2 + p)snda)] < 52 < EEIT (L agyju, /5.
Bo + |z| Bo

According to (5.6), it follows that @ < %ﬁrﬂ), which together with (F5"), (5.11)
and (5.13) yield that ' '

LT g 9 -
50+|x\0‘( +e/2) 2 o+ |z |a(1+€) o(1),
which is a contradiction.
Case 4. ( |
2+pr (ChaDis
By 1 |$‘ <s § By (1+2CO”””||/[(2+P)SnMn)],

By virtue of (5.6), we obtain

2
lowll _ 251 + p)

S CtpM, (5.18)

Taking (F5"), (5.11), (5.13) and (5.18) into account, we arrive at

2+ p)m 2 2nCE p?
—(1 2) > 1
ﬁ0+|ﬂl‘|a( +5/ )7571 + logn

S 2% (k1 — €)?A,B
Bo + |x|*

> 2+ p)m

Bo + |a|*

Eexp [-8m(2 4+ p)C3(1 4 p)?/ (2 + p)]

(1+¢),

which yields a contradiction. Combining the analysis of the aforementioned four cases,
we conclude that (5.2) holds. O
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