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NORMALIZED SOLUTIONS
FOR p-KIRCHHOFF EQUATION
WITH GENERAL NONLINEARITIES
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Abstract. In this paper, we study the existence of the solutions for the following
p-Kirchhoff equation on bounded domain

- (a + b/ |Vu|pdx> Apu+ MNulP~2u = h(u), z€Q,
Q
u =0, x € 09,

/ |u|Pdz = mP,
Q

where 2 <p < 3, a > 0, b > 0 are positive constants, h(u) is a general nonlinearity
with Sobolev subcritical growth, A,u = div(|Vu[P~2Vu) is the p-Laplacian operator,
Q C R? is a bounded domain, A € R appears as a Lagrange multiplier. First, we prove
that the equation admits a positive solution which is a local minimizer when h is
LP-subcritical or LP-critical at infinity by Brezis—Nirenberg technique. Moreover, we
get the multiplicity result by using the genus theory. Next, we prove that the equation
has a local minimizer when h is LP-supercritical. Besides, by using the Pohozaev
analysis, we prove that in this case, if € is a star-shaped domain with respect to the
origin, the equation admits a second solution which is mountain pass type. To the best
of our knowledge, this work seems to be the first contribution on the existence of
normalized solutions for p-Kirchhoff equation on bounded domain.

with prescribed mass
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the existence of normalized solution for the following p-Kirchhoff
equation on bounded domain

- (a + b/ |Vu|pdw> Apu+ MulP~2u = h(u), z€Q,
9)
u =0, x € 09,

(1.1)

with prescribed mass

/|u\pdw =mP, (1.2)
Q

where 2 < p < 3, a > 0, b > 0 are positive constants, h(u) is a general nonlinearity
with Sobolev subcritical growth, A,u = div(|]Vu|P~2Vu) is the p-Laplacian operator,
Q C R3 is a bounded domain and 0 € , A\ € R appears as a Lagrange multiplier.

The Kirchhoff equation of (1.1) is originated from the D’Alembert wave equation

U — (a—l—b/|Vu|pdx>Au:f(t,x,u), reNt>0, (1.3)
1.
Q

u('at)|aQ = Oa t> 07

which is used to describe the effects of the length of strings during vibrations, where
u stands for the displacement, Q C R3 is a smooth domain, f(z;u) denotes the
external force, the number b is the initial tension and the number a is related
to the intrinsic properties of the string. Such problems are often referred as nonlocal
since the appearance of the nonlocal term ( [, |Vu|?dz)Au, which leads the study
of (1.3) more interesting and challenging. It is well-known that (1.2) was proposed
by Kirchhoff in [15] as an extension of the classical D’Alembert’s wave equations
for free vibration of elastic strings, particularly, taking into account the changes in
string length produced by transverse vibrations. We refer to Arosio-Panizzi [2] for
more physical background. In equilibrium steady state, i.e., u; = 0, and problem (1.3)
reduces to the following form:

_<a+ bg/ Ivulpdﬂf) Bu e, v et (1.4)

u =0, x € 08,

where 2 C R3. In the past decades, there are many studies on the existence and
multiplicity solutions to (1.4) by applying the variational methods, we refer to the
papers [1, 6, 8, 9, 22, 37] and references therein.

We notice that, in the past few years, there is an increasing interesting in the study
of solutions to the Schrédinger equations, possessing a prescribed L2-norm, which are
commonly referred to as normalized solutions, we refer to [12-14, 18] and references
therein. When p = 2, there are many studies for problem (1.1)—(1.2) with Q = R3.
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For instance, in a recent paper [5], Chen and Tang investigated the existence of
normalized solutions for the following Kirchhoff equation

- (a + b/ |Vu|2dx> Au = \u+ |u[*u + plu|f%u, =€ R3,

Rd
wl?dz = ¢
|ul ;

R3

by using the Pohozaev manifold decomposition method and analytical skills. For
more earlier results for the studies of problem (1.5), we refer to Zhang and Han [35],
Li, Nie and Zhang [17], Li, Luo and Yang [16] and references therein. For more results
on normalized solutions for quasilinear problems and Kirchhoff equations, we refer to
[19, 32-34, 36, 39, 40] and references therein.

On the other hand, the existence of normalized solutions for problems on bounded
domain has recently attracted much interest. Recently, Pierotti, Verzini and Yu [23]
studied the existence and multiplicity of positive solutions with prescribed L?-norm for
the Sobolev critical Schrodinger equation on a bounded domain Q C RN, N > 3, i.e.

(1.5)

—Au=Mu+|u?2u in Q,

/uzd:c =p%, u=0 on 09, (1.6)

Q
and obtained the existence of a mountain pass solution on the L2-sphere for p > 0
small enough. In [27], Song and Zou studied the existence of multiple sign-changing
normalized solutions to (1.6) by using a new kind of linking contained in an open
set of a Hilbert-Riemannian manifold below a level set and the estimates of energies

of the sign-changing critical points. In [24], Qi and Zou considered the normalized
solutions of nonhomogeneous mass supercritical Schrédinger equations

—Au+ V(z)u+ M= |ulP~?u + plu|?%u  in Q,
/|u|2d:c =a? u=0 on 01,
Q

with potential V' (z). In [10], Jin and Zhang considered the following problem

—Au+ = puPt +ud u>0 in Q,

/quac =p%, u=0 on 0,
Q

and they proved the existence of local minimizer solution, and showed the existence
of mountain pass solution when g > 0 and €2 is a star-shaped domain, by using the
monotonicity trick and Pohozaev method. We also notice that, the following p-Laplace
equations with prescribed LP-norm
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~Ayut M~ = f(u), inQCRY,

lulPdx = p, (L.7)

Q

have been studied by several authors, where f is a general nonlinearity. When
f(u) = plul?2u + g(u) and Q = RN, Zhang and Zhang [38] used a fountain theorem
type argument, with suitable 4 € R, to obtain infinitely many radial solutions for
any N > 2 and established the existence of infinitely many nonradial sign-changing
solutions for N =4 or N > 6. When Q2 C R” is a bounded domain, in [7], Gao and
Guo studied the existence and multiplicity result, and also proved the nonexistence of
finite Morse index solution by means of blow-up analysis. In [35], Zhang considered
the following Kirchhoff equation on bounded domain

—(a+ b/ |Vul?dz)Au = Au + [ulP"%u, = €Q,
Q

/qux=c2, u =0, x € 09,
Q

where 1—34 < p < 6. By the minimization technique and the mountain pass theory, the
author proved the existence of local minimizer and the existence of mountain pass
solution. For more results on the constrained variational problems on bounded domain,
we refer to [20, 21, 29, 30] and references therein.

As far as we know, there are few papers on the study of the normalized solutions
for the p-Kirchhoff equations in the whole space RY (N > 3), after a careful literature
review. In fact, we are only aware of two papers [25, 26] considering this topic. In [25],
Ren and Lan studied the p-Kirchhoff equation

(aer/Vupd:c)Apuf(u)uuV(:c)upl, u € HY(RY),
RN

and they obtained that any energy ground state normalized solutions of (1.7) has
constant sign and is radially symmetric monotone with respect to some point in RY
by using some energy estimates; and the paper [26] is concerned with the following
p-Kirchhoff equation

(a 0 / (IVul” + |u|1’>df”> (=Dpu + [ul?~2u) = pu+ |ul*2u, x€RV,

RN
[ tudz=p.
RN

where a > 0, b > 0, p > 0 are constants, s € (Wp — 2,p*). The authors showed
that the p-Kirchhoff equation has a normalized solution using the mountain pass
lemma and some analysis techniques.
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Motivated by all of the work above, in this paper we focuss our attention on the
normalized solutions for the p-Kirchhoff problem (1.1)—(1.2) with general nonlinearity h.
Before delving into the results to motivate our research, let us highlight some novel
aspects in the study of (1.1)—(1.2) with an LP-constraint in the next arguments.
Specifically, when h is at most LP-critical at infinity, by the minimization methods,
we proved the existence of solutions which is a local minimizer. In addition, we obtained
the multiplicity of solutions by means of genus theory. While if h is LP-supercritical,
we proved the existence of solutions as local minimizer. Finally, by means of Pohozaev
analysis, we found the second solution of mountain pass type when € is a star-shaped
domain with respect to 0.

In order to find solutions to the problem (1.1)—(1.2), we turn to look for critical
points to the functional

2
a b
I(u)=— [ |VulPde + — /Vupdx —/Huda:,
=2 [ 174l 2p< Vul ) (u)
Q Q Q

on the constrained manifold
S(m) = {u e WP(Q) : /|u|de = mp},
Q

where H(u) = [} h(t)dt.
Before presenting our main results, we introduce some necessary notations and
assumptions. Qur workspace VVO1 P(Q) is the completion of C§° () with respect to

the norm )
P
lu|| = </|Vu|pdx> .

Q

The first Dirichlet eigenvalue of —A, on € is denoted by A;(€2) and ¢, is the first
eigenfunction of the problem

{AP()O1 = /\1(Q)§0}1771> T e Qa

i (1.8)
Y1 = 07 x € BQ,

with 1 > 0, [[¢1][h = mP. Moreover, p* = 33_pp
2

p = p + & is the LP-critical exponent. Throughout this paper, we introduce the

following assumptions on h:

(Hy) h e CYR), W'(t) >0 for t > 0 and h(—t) = h(t) holds for all t > 0,
(H3) there exist p < a, f < p*, and constants 1, 2 > 0 such that
W (t) K (t)

Jim s =@ =2)>0 and - lim ms = (8- 2) >0,

is the Sobolev critical exponent and

(Hj3) there exists v > p + %, such that th(t) > yH(t) for any t # 0.
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Our main results can be formulated as follows. When h is LP-subcritical growth or
LP-critical growth at infinity, we have the following result:

Theorem 1.1. Let 2 < p < 3, h satisfies (Hy), (Ha) and one of the conditions holds:

(a1) p<B<pand m>0,
(a2) B =p and m satisfies

ya

0 < max {ICC(ﬁ)mp;, QC(ﬁ)mf} <9 (1.9)

hSERS

where IC, Q and C(p) will be defined in Section 2. Then the following conclusions hold:

(i) the problem (1.1)-(1.2) admits a global minimizer for I(u) constrained on S(m),
(ii) the problem (1.1)—(1.2) admits infinitely many solutions.

When h is LP-supercritical growth, we have the following result:

Theorem 1.2. Let 2 <p < 3 and p+ % < a,B < p*, h satisfies (Hy), (H2) and
m satisfies either

ado —p B

0 < KC(a)2A () =52 me P + KC(B)(2M(Q)) 7 mPP < %, (1.10)

or

adqo —2p Bég—2p

0 < KC(a)(2M () 7 m>™ 2 £ KC(B)(2M ()7 mP~ < %, (1.11)

where C(a), C(B) will be defined in Section 2, §; = w, i € {a,B}. Then the
following conclusions hold:

(i) the problem (1.1)—(1.2) admits a local minimizer;
(i) if Q is a star-shaped domain with respect to 0 and h satisfies (Hs), then the
problem (1.1)~(1.2) admits a second solution which is mountain pass type.

Our paper is organized as follows. In Section 2, we present some lemmas and results
which are necessary to the proof of Theorem 1.1 and Theorem 1.2. In Section 3, we
focus on the case that h is LP-subcritical or LP-critical at infinity, and finish the proof
of Theorem 1.1. In Section 4, we discuss on the cast that h is LP-supercritical and
finish the proof of Theorem 1.2.

For notation convenience, throughout this paper, we use the following notations.

|| - || denotes the norm in W, *(2) and || - ||, denotes the norm in LP(Q).

— 0p,(1) denotes a quantity which converges to 0 when n — co.

B,.(x) denote the open ball with center x and radius r, B, denotes the open ball
with center 0 and radius 7.

— — and — denotes the strong and weak convergence in the relevant function spaces,
respectively.
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2. PRELIMINARY MATERIAL

In this section, we present some preliminary lemmas and results which play the key role
in proving our main results. First, we introduce the Gagliardo—Nirenberg inequality,
which is crucial in our arguments.

Lemma 2.1. Let 1 < p < 3, p < q < p*, Q C R3, then there exists a constant
C(q) > 0, such that for any u € L1(QY), the following inequality holds:

lulld < C(@IVullf |[ullg~, (2.1)

3(a=p)

where §g =
Pq

In the following, we comment on the properties of h. As in [12, 13], by direct
calculation, we know that if h satisfies the condition (H;), (H2), we have the following
conclusion.

Lemma 2.2. Let (Hy), (Hz) hold. Then:

() Timys 0 ey = 1 and i oo ey = iz,
(ii) there exists C; > 0, such that

W@ < C(jt|*t +[tP7Y), VteR, (2.2)
and for any M > 0, there exist Kyrn > Ky > 0 such that
Kaalt|* 7%t < h(t) < Ky |t|*™%t, Yt € [0, M],
(iii) there exists I > 0 such that
H(t) <K(t]* +1t%), VteR, (2.3)
and for any M > 0, there exist Kprn > Kpr2 > 0 such that
Kupolt|* < H(t) < Kmalt|®, Ytel[0,M],
(iv) if a > 3, there exists Q > 0, such that
H(t) < QIt|°, VteR. (2.4)

To obtain the multiplicity result of Theorem 1.1, we need the following results
about genus theory.

Definition 2.3. Let V be a Banach space, and a family of subsets A is defined as
A={ACV:Aisclosed, A= —A}.
Then for A C A, we define
(A) :=inf{m € N: 3h € C°(A; R™\{0})Vu € A h(—u) = —h(u)},

which is called the genus of A.
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The following assertion is crucial in the proof of Theorem 1.1.

Theorem 2.4 ([28]). Let V be a Banach space, I € CY(M) is an even func-
tional on a complete symmetric CY'-manifold M C V\{0}. Suppose that I is
bounded from below and satisfies the (P.S.) condition. Let (M) = sup{y(4) :
ACM, A is compact and symmetric}. Then the functional I admits at least
A(M) < 0o pairs of critical points. Moreover, for any k € N, let

= inf I
O = A8 ST

where
Ay ={Ae A: AC M, v(A) > k}.

Then I admits a critical point ug at level By.
In order to finish the proof of Theorem 1.2, we need the following lemma.

Lemma 2.5 ([3]). Let W be a Banach space equipped with the norm || - ||, S(m) C W
and let J C R be an interval. We consider a family I, of C'-functionals on W of
the form

I, (u) = A(u) — uB(u), p € J,

where B(u) > 0 for all w € W and such that A(u) — oo or B(u) — oo as |ju|| — oo.
Assume that here are two points wg, wy in S(m), setting

I'={y € C([0,1},5(m)) : 7(0) = wo,¥(1) = w1},
there holds, for all p € J,

Op = ;Ielfﬂ tren[g‘,}i] Lu(y(t)) > max{1 (wo), [ (w1)}.

Then for almost every p € J, there exists a sequence {u,} C S(m) such that
(i) {un} is bounded in W,

(ii) Iu(un) = op and I}, sim)(un) — 0 in W*,

where W* is the dual space of W.

Finally, we present the Pohozaev identity, which is important in the proof of
Theorem 1.2.

Lemma 2.6. Let 2 < p < 3, Q C R3 is a bounded domain, u is a solution to the
problem (1.1)—(1.2), then the following identity holds

—1 3 — 3
(a+ b Vul?) 1’7 /(x )| VulPdsS + Tpuwug + Al = S/H(u)das,
Q

o0
(2.5)

where v denotes the unit outer normal vector.
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Proof. Firstly, since u is a solution to (1.1), multiply by « - Vu and integrating on Q,
we have

—(a—&—bHVuHZ)/Apu(x~Vu)dx:/h(u)(x-Vu)dx—)\/|u|p_2u(x-Vu)dx. (2.6)
o) Q

Since u = 0 on 0, by direct calculation, we have

/h Vu)dz = /x Y (H(u))dz

/H )z - v)dS — 3/H

o0
= —3/H(u)dm
Q

and

1
/|u|p2$Vu f/xV|u|p
p
Q

1
1 /|u\p(x~y)d5—3/|u|pda: (2.7)
b o0 Q
= —§/|u|pda:
p
Q

Next, we deal with the left hand side of (2.6). For convenience, we define
9 1
V(z) = (z - Vu)|VulP~*Vu — E|Vu\pm.

By simple calculation, we have

1
divV (z) = (a - Vu)Ayu + gz V(Val?) + P

Thus, combining with (2.6), (2.7), (2.8), we have

(@ bIValp) |~ @iV + g 9(Vap)ds ;
Q (2.9)

3
_ —3/H(u)dm 1+ 2\l
p
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By simple calculation, we have

/x~V(|Vu\p)d;v: /(m'V)\Vu|pd5—/|Vu\pdiv(x)dw
Q

Q Ty)
= / |[VulP(x - I/)de3/|Vu|pdx.
o9 Q

Now, we notice that since u = 0 on 992, Vu = |Vu|v, then, we have

—/divV(x)dx = —/V - pdS
Q

oN

1
- —/(x.vu)|vuw*2(vu.u)ds+E/Wu\p(x.y)ds 210)
o0 o0

=1
=P . / |VulP(z - v)dS.
b [5}9)

Combining (2.9)-(2.10), by simple calculation, we get

—1 3 —
(a+ b]|Vul2) 2’7/|vu|p(x-y)ds+7p/|w|mx
o0 Q

= 3/H(u)dx— §)\/|u|’”daz:,
Q P

which show that (2.5) holds. O

3. PROOF OF THEOREM1.1

In this section, we consider the case that h is at most LP-critical growth at infinity, i.e.
p<a,B <por 3 =pand complete the proof of Theorem 1.1.

Lemma 3.1. Let 2 < p < 3, h satisfies (H1), (Hz), and one of the following two
conditions holds:

(i) p< B <pandm >0,
(ii) 8 =p and m satisfies

2

0 < max {/CC(p)m”a, QC(p)m”f} < %. (3.1)

Then I|g(m)(u) admits a global minimizer.
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Proof. If case (i) holds, if p < a < p, by the Gagliardo—Nirenberg inequality (2.1)
and (2.3), we have that for any u € S(m),

a

b
I(u) = = b —||Vu|?? — | H(u)d
(u) pHVUIlp+2pll ully ! (u)dz

a «
> 2Vulp - & / (luf + [ul?)dz
Q
a a(l— o — )
> 2Vulg — £ (Cl@)m 0= Va3 + C(am A5 ul )

= 9([Vullp),

where

g(t) = 2P — KO(@)yme1=02)¢9% _ (B)ymP1=05)¢B% vt > 0,
P

From the fact that p < a < p and p < 8 < p, by direct calculation, we know that
ady < pand Bz < p. Thus, we have g(t) — 0— ast — 0+ and g(t) — +oo ast — +o0.
Then we know that ¢ is bounded from below. Noticing that I(u) > g(||Vull,), we know
that I(u) is bounded from below and coercive on S(m), then I(u) admits a global
minimizer on S(m).

If p < o < p*, from (2.4), arguing similarly as above, we can also deduce that

a

1) 2 29ulf - Q [ uds
R3

i

a _ )
> JIIvall; - QC(B)ymP A=) | Vul|p*?.

Noting that 803 < p, we know that I(u) is coercive and bounded from below on S(m),
then I(uw) admits a global minimizer on S(m).
If case (ii) holds, then by 8 = p, from simple calculation, we know that 8dg = p

and B(1 —dg) = %.
If p<a< f=p, from (2.1) and (2.3), we have
a «
1)z S Vully = [ ui + ful)do
Q
a a(l— o — )
> IVully ~ K (Clayme O Tull + C(3)mP 0 Vuly™ )

iS]

a P2 a(l- o
= (&~ kom® ) 9l KC@mo - Tul-

p2
From (3.1), we know that £ — KC(p)m's > 0, thus, arguing as in case (i), we know
that I(u) admits a global minimizer on S(m).
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If p= 0 < a < p*, then from the Gagliardo—Nirenberg inequality (2.1) and (2.4),
we know that

1) 2 2Vulp - Q [ ul’ds
Q

e

Q

—0 )
> 2)VullE — oC(B)|ullp " [ Vulp

ISES]

> =||Vul2 — QC(H)m'T |Vl

~S
S

a_ chs)m”s) IVl

2
Since (3.1) holds, we know that & — QC(p)m's > 0, then, arguing as case (i), we deduce
that I(u) admits a global minimizer on S(m). O

Now, we define the infimum:

and are ready to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. To show item (i), we note that, if one of conditions (a;) and
(az) occurs, then by Lemma 3.1, we know that I(u) admits a global minimizer on S(m).
Thus, there exists a sequence {u, } C S(m) such that I(u,) — ¢ and I'| g(m) (un) — 0
as n — oo. Since I is coercive, we know that {u,} is bounded in W,"*(Q), thus, we
assume that up to a subsequence,

u, — @ in Wy P(9Q),
u, — @ in LYQ), Vg€ [l,p*),

U, — U a.e.in Q.

Since I'|g(m)(un) — 0 as n — oo, we know that there exists {\,} C R such that
I'(tn) + A |un|P~2u, — 0 in (WyP(Q))*. Thus, from (2.2), we know that

|)‘n‘mp = |<I/(un)aun>‘ + On(l)

< al|[Vu,|[h + b||Vuan,p + /h(un)undm
Q

< af| Vug[[§ + bl Vun 5 + ’C/(Iunla + [un|”)dee
Q

< al|Vunll} + bl Vun 57

« a—o s —pBé
+ K (C@IIVuallg™ funll;=% + @ Va5 a5~
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from the Gagliardo—Nirenberg inequality (2.1), it is easy to show that {\,} is bounded
in R, then, up to a subsequence, we have A, — \ as n — oo. Moreover, from (2.2)
and Sobolev embedding, we know that h(u,) is bounded in W, (£2), then up to
a subsequence, h(u,) — h(a@) in (W, *(€2))*. Assume that [Vun|b — AP as n — oo,
we have

(a+ bAP) / \VaP~2Via - Vodr + NalP~%ug = /h(a)¢dm, Vo e Wy P(Q). (3.2)
Q Q

Let -
bAP b
Jalu) = “*p [Vull? + ;/|u|pdm—/H(u)d:v.
Q R3

Then we deduce that J/, (@) = 0 and {u,} is a bounded Palais-Smale sequence of J4.
From the dominated convergence theorem, it’s easy to see that

/ B dz = / h(@)adz + on(1). (3.3)
Q Q

Since I’ (uy,) + An|tn|P~2u, — 0, one has

(@ + b[[Vun|[) V[ + Anl[unll; — /h(un)undx = on(1),
Q

passing to limit as n — oo, combing with (3.3), one has

(a+bAP) AP + A2 — /h(ﬂ)adx = 0. (3.4)
Q

Moreover, from (3.2), we have

(a+ bAP)|| Va2 + Ala]]? /h(ﬂ)ﬁdm 0. (3.5)
Q

Thus, from (3.4) and (3.5), we have
(a +bA7)(A” — [|VaF) = 0,

which shows that AP + o0, (1) = ||Vun\|g — HVﬂHg = AP as n — oo. Thus, we have
that u, — @ in W, *(Q). Moreover, I(ii) = ¢, = inf,ecg(m) ().

To check item (ii), it’s easy to show that I(u) is an even functional and S(m)
is a complete symmetric manifold in Wy?(Q). Thus, if we take V = W, *(Q) and
M = S(m), from Theorem 2.4, we know that I admits infinitely many critical points
U,k at level B, k € N, where

.= inf sup I(u).
6k AGAkueg ( )
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Then, for any k € N, take a Palais-Smale sequence {u*} such that I(uf) — 8, and
I'|s(m) (uk) — 0 as n — oo, arguing as in the proof of Theorem 1.1 for case (i), we know
that the problem (1.1)—(1.2) admits a solution uy at level S;. Thus, we can conclude
that (1.1)-(1.2) admits infinitely many solutions, u* € W, () with [|u¥|, = m for
all ke N. O

4. PROOF OF THEOREM 1.2
In this section, we consider the LP-critical case, i.e. p+ 2[—’3’2 < a, B < p*, and complete

the proof of Theorem 1.2. To this aim, we introduce the following perturbed p-Kirchhoff
problem

—<a+b/|Vu|pdx) Apu+ MulP~%u = ph(u), z€Q,
)
u=0, x € 09, (4.1)

/ |u|Pdz = mP.
Q

The energy functional of (4.1) is defined as

2
b
I,(u) = g/|Vu\pdx+2— /\Vu\pdﬂc —y/H(u)dx.
b Q b Q Q
Based on the monotonicity method originated from [3], we will show that the problem

admits a mountain pass-type normalized solution for almost every p € [%, 1].

Lemma 4.1. Let 2 < p < 3, h satisfies (Hy), (Hs2), p+ 2—52 < a, B<p*, and m
satisfies either (1.10) or (1.11), then we have

inf I,(u) <

inf I
u€D,, uelélD,, p(1),

0
where pg = 2A1(Q)mP, and
Dy, = {u € S(m) : |IVull?, < po}.

Proof. From direct calculation, we have o, 3, ad,, Sdg > 2p. Recall that ¢, is the
eigenfunction of the problem (1.8) with the norm [|¢;[|5 = mP, thus, we know that
V1[5 = A\ (Q)mP < po, which implies that ¢; € D,,. Consequently, we have

a b
L) = 2l + IVl — / H(pr)de
Q

IN

a b
IVl + 5 19 (42)

:E P i 2,.2p
pAl(Q)m + Qp()\l(ﬂ)) m? .
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If the condition (1.10) holds, by (2.1) and (2.3), we have that for any u € D,,,

IM(U) >

e

b
IVully + 5 IVl ~ [ B
Q

s

b
> 2 p 2p _ a Byd
=z SVl + 51Vl /CQ/(IUI + |ul”)dz

a b
> P 2p
> Va4 oIVl
a—«a «a —B6 8
— K(Cl@)ully=o5= [Vull®™ + C®)lully ™" |vull;*)

a P b p\2 p %mo‘ 1-6q
= @A (@)m") + 2o 20 (@)m?)* — KC(a) 2M (@)m?) (1=00)
— KON (@m?) w150
a P b P\2 % «
= ];(2/\1(Q)m )+ 2—p(2/\1(Q)m )2 = KC(a)(2M\ () m

_KC(B)(2M(Q) T m
- 2A1<Q>mp(% — KC(a)(2M(9))

ada—p

meP

po—n 2
—KC(B)M (@) ) + 00 () Pm
> Dn@m? + 22 (Q))2m2,
p p
Thus, together with (4.2), we have

S L) < (o) < inf T(u)

If the condition (1.11) holds, by (2.1) and (2.3), arguing like above, we have

a p i ul|?? — w)dzx
(W) = 2Vl + [Vl / H(u)d
a » b » 2o o
2 EX(@m?) + @@Al(mfm? — KC(a)(2M())
— KC(B) M (@) T m”
2a p 2 op( D 202 a—2p
=20 @ + (@) (5~ KO0 (9)

K@) M) mm)

2a b
p 2,12p
> ) A (Q)mP + 2p()\1(Q)) mP.
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Together with (4.2), we have
inf I,(u) <I,(e1)< inf I,(u). O

u€D,, u€dD,,

In the following, we show that the functional I,(u) possess a mountain pass
geometry.

Lemma 4.2. Let 2 < p < 3, h satisfies (Hy), (Hz2), and m satisfies either (1.10)
7 (1.11). Then there exists ¢ € S(m) such that |[V¢|[h > po and

1
= 0, 1,(2(0)) > max{T, (1) L(0)}. Vi € [2,1}

where I' = {v € C([0,1], S(m)) : 7(0) = ¢1,7(1) = ¢}.
Proof. From Lemma 4.1, we have

1

Tu(e1) < uelggm Iu(u), Vpe {27 1}

Now, we take w € S(m)NCF () and w > 0. We set
we(z) = t%w(tz), vt > 1.
Then, it is easy to see that w; € S(m). From (Hs), we have that for a.e. x € €,

L H(wi(x) _ po
t—ligloo wi(z)f B

thus, we deduce that for ¢ large enough,

/H wy(x))dx > —/\wt )P de = —Qtsw = /|w )P da.

Thus, we infer to

a b
T (wy) = EIIthHZ + %IIV%II?’ - /H(wt(x))dff

b 3(5 )
< 201wl + I VUl - F2 /\w )P da
P 2p

— —00,

if we notice that 8 > p + % implies @ > 2p. Hence, if we take ¢ = wy(z) for t
large enough, such that 1,,(¢) < 0 and [|[V¢[[} > po. Then, by the continuity of the
norm, we know that there for any v € I, there exist ¢y € (0,1) such that y(to) € 0D,,.
Therefore, we have

inf max L,(y(t)) > b p(u) > max{1l, (1), ($)}.

This completes the proof. O
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Lemma 4.3. Let 2 < p < 3, m satisfies either (1.10) or (1.11), h satisfies (Hy),
(Hz). Then, for a.e. p € [%, 1], there exists a critical point w,, of I, constrained on
S(m), which is a solution to (4.1) with some A = X,,. Moreover, if Q is a star-shaped
domain with respect to 0, there holds

(@ + bV, [[) IVl > % Q/(h(uu)% — pH(uy))de. (4.3)

Proof. 1f we take A(u) = 2[|Vul) + LHVUH?}’ and B(u) = [, H(u)dz in Lemma 2.5,

T 2p
then, combing with Lemma 4.2, we know that for almost everywhere u € [%, 1], there
exist a bounded Palais—Smale sequence {u,} C S(m) such that I,(u,) — o, and
I, |s(my — 0 as n — oo. Up to a subsequence, there exists ug € S(m) such that

Up — 1wy, 0 WP (Q),
Up = Uy, in L(Q), V1 < g <p*,

Up — Uy, a.e. in )

Arguing as in the proof of Theorem 1.1 for case (i), we know that for some u,, € W, " ()

up to a subsequence, u, — u, in W&’p(Q). Moreover, u, is a solution to (4.1)
with A = A,.
Similar to Lemma 2.6, we have

p—1 3—p 3
(@ +0l[Vuul7) 0 /(l‘ V)|V |7dS + TIIVuullﬁ + 1;)‘#|‘uu||g

0 (4.4)
=3u | H(uy,)dz.
/

Since u,, is the solution to (4.1), we have

(a4 bV ) [ Vet 12+ N2 = 1 / (). (4.5)
Q

Combing (4.4) and (4.5), we have
P p—1 P P
(o +0IVuallp) | =5—= [ @I Vuul?dS + [ Vu
o0

= 3u/ (%h(uu)uﬂ - H(uu))dx.

Q
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Since 2 is a star-shaped domain with respect to 0, we know that

/(x -v)|Vu,|[PdS > 0,
o0

then we get

(@ BV Vw2 [ (b, — pH ()i
Q
which completes the proof. O
With all of the argument above, we are ready to finish the proof of Theorem 1.2.
Proof of Theorem 1.2. To deal with item (i), by Lemma 4.1, we can define the infimum

O = inf I(u),

u€D,,

then, arguing like in Section 3, we know that there exist a Palais—Smale sequence
{un} C D,, such that

I(un) = O, I'|g@m) =0, as n — oo.
Up to a subsequence, there exist ug € S(m) such that
U, — ug, in WyP(Q),
Uy, —> UQ, in Lq(Q)7 VISq<p*a

Uy — Ug, a.e in ).

Arguing as in the proof of Theorem 1.1 for case (i), we know that u, — ug in W, ?(Q).
Hence, ug is a solution for the problem (1.1)—(1.2). Moreover,

I(ug) = inf I(u).

u€D,,
To prove item (ii), by Lemma 4.3, we take u, solving (4.1) with A = \,. Noticing
that I(u) < I,,(u) < I1(u), from the definition of o, we have
o1 <ou=1u(u,) <oy, (4.6)
from which we derive that
© Tl + o IVl < oy + e [ Hu)da
p ulle ™ 9 pllp” =04 T H ) AT
Q
Thus, combining (4.3) and (4.6), we have

3
fu/(h(uu)uu — pH(u,))dz < 2al|Vuy |2 + bV |12 < 2p0y + QpM/H(uu)dx.

p
Q Q
(4.7)
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Since h satisfies (H3), we infer to

3(v—p) 3
——p [ H(uy)dr < —p [ (h(up)uy — pH(uy))de < 2poy + 2pp | H(uy)de.

Note that W = ~d,. We have

(vdy — 2p),u/H(uH)dx <2pos,
Q

and

[Vl < oy + o [ Hu,)do

Q (4.8)
2p?

——0
767 —2p

Now, we take 1, = 1~ as n — oo and set u,, := uy,, solving (4.1), from (4.7), we have

<pa%+

Nl

lim I(u,)= lim (I, (un)+ (tn — 1)/H(un)dx)
Q

n—-+oo n—-+oo
— 1 (4.9)
- ngr-lr-loo IM" (un)
= ngr-lr-loo Op, <OL.
From [31], we have
. /
Jim [ | m) (un )«
(4.10)
=t s ({0 ) )+ = 1) [ hn)eds | <0,
oo UETuanUHZI a

where
T, = {v € WEP(Q) / luP~2uvdz = 0.
Q

Thus, from (4.8), (4.10) and (4.9), we derive that {u,} is a bounded Palais—Smale
sequence for the functional I(u) constrained on S(m). Similar to the argument in the
proof of Theorem 1.1(i), we can derive that w, — g in W&’p(Q). Moreover, g is
a solution to (1.1)—(1.2). From Lemma 4.1 and (4.6), we have

I(to) 2 o1 > I(p1) = inf I(u)=1(uo),

which shows that ug # 4. O
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