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Abstract. This paper investigates the oscillatory behavior of solutions to a class
of second-order nonlinear neutral delay differential equations with both positive and
negative terms of the form

(a(6)2(9)) — p(0)2(6) + a(B)z*(o(6)) =0, 6 = o

where z(0) = x(0) + b(0)x(7(0)). To facilitate the analysis, the equation is transformed,
via a positive solution of an auxiliary second-order ordinary differential equation, into
a binomial form. By employing the comparison and integral averaging techniques
together with the arithmetic-geometric mean inequality, we establish new sufficient
conditions for the oscillation of all solutions. The results obtained extend and improve
several existing criteria in the literature. Finally, illustrative examples are presented
to demonstrate the effectiveness, novelty, and applicability of the proposed oscillation
criteria.
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transform.
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1. INTRODUCTION

Second-order neutral differential equations with both positive and negative terms are
important tools for modeling complex systems in engineering and science, particularly
in situations where delays occur in the system dynamics, such as high-speed electrical
networks, biological population models, and mechanical systems. The inclusion of
both positive (growth) and negative (decay) coefficients allows for more realistic
and intricate descriptions of these phenomena, leading to diverse behaviors such as
oscillation or stability. These properties are crucial for understanding and predicting
the system’s long-term behavior (see [10, 18]).
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Motivated by these considerations, in this paper we focus on the oscillatory prop-
erties of solutions to the second-order nonlinear hybrid-type neutral delay differential
equation of the form

(a(0)2'(0))' = p(0)2(0) + a(0)2*(9(6)) =0, 0> bo, (E)
where z(0) = x(0) 4+ b(0)x(7(0)), subject to the following conditions:
(H1) p(0),q(0),b(0) € C([0g,00),R), with 0 < b(0) < 1, p(#) > 0, and ¢(#) > 0 for
all Z (9();
(H2) a() € C* ([0o,0), (0,00)), and « is a ratio of odd positive integers;
(H3) o(0),7(8) € C ([0, ), R), with o(0) <6, 7(0) <0, and

lim o(f) = lim 7(0) = oco.
60— o0 60— 00
Let 6(0) = min{7(0),0(0)}. As usual, by a proper solution of equation (E)
we mean a function that satisfies (F) for all sufficiently large 6 and for which
sup{|z(0)| : 6 > T} > 0 for all § > 6. A proper solution is called oscillatory if
it has infinitely many zeros; otherwise, it is called nonoscillatory.
Note that if p(f) = 0, then (F) reduces to the second-order nonlinear neutral delay
differential equation

(a(6)2(9)) + a(B)2*(a(8)) =0, 6 > 6o, (E1)
and if ¢(f) = 0, then we obtain the linear neutral differential equation
(a(0)2(8)) = p(0)z(0) =0, > . (Ez)

Therefore, we may refer to equation (E) as a hybrid-type nonlinear neutral differential
equation.

Equations of type (F) and their variants model systems in which the state at
a given time depends not only on its current behavior but also on its past states.
The “neutral” term, in which the derivative also depends on delayed versions of the
unknown function, captures these memory effects. The presence of both positive
and negative coefficients enables the modeling of feedback mechanisms within the
system. This leads to a richer variety of behaviors, including stability, instability, or
oscillations, as observed in many natural and engineered systems (see [9, 22] and
the references therein).

A central focus in the study of such equations is the analysis of the oscillatory
behavior of their solutions. The presence of positive and negative terms can give rise to
solutions that oscillate around an equilibrium point, a property of critical importance
in many physical and biological phenomena. Due to this practical significance, numer-
ous researchers have studied oscillation criteria for second-order neutral differential
equations of various forms.

In recent years, there has been increasing interest in developing and improving
oscillation results for second-order functional differential equations of different types
(see the monographs [2, 3], the papers [6, 11, 15, 20] and the references cited therein). In
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particular, oscillation criteria have been reported for second-order differential equations
with linear neutral terms in [1, 4, 9, 11, 26, 30], sublinear neutral terms in [5, 16, 17, 31]
and superlinear neutral terms in [7, 12, 13, 25, 29, 31]. Notice that all the results
mentioned in these references pertain to the case when all the non-neutral terms are
either positive or negative. This is due to the fact that for such equations, the structure
of the set of nonoscillatory solutions can be readily characterized. Consequently, various
techniques can be applied to eliminate all nonoscillatory solutions, thereby providing
criteria for the oscillation of all solutions.

However, oscillation criteria for second-order differential equations involving both
positive and negative terms remain an active area of research. The presence of
both types of terms complicates the analysis, since the structure of the set of nonoscil-
latory solutions of the hybrid neutral equation (E) is not well understood. As a result,
only a limited number of criteria have been developed to study the oscillatory behavior
of such equations.

In [9, 28, 33], the authors examined the oscillation and nonoscillation of the
first-order neutral differential equation

(@(0) — R(0)z(0 — 1)) + P(O)z(6 — 7) — Q(O)z(6 — o) =0, (Es)

using the integral averaging method and fixed-point theorems. Furthermore,
second-order neutral differential equations of the form

(r(0)(x(0) £ C(O)n(z(0 — 7)))")" + P(0)f(x(6 - 0)) — Q(O)g(x(0 — 0)) =0, (E4)

and their generalizations were studied in [8, 14, 21, 32, 35] via the comparison method
and fixed-point theorems.

More recently, in [36], the authors investigated oscillation criteria for the
second-order linear neutral differential equation

(a(0)2'(0))" + p(0)2(0) + q(0)z(0(8)) =0, 6 > 6o, (Es)

where z(0) = x(0) + b(0)x(7(0)), using the Riccati transformation technique and the
integral averaging method.

Observe that the equations considered in [8, 9, 14, 21, 32, 35] involve deviating
arguments in both the positive and negative terms, while the equation studied in [36]
is linear and contains only positive terms. By contrast, our equation (F) is nonlinear
and contains a positive delayed term together with a negative non-delayed term. There-
fore, equation (F) is fundamentally and structurally different from those previously
investigated in the literature.

Moreover, we employ a symmetry transform method, in which a positive solution
of a second-order auxiliary differential equation is used to convert the trinomial hybrid
equation (F) into a binomial form. This transformation allows a clear identification of
the structure of nonoscillatory solutions of the transformed equation. The symmetry
transform is crucial since it not only converting equation (E) into a binomial form,
but also it preserves the oscillatory character of both the original and transformed
equations.
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By employing the comparison method, the integral averaging technique, and the
arithmetic-geometric mean inequality, we derive new sufficient conditions ensuring
the oscillation of all solutions of the transformed binomial-type equation, which in turn
guarantees the oscillation of all solutions of equation (E). Three illustrative examples
are presented to demonstrate the applicability and novelty of the main results. In
particular, for one example, an explicit solution is obtained and shown to be oscillatory.

2. PRELIMINARY RESULTS

In this section, we present some preliminary results that will be needed to establish
our main theorems. We first transform the hybrid equation (E) into a binomial-type
equation using a positive solution of the related auxiliary second-order linear ordinary
differential equation

Lu = (a(0)u'(0)) — p(@)u(d) =0, 0 > 6. (2.1)
Our first lemma is a generalization of the well-known result (see Theorem 2.45
of [34]).

Lemma 2.1. Let (Hy) and (Ha) hold. Then equation (2.1) has a positive decreasing
solution on [0y, 00).

Proof. The idea of the proof is to reduce the equation (2.1) to a simpler form
u” — p(#)u = 0 and then apply Kneser Theorem 2.45 of [34]. Define the transformation

0

s=o0) = [ o

a(x)
0o

then ¢ is a strictly increasing function of . It follows that % = a(&)j—e, and hence

a(0)Lu = —

Consequently, u satisfies Lu = 0 if and only if « (as a function of s) satisfies

d?u

i p1(s)u =0, (2.2)

where
pi(s) = plo~" (s)]alp ™ (s)] > 0,

with ¢! the inverse of the (monotone) function ¢. Equation (2.2) has a positive
nonincreasing solution v = h(s) by Kneser’s Theorem 2.45 of [34], and since s = ¢(6)
is strictly increasing, it follows that (2.1) also has a positive nonincreasing solution.
This ends the proof. O
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Next, note that equation (E) can be rewritten in the equivalent form
(a(0)2'(9))" = p(0)2(0) + p(0)b(0)a(7(6)) + q(0)z (0 (0)) = 0. (2.3)
Our next result is based on an alternative representation of the differential operator
L(=(6)) = (a(6)2(6))" — p(6)=(8), (2.4)
in terms of a positive solution u(f) of (2.1).

Lemma 2.2. Let u(f) be a positive decreasing solution of (2.1) on [0y, 00). Then the
operator (2.4) can be expressed as

L(2(0)) = ﬁ <a(e)u2(9) (iigi) ) . (2.5)

Proof. Differentiating the right-hand side of (2.5), we obtain

L(2(0)) = @) (a(0)u(0)2'(0) — a(0)z(0)u'(0))’
= (a(0)2'(0)) — (a(O) I@
= @) 0) ~ (@) 2P

= (a(6)2'(8))" — p(6)2(8),

where we have used the fact that u(0) is a positive solution of (2.1). This completes
the proof. O

Lemma 2.3. Let u(f) be a positive decreasing solution of (2.1) on [0y, 0). Then
equation (E) can be written in the form

(n(O)' () + u(@)p(0)b(6)x(7(6)) +u(6)a(8)z (o (6)) = 0, (2.6)

where

n(6) = a(6y2(8),  p(6) = u%

Proof. Combining (2.3) with (2.5), we immediately obtain (2.6). This completes
the proof. O

For our investigation, it is convenient to assume that (2.6) is in canonical form, i.e.

Vi 1 Vi 1

Next, we establish the structure of nonoscillatory solutions of (2.6) under condi-
tion (2.7).
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Lemma 2.4. Let u(f) be a positive decreasing solution of (2.1) on [0y, 00) satisfy-
ing (2.7). If z(0) is a positive solution of (E), then the corresponding function u(0)
satisfies

u(0) >0, (@) () >0, @O () <0 (2.8)
for all 0 > 0, > 0.

Proof. Let x(6) be an eventually positive solution of (E), i.e. (0) > 0, z(c(6)) > 0,
and z(7(0)) > 0 for all > 6, for some 6; > 6. Then, by definition, z(6) > 0 for all

0 > 6y. Since u(0) > 0 for all § > 6, it follows that u() = g > 0 for all 6 > 6.

From (2.6), we have (n(8)x/(6)) < 0 for all # > ;. Moreover, by condition (2.7),
it follows that n(6)u'(0) > 0 for all > 6. The proof of the lemma is complete. [

In view of (H1), let us make an additional assumption that

<1, (2.9)

where u(6) is a positive decreasing solution of (2.1) on [0, 00).

Lemma 2.5. Let u(f) be a positive decreasing solution of (2.1) on [0y, 00) satisfying
(2.7) and (2.9). Then

2(0) > w(O)F(O)u(0), 6> 0, > by, (2.10)
where
F©O) = 1- b))
Proof. From the definition of 1(8) and its monotonicity, we have
w(0)p(0) = z(6) = x(6) + b(0)z((0)).

Thus,
2(0) = u(0)p(0) — b(0)u(r(6))u((6))

and therefore,

o) 2 u(6) (1-00) "7 o),

which proves the result. O

Before stating and proving the next result, let us define
Q1(0) = w(0)b(0)p(0)u(7(0))F(7(0)), Q2(0) = u(f)q()u”(c(0))F*(a(0)),

1
——ds, F(0) >0,

B
S
\Qz

where 61 > 6.
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Lemma 2.6. Let u(f) be a positive decreasing solution of (2.1) on [0, 00) satisfying
(2.7) and (2.9). Then, equation (E) is oscillatory provided that

(0)1'(0)) + Qu(O)u(7(6)) + Q2(0)u*(0(6)) =0, 0 > by, (2.11)
is oscillatory.

Proof. For the sake of contradiction, assume that () is an eventually positive solution
of (), i.e. z(8) > 0, (7(0)) > 0, and z(c(f)) > 0 for all § > 6; > 6. Then the
corresponding function z(6) > 0 for all > 6. By Lemma 2.4, we have u(6) = Zgz)) >0,

and it satisfies condition (2.8) for all § > ;. Using (2.10) in (2.6), we obtain that u(6)
is a positive and increasing solution of
(n(0)1(9)) + Q1 (O)u(7(6)) + Q2(8)n"(0(9)) < 0.

However, by Theorem 2 of [23], the corresponding equation (2.11) also has a positive
solution, which yields a contradiction. This completes the proof. O

3. OSCILLATION RESULTS

In this section, we derive oscillation criteria for equation (EF) with the help of equa-
tion (2.11). We begin with the following theorem.

Theorem 3.1. Let u(f) be a positive decreasing solution of (2.1) on [0y, 00) satisfying
(2.7)and (2.9). If

/Ql(ﬁ) df =00 or /Qg(@) df = oo, (3.1)
Ao 0o

then equation (E) is oscillatory.

Proof. Assume, for the sake of contradiction, that 2(6) is an eventually positive solution
of (E), ie. z(0) >0, z(7(6)) > 0, and z(c(f)) > 0 for all § > 64, for some 6; > 6.
Then the corresponding function satisfies z(6) > 0, z(7(6)) > 0, and z(c(6)) > 0 for
all 0 2 91.
From Lemma 2.4, the function p(0) = igzg > 0 satisfies condition (2.8). Since p(0)
is increasing, there exists a constant M > 0 such that u(6) > M for all § > 6 > 6.
Using this in (2.11) and integrating from 65 to €, we obtain

0
/(MQl(S) + M®Q2(s)) ds < n(02) i’ (02) — n(0)'(6).
02
As 0 — o0, it follows that
[ (MQu(®) + M7Qu(6)) a8 < (62 (52) < .
02

which contradicts (3.1). Hence, the proof is complete. O
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Remark 3.2. Note that the condition (3.1) in Theorem 3.1 is independent of a and the
deviating arguments 7(6), o(f) and therefore, it applies to linear, sublinear, and
superlinear equations, as well as to both delay and advanced-type differential equations.

In the following, we present several oscillation criteria for equation (E) when
condition (3.1) fails to hold.

Theorem 3.3. Assume a =1 and let u(f) be a positive decreasing solution of (2.1)
on [0y, 00) satisfying (2.7) and (2.9). If

0
1
lim inf / Qu(5)(5(s)) ds > —, (3.2)
0—r o0 e
5(0)
then equation (E) is oscillatory.

Proof. Assume, for the sake of contradiction, that 2(6) is an eventually positive solution
of (E), i.e. z(0) > 0, z(7(#)) > 0, and z(c(f)) > 0 for all § > 6; > 6. Then the
corresponding function satisfies z(6) > 0, z(a(6)) > 0, and z(7(0)) > 0 for all 6 > 6;.

From Lemma 2.4, the function u(6) = i(z) > 0 satisfies condition (2.8). From the
monotonicity of n(8)u’(0), we obtain
[ () ()
(o) > [T ds > aoyno)n 0), (33)
01
and hence ,
(M(9)> _ QOnO0)w'(6) -6 _
Q(6) n(0)$2%(6) ’
which implies that % is decreasing.
Now, from (2.11), we have
(n(0)1'(8)) + Q1 (O)u(7(6)) + Q2(8) (o (6)) = 0. (34)
Since §(0) = min{7(0),0(0)} and u() is increasing, it follows from (3.4) that
((0)4'(0))" + Qa(0)u(5(9)) < 0. (3-5)

Combining (3.3) with (3.5) and letting w(f) = n(0)u'(8), we see that w(f) is a positive
solution of the inequality

w'(0) + Q(6)2(5(0))w(4(F)) < 0. (3.6)

However, by Theorem 2.2.6(i) in [18], condition (3.2) implies that inequality (3.6) has
no eventually positive solutions, a contradiction. Hence, the proof is complete. O]
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Theorem 3.4. Assume o =1 and let u() be a positive decreasing solution of (2.1)
on [0y, 00) satisfying (2.7) and (2.9). If

lim inf 2(5(6)) / Qs(s)ds > 7, (3.7)
6

then equation (E) is oscillatory.

Proof. Suppose, on the contrary, that x(6) is an eventually positive solution of (E),
that is, (0) > 0, z(7(6)) > 0, and x(c(8)) > 0 for all 6 > 6; > 6y. Proceeding as in
the proof of Theorem 3.3, we see that

satisfies condition (2.1) and the inequality

!
(n(0)u'(9)) + Q3(0) u(6(0)) < 0. (3.8)
However, by Theorem 3 of [24], condition (3.7) implies that 1(8) is oscillatory, which
is a contradiction. Hence, the proof is complete. O

Theorem 3.5. Assume that « = 1 and let u(f) be a positive decreasing solution
of (2.1) on [0y, 00) satisfying (2.7) and (2.9). If

lim sup {Q((Sl(@)) / Q3(s) Q(s) Qd(s))ds (3.9)
01

66— o0

0 %)
4 / Qs(5) Q(3(s)) ds + Q(5(0)) / @3<s>ds} > 1,

5(0) )

for some 01 = 0y, then equation (E) is oscillatory.

Proof. Suppose, to the contrary, that () is an eventually positive solution of (E),
that is, z(8) > 0, z(7(0)) > 0, and z(c(#)) > 0 for all § > 6,, for some 6; > 6.
Proceeding as in the proof of Theorem 3.4, we see that

z(0)

w() = ) >0

satisfies condition (2.8) and inequality (3.5) for all 6 > 6;. Integrating (3.5), we obtain

1 %)
6
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Integrating once more yields

/ /Q3 (s1) ))ds1ds

1 oo
/ /Q3 s1) p(6(s1) d81d8+/77(59/ )) ds1 ds.
By integration by parts, we obtain
0
H(0) > [ Qa(s) 2s) u(5(s)) ds + 6) [ Qals) u(3(s)) ds
01
Hence,
6(0) ]
u(6(9)) > / Q3(s) Q(s) n(0(s)) ds + Q(6(0)) [ Qs(s) u(0(s))ds
6, 5(6)
0) [ @als) n(o(s)) ds
0

Since () is increasing and p(6)/2(6) is decreasing, the inequality becomes

(0)

#(5(6))
H(6(0) 2555 [ Qo) 0s) 269 ds

+ u(3(0)) / Q3(5) A3(s)) ds + Q3(0)) u(6(9)) / Qa(s) ds
]

Dividing through by u(6(8)) yields

6(0) 0 o

/ Qs () ds+ [ Qals) 2A5(s)) ds + 2(6(6)) [ Qats) ds,
5(0) 0
which contradicts (3.9). Hence, the proof is complete. O

Next, we derive an oscillation condition for equation (E) in the case o > 1.
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Theorem 3.6. Assume that 3 is a ratio of odd positive integers such that o > 3 > 1,
and let u(f) be a positive decreasing solution of (2.1) on [0y, 00) satisfying (2.7)

and (2.9). If
[ o @06 0
9/77(0)9/@4(3) 2 (s) dsdf = oo, (3.10)
where
Qa(0) = <Q717§9)> <Q727£€)> o T = Z:? N2 = i—i’ (3.11)

then equation (E) is oscillatory.

Proof. Assume, on the contrary, that x(#) is an eventually positive solution of (E), i.e.
x(6) > 0, z(7(9)) > 0, and x(c(9)) > 0 for all § > 6, for some 01 > 0y. Proceeding as

in the proof of Lemma 2.6, we see that p(0) = igg; > 0 satisfies condition (2.8) and

the inequality

((0)'(0)) + QO)u(T(6)) + Q2(0)n*(0(6)) < 0.
Since p is increasing and §(6) = min{7(6), 7(6)}, we obtain

(n(0)'(8))" + Q1(O)u(3(9)) + Qa(8)n"(5(9)) < 0. (3.12)
Using the arithmetic-geometric mean inequality

myr + m2y2 = yitys®,  y1,y2 >0, (3.13)

with 7; and 72 as in (3.11), and taking
yi =107 QO P (6(0)),  y2 =y Qa()u P (8(9)),

we obtain
Q1(0)'~7(8(6)) + Q2(0)u*~7(5(0)) = Qa(8)- (3.14)
Substituting (3.14) into (3.12), we get
(n(0)'(8)) + Qa(0)1”(5(9)) < 0. (3.15)
Since p(0)/2(0) is decreasing, inequality (3.15) implies

Q9(8(0) 4

((0)1(0)) + Qa(6) @) " 0) <0, 0>6. (3.16)
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Integrating (3.16) from 6 to co, we obtain
[ 9°0(s) 4 ,
= <
[ @ =g s s <o),
0

or equivalently,

L[ 9000) ()
— < .
75 | 4O G <
0
Integrating this inequality from 6; to 0 gives
1 %) 0 ,
/7/ 1)) d$1d3</ IU’B(S) ds
() (s1) S rPs)
_ W) )
Sop-1 -1
As 0 — 00, we obtain
[ 1] 98%(s) 1=5(8,)
i <2 V7
/ 0/ Q(s) dsdf < 1 < 00,
0, 0
which contradicts (3.10). Hence, the proof is complete. O

We conclude this section with the following theorem for the case a < 1.

Theorem 3.7. Assume that ~y is a ratio of odd positive integers such that 1 > v > a,
and let u(0) be a positive decreasing solution of (2.1) on [0y, 00) satisfying (2.7)
and (2.9). If

/ Q1 (5(6))Qs (0) dO = oo, (3.17)
0o
where N o1\ )

then equation (E) is oscillatory.

Proof. Assume, on the contrary, that z(0) is an eventually positive solution of (E);
that is, () > 0, z(7(8)) > 0, and x(c(0)) > 0 for all > 6;, for some 6; > 6.
Proceeding as in the proof of Theorem 3.6, we arrive at (3.12) for all § > 6;.

Recall the well-known arithmetic-geometric mean inequality

myr + m2y2 = yitys®,  y1,y2 >0, (3.19)

where 11 and 72 are chosen to satisfy (3.18).
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Now, setting

y1 =07 'Qu(0) ' T7(5(0)),  y2 =m3 " Q2(0) ¥ (8(6)),

in (3.19), we obtain

Q1(6) 117 (5(6)) + Qa(6) >~ (5(60)) > (Qf’)m (Qf))m .

Using (3.20) in (3.12), we get
(n(0)1'(0))" + Qs(6) w7 (5(9)) < 0.

Now, applying (3.3) in (3.21), we find

(n(0)'(8))" + Q5(6) Q7 (5(6)) (n(6(6))1'(6(6)))" <0, 6> 61,

Since §(0) < 6 and n(0)u'(0) is decreasing, it follows that
(O 0)) +Qs(0) 2 (6(0)) (O} (9))" <0, 0>y,

Dividing by (77(9)//(9))7 and integrating from 6; to 6, we obtain

0 0 ’
s)Q7(0(s))ds < — n(s) (s ) ds
01/Q5< ) 0(3()) ds < / )
_ @)K 6) " (@) 0)”
- 1—vy l—y

(3.20)

(3.21)

(3.22)

Letting 8 — oo in (3.22) yields a contradiction with (3.17). This completes the proof.

O

Remark 3.8. Theorems 3.3 to 3.7 are new and complement several known oscillation
criteria for second-order nonlinear neutral delay differential equations. In particular,
they unify oscillation results for both linear and nonlinear equations with mixed

arguments.

4. EXAMPLES

In this section, we present three examples to demonstrate the importance and novelty
of the main results. In the first example, we provide an explicit solution for the

considered equation.
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Example 4.1. Consider the second-order hybrid neutral delay differential equation

2 244
0—21‘(9) + (92;—2 ) x(@—27)=0, 0 >3m, (4.1)

2"(0) —
where z(0) = z(0) + x(0 — ).

The corresponding auxiliary equation (2.1) takes the form

2
u”(0) — Q—QU(G) =0, 6>3n. (4.2)
The function u(f) = 6! is a positive decreasing solution of (4.2), and n(f) = 4
satisfies condition (2.7). Further calculations show that
1 1 63
Q0) = —.
0) =3

0 —2m 1
0@O)=0-2m, Q0)~ o7, Q) =~ 5+ o,

F0) = ———
0= s
It is easy to verify that condition (3.7) becomes
o) T
S SR A PR
s 4

lim inf
M 3 452
)

which implies that condition (3.7) holds. Therefore, by Theorem 3.4, equation (4.1) is
oscillatory. In fact, x(0) = sin 6 is one such oscillatory solution.

Example 4.2. Consider the second-order hybrid neutral delay differential equation

! 1
03/22'(0)) — ——=x(0) + qof z°/3(0/3) =0, 06>1, 4.3
(622/0)) = 5 5e(0) + b 2™ (0)3) (4.3)
where 2(6) = z(0) + 22(6/2) and go > 0 is a constant.
The corresponding auxiliary equation (2.1) takes the form
(4.4)

(2 (0)) - ﬁu@) —0, 6>1.

The function u(f) = 1/6 is a positive decreasing solution of (4.4), and n(f) = %

satisfies condition (2.7). Further calculations show that

Q1(0) = 307572 Qa(0) = qo /3.

F0) =3, 00)=0/3,

Choose 5 = 7/5 so that 5/3 > 7/5 > 1. Then n; = 2/5, 7, = 3/5, and
8/5 4

a0 -a"(3)(5) # =i
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Condition (3.10) becomes

o0

/5 (1/24)1/5 2 Sdsd = —— > (1/24)° 3/5/ L

1

CD

which shows that (3.10) holds for all ¢o > 0. Hence, by Theorem 3.6, equation (4.3) is
oscillatory for all gg > 0.

Example 4.3. Consider the second-order hybrid neutral delay differential equation
1
(02'(0)) — 57(0) + @z /3(0/2) =0, 0>1, (4.5)

where z(0) = z(0) + ;x(0/3) and g9 > 0 is a constant.
The corresponding auxiliary equation (2.1) takes the form

(0u'(9)) — Zu(0) =0, 6>1. (4.6)

The function u(f) = % is a positive decreasing solution of (4.6), and 7(f) = % satisfies
condition (2.7). Further calculations show that

Q(0) = 20712,

FO)=1 50)=6/3 Q0)=1ors. -

Choose v = 2 so that 1> 2 > . Thenn = 2, no = 2, and

5

3/5
1/5 2/5 (D _ 2
Qs(0) = 45" (3)"" (33)” (3) AR ULS S

Condition (3.17) becomes

o0 INY5 715\ 2/5 3/5

/q3/5 — —5 § 0~15dh = o
2 32 3

1

which shows that condition (3.17) holds whenever gy > 0. Therefore, by Theorem 3.7,
equation (4.5) is oscillatory.
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5. CONCLUSION

In this paper, we established new criteria for testing the oscillation of solutions of
hybrid second-order nonlinear neutral delay differential equations. These criteria were
obtained by first transforming the studied equation into a binomial form and then
applying the integral averaging method together with the arithmetic-geometric mean
inequality. Through illustrative examples and appropriate remarks, we have shown that
the obtained results are novel and complement the existing oscillation theory of neutral
differential equations. Furthermore, none of the known results in [8, 14, 21, 32, 33, 35]
are directly applicable to equations (4.1), (4.3), and (4.5) in order to deduce their
oscillatory behavior. Finally, we propose the following possible directions for future
research:

1. Extend the results of this work to the case when condition (2.7) fails to hold.
2. Develop oscillation criteria similar to those in this paper without relying on the
solution of the auxiliary equation (2.1).
3. Investigate the oscillatory behavior of the following hybrid nonlinear neutral
equation:
! [
(a(0)2'(0))" + p(O)z(0) — q(0)z*(a(9)) = 0,
where z(0) = z(0) + b(0)x(7(0)).
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