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Abstract. We study the nonlinear elliptic system:

u € Wol’p(ﬂ) : — div(a(z)|VulP~2Vu) + u = — div(a(2)u| VY [P2VY)+ f(2),
Y e WP (Q) : — div(a(a)|Vi[P2Vy) = u?
in a bounded, open subset of RY for N > 2 and 2 < p < N, where f satisfies:

)7 N
0/ feLtV@), p=gt

a € L*>(Q) is a given function such that there exist «, 8 € R satisfying
O<a<alx)<p, zeq.

We prove the existence of weak solutions in [Wol P(£2)]? under the assumption

2
0<f<1l——.
D
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1. INTRODUCTION

In this article, we are interested in the existence of weak solutions of the nonlinear
elliptic system

0<ueW,”Q):
— div(a(2)|Vu[P72Vu) + v = — div(a(z)u|Vy[P2VY) + f(), (1.1)

0<¢ eWyP(Q): - div(a(z)| VY [P~2Ve) = uf,
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where € is a bounded, open subset of class C' of RY and N > 2, under assumptions:
2<p<N,

0< f(z) € L (),

0 e (0, 1- ;) , (1.2)

_ Np
-

and

for p* and (p*)" given by

_ Np
~ Np—N+p

*

p

®")
There exist two positive constants a and § such that
0<a<alx) <p.

We note that, since 2 < p < N we have p* > 2 and

2 _Np—2(N—p)_N(p—2)+2p_p—2+ 2
Np Np p N’

9<1——*
D

Remark 1.1. In the case p = 2, the assumption (1.2) reads § < 2, already given in [5].

The problem is connected with chemotaxis systems of PDEs, where two parabolic
equations describe the evolution of a biological species and a chemoattractant that
orients its movement. The parabolic system has been widely studied from the early
1970s, after the pioneering works of Keller and Segel [13] (see, for instance [1, 11, 12, 17]
and references therein for more details). In [13], the diffusion is linear and the chemoat-
tractant coefficient is constant, whereas we consider nonlinear diffusion given by the
p-Laplacian and non-constant chemotactic coefficient. Related problems have also been
studied in [10] and [19].

Parabolic chemotaxis system with p-Laplacian have been recently studied in [15, 20]
and [18], among others.

In [5], the system is analyzed for p =2, < % and f € L™(Q) for m > 1:

B Ifm:1’“EW(%’q(Q)ﬁLT(Q)’fOT1<q<%and1<r<—NJX2.

~Ifl<m< 2 ue Wy™(Q) for m, = 1\7/n+]\7{n

SIS <m < §ue W)

~Ifm > ue Wy (Q) N Le(Q).

After [5], the elliptic system with linear diffusion has been studied in several works;
see, for instance [6-9, 16].

Since the data of the problem belong to Lebesgue spaces, we study the problem in
terms of weak solutions.
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Definition 1.2 (Weak formulation of the problem). (u,1) € Wy (Q) x W, (%) is
a weak solution of (1.1) if

u| V[Pt e LF' ()
and

a\xT

()| VulP2VuVo + [ ww = [ a(z)u|V[P2VyVo + [ fo,
[] /
@) VP 2veve = [y,

2 Q

for all (v, @) € Wol’p(Q) X WoLp(Q)-

/
J

e~

Remark 1.3. Notice that, since v, € W'P(Q) and p < N, we have v, € LP" (Q),

and
1
(p*)’
1% < el ey | [ 17
Q Q
Notice that
1 *
P)o=——0=-—L0<20<2<p",
1-— ' p*—1

which implies Wy ** () ¢ L@’ (Q) to deduce that

/ [l
Q

is well defined.

The article is organized as follows. In Section 2 we approximate the functions f, u?
Up
1+L1u,
of the sequences {u,} and {1, } in the appropriate spaces. In Section 3 we obtain
the weak convergence of the approximate solutions to the weak solution of (1.1) in the

sense of Definition 1.2. The result is stated in Theorem 3.6.

to obtain the boundedness

6
and u in the chemotactic term by 7 +f T 1 +ufu9 and

2. APPROXIMATED PROBLEM

Let fo(z) = 5 +f L(?(x) In this section we consider the approximated problem:
— div(a(@)|Vun|[P"2Vu,) + up = — div (Wwwnf’—szn) + (),
Lo

— div (a(2)| Vi, [P 2 Ve,) = —2—.
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Weak formulation of the approximated problem reads as follows:

Definition 2.1. (u,,¥,) € [W,P(Q)]? is a weak solution of (2.1) if it satisfies

/a(x)\VunV’_ZVun - Vo + /unv = / m\wjnv’—?vw -V

J J z 1+%un
(2.2)
+ [ fa(@),
/
0
[ @IV 90,ve = [ (2:3)
Q Q non

for all (v, ) € Wol’p(Q) X Wol’p(Q)-

Since f(z) > 0, we have

f(z) nf(x)

1+ 1@ ntf@ ="

We use the solution of the approximated problem and its weak formulation to
obtain the appropriate a priori estimates of the approximated solution to pass to the
limit. We first prove the existence of weak solutions to (2.1).

Lemma 2.2. There exists a solution (uy, V) € Wy () x WP (Q) to (2.1).

Proof. We define the operator S,, : LP(2) — LP(Q) as the composition 7, o F,, where
Fn(T) = £ such that & is the solution of

r)°

. _9 .
= div(a(z)|VE[PT7VE) = TW (2.4)
and 7,,(£) = Z such that
ZeW,P(Q): — div(a(z)|VZ[P2VZ)+Z
2.5)
iy (292 g2 1) (
= - div (5575 1ver2ve) + A5
Since % € L>°(9), there exists a unique & € W, *(€2) which proves that F,
is well defined. We note that, using £ as test function in (2.4), we get
ol [VE|IT o) < nlléllrr@) < nCiplVE| L)
where C} ,, is the constant of the embedding W?(Q) C L'(Q2). We have
O, 15T
n P
IVEllLe (o) < { l’p} : (2.6)
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To prove that 7, is well defined we note that a fixed point argument gives the
existence of solutions of (2.5) by using the following application:

R:LP(Q) — WyP(Q)
where R(V) = Z and Z is the solution of the problem

—div(a(2)|VZP72VZ) + Z = — div (‘Z()Vfl” 2V£>

=14 @7
W |
1+ %f(x)
Since v
p—2 p N
T%‘V'Wﬂ V¢ € [LP (Q)]
and fa)
z oo
71+%f(m) € L>(Q)

we have that there exists a unique Z € Wy"*(Q) such that R(V) = Z. We use Z as
test function in (2.7) to obtain, after some computations:

/|VZ|p /22 < n5!|vgp—1|v2| +/1f§)($)z

Q

then, thanks to Holder’s inequality we obtain

n / VP11V 2] < nBIVENs oy IV 2] ooy

and then by Young’s inequality

1 =1p o (B) el p flx)
a(l p)Q/WZ +Q/Z < o e Q/Vﬂ +Q 1+%f(x)z.

Notice also that

and then we claim that
. ' (nB)”’ 1
@ \vzv’ /Z a_%% / VEP + Snlel.
Q
Thanks to estimate (2.6)7 we obtain

’ P
~ 1 ~ p’ p C p—1 1
%/IVZV’JF 5/22 <o 50 [”1?] + 5n°19.
D «@
Q Q

p/
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We apply the Schauder fixed point theorem to obtain the existence of a solution of (2.5)
that we denote by Z. To see that 7, is well posed, we have to prove the uniqueness
of (2.5). We denote by A the differential operator

A(Z) = — div(a(z)|VZIP2VZ) + Z
and assume there exist two solutions Z; and Zs such that

Z1 Zy
L+ HZ)| 14 12,

A(Zy) — A(Zs) = — div (a(m) { ] |vg|P2vg> . (2.8)

For s € R, we define
Tk (s) = max(—k, min(s, k)). (2.9)

We use Th,(Zy — Z3) as test function in (2.8) to obtain after some computations:

o / Y (Z = Zo)F + /(21 2T (71 — Za)

|Z1722‘<h Q

Z Zs _
< T — VEPIV(Z, - Z
_Q/a@c) i e Ve - )

A Zy ] 1

< alx — VEP—H\NV(Z, — Z
< [ 0| | Ve - 2
‘Z1722|<h

<h8 / VeV (Z) - Z)]

|Z17Z2‘<h
p (hfB)7o1
ca ¥ [ gt [ vz

‘217Z2|<h \Zleg|<h
We subtract the last term in the right-hand side to obtain

o
= / V(21 = Zo)|P + /(Z1 — Z2)Th(Z1 — Z2)
{|Z1722‘<h} Q
o (Bh)7T
< 04_77([3 ), [VEP.
{1Z1-22|<h}
Dividing by h and eliminating the term
o)
s [ vz
|Z1—Z2]<h
we deduce
1 ya
1 _p hr—1f3p1
7 /(Zl = Zo)Th(Z1 — Z2) <a” v Tﬁ / |VEIP.
Q |Z1—Z2|<h
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We take the limits as h — 0 to obtain
.1
}}1}% E (Zl — ZQ)Th(Zl - ZQ) =0.
Q
Since 1
lim & 5T, () = |s],
we obtain
/ ‘Zl - ZQ| = 07
Q
which proves the uniqueness of solution of (2.5) and that 7, is well defined.
We use Z as test function in (2.5):
IVZP+ | 2% = / VEPAveEvZ /72
/||/ g Ve ez [ he
Then
a/ vz + /22 < nﬁ/ Ve vz + / S (2.10)
= f(z

Q Q Q Q
We apply Hélder’s inequality to the term

ng [ [VEFVZ]
/

to obtain

nf / VP V2] < nBIVELs e IV 2Ly

and replace
HV£HLP Q)
by (2.6) to deduce

—1

_ nCi, |71
w8 [ 1vep=1921 <8 | "2 ] V2l
Q

Notice also that

@), %n2|ﬂ| + %/ZQ.

1—|—%f(x)
Q

Q
We replace into (2.10):

1
P

/|v2|p /Z2<n2601p /|VZ|” !
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We apply Young’s inequality to the term

=

n2501,p /|VZ\”
o

Q

as follows:

1

2 ’ » 2 P’
n"BC1p /\VZP’ < a—%l [nﬂC’LP] + g/|vz‘ﬂ_
«@ p

Then

, 2 '
o [rvzp+ /22 <ol {”ﬂcﬂ + Luayg,
Q

Therefore, S, : LP(Q) — LP(Q) satisfies
Sn(LP(Q)) € B, (0),

where B,(0) is the ball in Wy"*(€2) centered at 0 with radius p such that

o F [n2801,77 1
p_P & {"ﬂlp} + 2|9
o o 2

Since the embedding WP(Q) into LP(Q) is compact, we have that S, (LP(Q)) is
a relatively compact set of LP(§2) and therefore there exists at least a fixed point of .S,,.
From the estimates we also have that Z € W, "*(Q) and there exists £ € W, () such
that (Z,¢€) is the solution of (2.1). This completes the proof. O

The following estimate plays a fundamental role in our approach, as in [3].

Lemma 2.3. Let (up, ) be the solution to (2.1) given in Lemma 2.2. Then

/\un\ < /f- (2.11)
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Proof. We follow [3], and we use T}, (u,,) as test function in (2.2) to obtain after some
straightforward computations:

/ o(@)|Vun P + / wunTh (i)

|un|<h Q

_ﬁ/1+| 1"|' V9 o |+/ L T (un)

Q
S‘gt/ —J%ﬂ—4vwnplwmu+i/ T )

< hf / |wn|1f’*1|wn|+/1
Q

|wn|<h

f}lfTh(un)

th’ o f
<a o= Vb, |P + — / Vuanr/iT Up).
<o 50 [ s [ vl J Tt

‘un‘<h ‘un|<h

We subtract the term % f‘u <h |V, [P from both sides of the inequality to obtain

/hp,
Z% / |Vun|”+/unTh(un)§ g / V|

|lun|<h Q |un|<h

We divide by h and eliminate the positive term

«
-~ / |V’U,n‘p
|un|<h
to obtain
. T<><““%6ﬂ/vww+1/fT<>
— P p— — .
h UnLp(Un) S O p, n h nLhUn
Q Q Q
Since

1 1
lim EsTh(s) =l|s| and E|Th(s)| <1,

h—0

taking the limit as h — 0, we get

i [ = [lwl< [ 5= < [
Q

1
Q Q Q "

This completes the proof of Lemma 2.3. O
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Lemma 2.4. Let (uy,¥,) be the solution to (2.1). Then u, > 0.

Proof. Here we follow [2]. Let h > 0 and T}, as defined in (2.9) and (-)_ the negative
part function defined as (s)— = —s if s < 0 and 0 otherwise.
We use Tj,(—(un)—) as test function in (2.1) to obtain, after some computations:

o / Vuun|? + / un T~ () ) < B / Vo Vit

—h<u,<0 —h<u,<0 —h<u,<0
Since

/ ’
Bp hP p

8 L/ n [Vl Vit < & '/ VP +

—h<u,<0 —h<u,<0 pra

we have, in view of u,, ¥, € Wy"*(2), that

a ﬂp/hp/
S B R A O I L S T

/
/ P
—h<u, <0 —h<u, <0 pra

Therefore, in view of the positivity of [, |Vu,|?, we have

ﬁp/hp/ p
unTh(—(un)-) < — ||7/’n||W01,p(Q)~

'ov'p
—h<u, <0 ro

We divide by h and take the limit as A — 0. Since p’ > 1 and

un T (—(un),) o
hT = (up)_,

Jw)-<0

Q
which ends the proof. O

Lemma 2.5. The sequence {1, } is bounded in W, (52).

lim
h—0

we have

Proof. We use 1, as test function in (2.3) to obtain, after some computations:

a!W%Wﬁ/%%-

Q

Thanks to Hoélder’s inequality we have

[t < lunls yllnl

Q

LT (@)
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and, since § < 1 — —*, we have that

1
1—-60~ 2
Therefore, using Lemma 2.3,
& [ 190 < luallao il 2y gy < W19 Coll gy
Q
which implies the result. O

Lemma 2.6. Let (u,,,) be a weak solution to (2.1), G : R — R a Lipschitz function
such that G(0) =0 and H, : R — R satisfying

Then

u?
/a(x)|Vun|p_2Vun-VG(un) +/un G(up,) Z/HizueHn(un)
. : (2.12)

Proof. We use G(uy,) as test function in the first equation to obtain

/ ()| Vi [P~ Vun VG (un) + / ty, G(n)

Q

Q
( ) p—2 f
_ Q/ A 1V P2V, VG ) / Gluy).

1
ﬁ n

In the same fashion, we use H,,(u,) as test function in the second equation, and
then ,
_ uy,

/a(x)|V1/)n‘P 2V¢”VH"(un) = / 1,0 Hy(uy,).

1+
Q Q
Then, in view of

/ a(x)| V[P 2Vp, VH,, (uy,) = / |V, |P 2V, VG (uy,),

1+ Ly,
Q Q "

we have the equality (2.12). O
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Lemma 2.7. There exists a positive constant Cy(f) such that

< C1(f).

1.0 g <
Moreover, there exist u € Wol’p(Q) and a subsequence, still denoted by {u,}, such that

{un} converges weakly to u in Wy (Q),

Np
Nf

{un} converges strongly to u in LI(Q) for g <

and
{un} converges a.e. to u.

Proof. Let G : R — R be given by G(s) = s and H,, as defined in Lemma 2.6:

S S
H,(0)=0; H, = G'(s) =
© v
Thanks to (2.12), we have
v p 2 _ ufz H f(l')
Q Q Q Q

Thus, in view of

we have that

1 uf+2 (:c)
o Vunp+/ui<f/ " + Up,.
/' | =2 ) 1+ Ly 1+ L)
Q

Q Q Q

Dropping the positive term on the left hand side of the inequality and in view of
f e L) (Q), it follows that

1
<= [ 02 . 2.13
o [19ul <5 a2 4171 el (213)
Q Q

Then, we have

Jutr = [t < el oyl 2,
Q Q

Notice that
2 <pt<=f0<l1 2
1-¢°7 p*
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Therefore, thanks to Lemma 2.3, we have
/ufﬁ < NunllZr @y lunllToe @) < IFIZ @ lunl o 0)-
Q

We substitute the previous inequality into (2.13) to deduce

1
p 0 2
alltn s gy < 3171% @ lunlEoe ) + 1AL Tl

which implies, in view of the embedding W, *(Q) < LP"(Q), that

1
alunllys ey < 551 Wncapllen By + SIA o
where S denotes the embedding constant. Since p > 2, it follows that

Cr(f)-

||un||W01,P(Q) S

To end the proof, we use the compact embedding of W, (Q) into LI(Q2) for ¢ < NN—Z)

and the fact that every sequence convergent in L'({2) admits a subsequence that
converges almost everywhere. O

3. EXISTENCE OF SOLUTIONS

In this section, we prove the existence of weak solutions of (1.1) by passing to the limit
in the weak formulation of the approximated problem. We first notice that, thanks to
Lemma 2.7, there exists a function u € L(Q) (for every ¢ < p*) and a subsequence
of {u,} which converges strongly in LI(£2) to u. In the next lemma, we prove the

convergence of a subsequence of { e } to win LP(Q).

Lemma 3.1. Let n € N and (un,,) be the solution to (2.1). Then there exists
a subsequence of H_“T"u which converges strongly to u in LP ().

Proof. Thanks to Lemma 2.7 we have that {u,} converges to u a.e. Then, we have that
{17} converges to u a.e. x € () (up to subsequences). Moreover, {u, } converges
to u strongly in L'(Q). Now we apply the generalized Lebesgue theorem. Since

0< —5—

< Uy,

and
lim Uy, = /u,
n—-+oo
Q Q

we conclude the proof of the lemma. O
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0
Lemma 3.2. {Hui‘ug } converges strongly to u®, up to subsequences, in L1(Q) for
any q < p*.

Proof. As a consequence of the a.e. convergence of {u,} to u (see Lemma 2.7), we

have
lim /ufI = /ue.
n—-+oo
Q Q

Moreover, since {uf} converges a.e. to u’,

0

_n
1.0

u 0

n

<u

and thanks to general Lebesgue’s dominated convergence theorem we obtain the

convergence of {H_uf"ue} to u? in LY(Q). O

Lemma 3.3. There exists 1 € Wol’p(Q) and a suitable subsequence of {1}, still
denoted by {¢n}, such that

{tn} converges strongly to ¢ in Wol’p(Q).

Proof. Since {u,} is bounded in WP (), there exists a subsequence, denoted by {u,},
such that converges strongly in L(Q2) for ¢ < p*. In the same way as in Lemma 3.2,
we have that {uf} converges strongly in L®")'(£2).

For simplicity, we still denote by {u%} the cited subsequence. Since

la— b7 < 22(Jaf""2a — [P "2b,a—b) ifp>2,

we have
0<a2?7P / Vo — Vi, [P

< 227p/a(1')(|v¢k|pi2v¢k - |v¢m|p72vwm)(v¢k - vwm)

Q
=220 [~ )6~ o)

Q
< cfluf — “&HL@*)’(Q)Wk = Ymllwir )
< C”uz - uven”L(p*)’(Q)7

so that the sequence {1, } converges strongly in VVO1 P(Q) (up to subsequences) to
some v provided 6 < 1 — 1%' O

As consequence of the previous lemma, we state the following theorem.
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Theorem 3.4. (u, ) satisfies

[a@iver—vuve = [,

Q Q
Jor all o € WyP(Q).

Proof. Letting n — oo in (2.3), and thanks to Lemmas 3.2 and 3.3, the result follows.
O

Lemma 3.5. There exists a subsequence of {u,} which converges to u strongly in
W(}’q(Q) for any q € [1,p). Moreover,

Vun(x) conv. (up to a subsequence) a.e. to Vu(x). (3.1)

Proof. We follow the proof of the Appendix of [4]. Thanks to Lemma 2.7, we have

that ||un||lep(Q) <C.
0

Let 0 < v < 1 and consider

Ion = /{a(m)[|Vun|p_2Vun — |VulP 2 VU]V (u, —u)}?
Q

_ / (a(@)[|Van P2V — [VulP2Vu)V (up — )}

By,

+ /{a(m)[|Vun|p_2Vun — |VulP~2Vu)V (u, —u)}? = I, n+ L4, ns
Ay

where By, = {z : |u(z)| < k} and Ay = {x : |u(z)| > k}. We can write Ip, , as
Iy = /{a(a:)[\Vun|p‘2Vun = VT (@) [PV T ()] (un — Ti(u)},
By

< [Ha@)lIVu, P2V = [VTL@P T @)V (1~ () = o
Q

since the integrand is positive. It follows that
Iﬂ,n = IBk,n + IAk,n < Jﬂ,n + IAk,rw
Then the use of Holder’s inequality (with exponents % and ﬁ) in 14, n implies that

N
Ion=1Ip.n+1a,n<Jan+Ci /(|V’Mn\ +|Vu)? | p(Ag)t
Ay
< Jan+ Cow(AR)™7 = Jan +wi(k),
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where u(FE) denotes the Lebesgue measure of a measurable subset E C Q2 and w; (k)
(for i = 1,...,4) denote quantities such that limy_,o, w;(k) = 0. Notice that, thanks

to (2.11), limy o0 p(Ag) = 0.
Now we study the behaviour of Jq ,. We take h € R and split Jq ,, as follows:

Jom = / {a@) [IVunlP >V, = V()P 2V Ti(w)] - Vi — Ti(w)]}

{lun (@) =Tk (w)|<h}

+ / {a(x) [[Vu, [P Vu, — VT (u) P2V Tk (u)] - V], — Tk(u)]}ﬂy.
{lun (@) =Tk (w)|>h}

The first integral can be written as

/ (@) [V P2V — [V T ()P~ 2V T ()] V T [t — T ()]}
Q

Then we use Holder’s inequality in both terms (with exponents - and 12) and the

estimate HU"HW < C, to have that

0

Jon < ( [at@ vl va,
Q

VT )PPV T ()] VT — mm) ()
+ Cs p{x : Jup(z) — T (u(z))| > R},

Thus, the use of Tj,[u, — Ti(u)] in (2.2) implies that
< Ca( [ (= 1) Tl ~ Tia)]
Q

+ / %lva?wﬂ(w) VTi[un = Ti(w)]
Q

- [ VTP T @} Tl - )] ) @)
o)
+ C p{x : Jup(z) — Th(u(z))] > R},
We remark that

tim [ (f — 4a) Tafu, — Ti(w)] = / (f — w) Thfu — To(w)] = wak).
Q Q
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We have
Jim a(x) |V Ty (w) P2V Ty (u) VT [un — Th(u)]
Q
_ / o(2) [V T ()P~ 2V T () - VT [u = Ty(u)] = 0
Q
and

lim sup j1({|un (x) — Ti(u(2))] > h})'

< p({lu(z) — Te(u(x))] = h})' ™7 = wy(k).

The crucial point in the proof of the lemma is the use of v as a solution of the second
equation (Theorem 3.4) and the argument used in Lemma 2.6 to obtain the convergence

of the term (@)
. a(z)uy, 9
Jin [ RV V) Vi — Ti(w)]

Q

to 0 which we detail below.
Let Gi(u) = u— T (u). Then, thanks to the generalized Lebesgue theorem, we have

lim MIV%\”*QV%(%) VT [ — Tio(u)]
n—oo J 1+ ~Up
= /u a(x)| VY|P3V VT, [Gr(u)).

Q

Let h € (0,1) and Q5 by defined by
0, if0<t<k,
Qra(t) =< 32 -1k ifk<t<k+h,
hk+ ih%, ifk+h<t,

and we note that
0<Qen(t) <k+3<u+}3,

VTh[Gk(u)] u = VQk)h(u),
so that (thanks to Theorem 3.4)

/ w a(2)| VP2V VTh[Gr(u)] / a(2) | VP2V V Qi n (1)

Q Q

= /u‘g Qrn(u).

Q
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Thus,

Tim %%—W%PW%UVHM—HMF/fQMM:mwM
Q n tin Q

with limy_,oo wa(k,h) = 0 (for h € (0,1), thanks to the Lebesgue theorem, since
u? Qg 5 (u) converges to zero a.e. and u® Q5 (u) < u?!. Observe that u?*! € L1(Q)
by 6 +1<2— z% <2 < p* (see (1.2)).
Thus,
lim JQ n < Cl[WQ(k)‘Y + W4(k, h)} + 03(.03(]{3).

n—oo

Hence, we have proved that

lim Ig. n < w1(k) + Cl[WQ(k)’Y + w4(k, h)] + Cngg(k?).

n—oo

Let e € RT. Now we fix k* such that w(k*) + Crw2(k*)7 + Csws(k*) < € and then
ho such that Ciws(k*, ho) < e. At that point, we have lim,_,o Io, < 2, that is,

IV un P Van = [Vl 2 V)V (up =)} 4 = 0,
which implies, in view of
227P|Vu,, — Vul? < [|Vu,|P2Vu, — |Vu|P~2Vu][Vu, — V],

that {u,} strongly converges to u (up to subsequences) in Wol’q(Q) for any ¢ € [1,p).
Moreover, for a suitable subsequence (still denoted by {u,}) we have

{[IVun|P~2Vu, — |VulP2Vu]V(u, —u)}Y — 0 almost everywhere,
and also (since + is strictly positive)
{[IVun P2V, — |VulP>Vu]V(u, —u)} — 0 almost everywhere.

Here we use a result proved in [14]: under our assumptions, the previous limit implies
that {Vu,(x)} — Vu(r) almost everywhere, that is the claim (3.1). O

Theorem 3.6. There exists at least a weak solution (u,v) € [WyP(Q)]2 to (1.1),
in the sense of Definition 1.2.

Proof. We note that for any n € N, (u,, ¥, ) satisfies

/ a(@)|Vun "~ Vu, Vo + / U = / i) |V [P~ 2V, Vo + 1f<“f)(“)
+

Q Q Q Q n

/M@W%ﬂ”vwvwz/

Q Q

_un
1+ 1u

0%0
n
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for all (v,p) € C(2) x C°(?). Thanks to the previous lemmas, we have, up to
subsequences,
U, — u strongly in Wol’q(Q) for any ¢ < p,

Yn — 1 strongly in W, P ().
Therefore,
/a(x)|Vun\p*2Vuan+/unv — /a(m)\VuP”’QVqu—f—/uv. (3.2)
Q Q Q Q

and
/ ()| Vin P2V, Vo —> / o(2)| VP2V V. (3.3)
Q Q

Moreover, Lemma 3.1 shows that

a(x)uy,

T4 Lo — a(z)u strongly in LP(Q).

Therefore, we have

a(x)uy,

T |Vep, [P~2Vh,, — a(z)u|Vip|[P~2Vp, strongly in L'(Q),
T

which implies

/ %ww-mnw — [a@wur-vyve, (3.0
Q Q

Lemma 3.2 proves that

up 6
) nen )

[ [ 10 (3.6)
Q Q

We take limits in the weak formulation of (2.1) to obtain, thanks to (3.2)—(3.6) that

Finally,

/a(m)\Vu\pﬂVqu—i-/uv: /a(x)u|Vz/;|p*2V1/JVv+/fv,
Q

Q Q

Q
/ o) VP2V = / Lo,
Q

Q

for all (v, p) € [C°(Q)]2.

C
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Remark 3.7. We have proved the existence of a solution (u, ), with « > 0 and ¥ > 0.
Open problem: Is it true that pu{x : u(x) = 0} = 0 and that u{z : ¥(z) = 0} = 07
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