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Abstract. The topological sensitivity analysis method has been recognized as a promis-
ing, fast, and accurate approach for solving topology optimization and inverse problems.
It is based on developing an asymptotic expansion of a design functional with respect
to the creation of a small hole inside the computational domain. In this work, we
extend this method to the narrow escape problem. The biological process is governed
by a parabolic diffusion equation. We derive a sensitivity analysis for the parabolic
problem solution with respect to the creation of a small absorbing boundary subset. We
develop a rigorous mathematical framework that is valid in two- and three-dimensional
space. It provides an asymptotic formula that describes the behavior of the perturbed
solution with respect to the location and size of an arbitrary perturbed boundary
subset. The Sobolev capacity notion has been employed to measure the smallness
of the boundary subset and to describe the asymptotic behavior with respect to the
perturbation size. The performed mathematical analysis is general and can be adapted
for a large class of partial differential equations. The obtained asymptotic formula can
serve as a useful tool to perform numerical algorithms for solving optimization and
control problems.
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1. INTRODUCTION AND PROBLEM STATEMENT

During the last decades, the narrow escape theory has garnered significant attention
due to its relevance in biophysics and molecular biology [18, 21]. The narrow escape
problem, whose history goes back to H. von Helmholtz [19] (Physiological Optics,
1960) and Lord Rayleigh [31] (The Theory of Sound, 1945), is concerned with the
calculation of the narrow escape time (NET) (also called the mean first passage time)
of a Brownian particle that moves in a bounded domain before it escapes through
a small absorbing boundary window [20]. The primary mathematical concern regarding
the narrow-escape problem is connected with that of analyzing the sensitivity of
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a convection-diffusion model equation with respect to the creation of a small absorbing
boundary subset [20, 33].

The classical topological sensitivity analysis method consists of studying the
behavior of a given shape functional with respect to a small topological perturbation of
the domain, typically by insertion of small holes, inclusions, cracks, or non-homogeneous
regions. Theoretically, the topological sensitivity analysis has been established for
various elliptic, parabolic, hyperbolic, and nonlocal operators; e.g. see [5, 6, 11, 13, 16,
17, 24, 29]. From a practical point of view, this method has been applied for solving
various geometric inverse problems; topology optimization of turbine blade cooling
system [12], tumor identification [8], determination of the initial density in a nonlocal
diffusion problem [22], recovering of sources in a time-fractional diffusion equation
[25], optimization of contact regions in semiconductor transistors [23], etc.

In all of these investigations, the topological sensitivity analysis has been derived
under the assumption that the geometric perturbations are strictly included inside
the computational domain. It is the purpose of this work to deal with a sensitivity
analysis with respect to the creation of a small surface perturbation.

Let Q C R%, d = 2,3 be a simply connected domain with smooth boundary 92
(of class C?). Assume that 952 is decomposed into two disjoint parts 3" and ¢ such
that 09 = ¥7 U X4 and X" N X4 = (). In this study, the computational domain £ is
a biological media. The Brownian motion of particles suspended in 2 will be described
by the following parabolic diffusion system

% —div(uV®y) =G in Q2 x(0,T),
dy=0 onX?x(0,7), (1.1)
uVe®y-v=0 onX" x(0,7),

@0(',0):0 in

with ®g(z,t) is the density of the particles at location x and time ¢, 1 represents
the conductivity of the medium, G is a source term and v denotes the unit outward
normal vector to the boundary 99). The conductivity p is assumed to be sufficiently
smooth (u € C1(Q)) and satisfies that there exist two positive constants jimi, and
tmax such that 0 < pmin < p(2) < pmax for all z € Q.

The problem that we consider is to study the behavior of the parabolic problem
solution with respect to the location and size of a Dirichlet small surface perturbation.
More precisely, let 7, . be an open Lipschitz subset of the boundary part X" C 9Q
that is located around an arbitrary point z € ¥" and defined as v, . = B(z,¢) N X",
where B(z,¢) is the ball in R? of center z and radius ¢, with 0 < & << 1 is a small
parameter describing the size of the subset 7, .. In this study, we assume that v, . is
far from the Dirichlet boundary region Y% in the sense that there exists dyi, > 0 such
that

dist(2,2%) > duin- (1.2)
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In the presence of such surface perturbation, the parabolic diffusion problem consists
of determining ®. € L2(0,T; H'(2)) N H(0,T; L?(f2)) as the solution to the following
initial boundary value problem

e .
% —div(pV®.) =G in Qx (0,7),

d.=0 onx?x(0,T),
®.=0 on~.x(0,7),
uVe®.-v=0 onX™* x (0,7),
®.(-,0)=0 inQ,

where ¥™° = E"\7, 7 is the perturbed Neumann boundary region after imposing
a homogeneous Dirichlet condition on the small subset v, ..

Our aim in this work is to evaluate the behavior of the parabolic problem solution
®. with respect to the location and size of the created boundary type perturbation on
the small subset -y, .. This model problem is closely connected with the well-known
narrow escape time (NET) problem which aims to calculate the mean first passage
time of a Brownian particle that moves in a bounded domain 2 before it escapes
through a small absorbing boundary window -, ..

The main contribution of this study is the development of a rigorous mathematical
framework describing the behavior of the perturbed density field ®. with respect to
the location and size of the created window <, .. The leading term of the variation
®. — &y has been expressed as a function involving a modified fundamental solution of
the considered parabolic operator. The Sobolev capacity notion has been introduced
to measure the smallness of the subset v, .

The remainder of the paper is organized as follows. Section 2 is devoted to recalling
the definition and some properties concerning the Sobolev capacity notion. Section 3
provides an energy estimate for the density field variation involving the Sobolev
capacity of the boundary subset . .. An improved L2-norm estimate for the variation
P, — ® is illustrated in Section 4. Section 5 provides an asymptotic formula that
describes the behavior of the density field variation with respect to the location and
size of an arbitrary perturbed boundary subset <y, .. Section 6 presents an explicit
asymptotic expansion of the density field variation in the particular case where the
boundary condition perturbation is supported by a planar surface.

2. SOBOLEV CAPACITY

This section is concerned with the capacity notion. We begin by briefly recalling the
definition of the Sobolev capacity of an arbitrary subset of R%. For more details on this
notion, one can consult [15]. In Subsection 2.2, we establish explicit estimates for
the Sobolev capacity of particular examples of small subsets that are supported by
a planar surface. In Subsection 2.3, we consider a small open Lipschitz subset 7, . of
the boundary 02, and we derive an estimate linking the Sobolev capacity of 7, .
and the H'-energy norm.



444 Ayadi Aya and Hassine Maatoug

2.1. SOBOLEV CAPACITY DEFINITION AND CHARACTERIZATIONS

The Sobolev capacity is a positive scalar quantity defined with the help of the
H'-Sobolev norm.

Definition 2.1. Let S be an arbitrary subset of R%. The Sobolev capacity of S,
denoted by cap(S), is defined by
cap(S) = inf{”d)nf'il(]Rd) = ’H;} )
where HE © H1(R?) is given as
HE ={¢€ H'(R?) : ¢ > 1 a.e. on an open neighborhood of S} .

A more useful characterization for the capacity cap(S) is given by the following
lemma. For more details, one can see [15].

Lemma 2.2 ([15]). Let S C R be an arbitrary subset. The capacity of S has the
following characterization

cap(§) = inf { 8]z © 6 € A}

where Hs = {qS € HY(R?) : ¢ =1 a.e. on an open neighborhood ofS} .

The next part of this section concerns the Sobolev capacity of a boundary subset.
Let O c R? be a bounded and smooth domain and let v be a Lipschitz open subset
of 00. The following proposition provides an estimate of cap(vy) involving the energy
norm of an arbitrary function belonging to the set

Hy = {(;5 € H'(RY) : ¢ =1 on ~ in the trace sense H1/2(7)}.

Proposition 2.3. Let v be an open Lipschitz subset of the boundary 0O. Then the
Sobolev capacity of v satisfies the estimate

cap(7) < 1911 (gays V0 € Ho.

Proof. For the proof and more details, see [1] or [27]. O

2.2. EXPLICIT ESTIMATES FOR PARTICULAR BOUNDARY SUBSET

Now, as an application of the previous proposition, we derive explicit estimates of the
capacity for particular examples of small boundary subsets in two and three-dimensional
cases. Let 7 . C R? be a small subset located around an arbitrary point z € R?
defined as

vl . ==PINB(z,e),

with B(z,e) = {z € R?: |x — z| < ¢} and P is the plane that passes through the
point z = (z1,. .., z4) and normal to the j* coordinate axis:

Pli={z=(21,...,20) €R? 1 7; =2;}, 1<j<d
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For instance, in the two-dimensional case, 7/ _ is defined by the vertical (if j = 1)
and the horizontal (if j = 2) line segment of length 2e: '7;5 =lz; — ¢, zj +¢[. In the
three-dimensional case, the subset 7276 is represented by the disk of center z =
(21, 22, 23) and radius e:

k=1
k#j

3
V.= {x: (z1,22,23) ER® : 25 = 2, Z(mk—zk)2 <52}, 1<j<3.

From Proposition 2.3, we deduce the following corollary.

Corollary 2.4. When € is sufficiently small (i.e. 0 < e << 1), the Sobolev capacity
of the subset v1 . C R? satisfies there exists ¢ > 0, independent of ¢, such that

Cc

J )< ifd = 2. 2.1
cap(r) < oo ifd (2.1)

and _
cap(yl,.) <ce ifd=3. (2.2)

Proof. By Proposition 2.3, we have cap(y{,.) < ||¢5||§11(Rd) for all ¢ € Ho where

H_;

Vz,e

{gzﬁ € H'(RY) :¢=1on 'yg,s in the trace sense Hl/Q(Vg’E)}.

To prove the estimate (2.1), we consider the function ¢, . defined by

1, it0<|r—z <e,
1 _
Pze(x) = M, ife<|z—2z <1,
loge
0, if |z — 2| > 1.

Using polar coordinates, one can easily prove that there exists ¢ > 0, independent of ¢,
such that

2 2 c
92,ell51 r2) = 102, 1 (B(21)) < Moge]’
Consequently, there exists ¢ > 0, independent of €, such that
- c
J < .
Cap(’y,z,a) — |10g€‘

To prove (2.2), we deal with the function ¢, . defined by ¢, .(x) = 1 if |z — 2| < ¢,
b.c(x) = 2 —1ife < |z — 2| <2 and ¢, () = 0 if |x — 2| > 2¢. Using spherical

= Ta—z|

coordinates, one can easily prove that there exists ¢ > 0, independent of ¢, such that
[62.e 7 (rsy < cé,
which implies that there exists ¢ > 0, independent of &, such that

cap(y].) < ce. O
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2.3. SOBOLEV CAPACITY AND ENERGY ESTIMATES

We derive, in this paragraph, an energy estimate for the Sobolev capacity of v, ..
To this end, we introduce the following elliptic boundary value problem which of
finding J. € H'(Q) as the solution to the system

—AY. =0 1in Q,
de=1 on~,,.,
: e (2.3)
9. =0 on X%

Vi.-v=0 on X",
where ¥™° = 3™ \ 77 and v is the normal unit vector to the boundary £", outward
to Q. The established estimates are summarized by Proposition 2.5.

Proposition 2.5. Let vy, . be an open small subset of ™ such that v, . = B(z,e)NE".
Then, under Assumption (1.2), there exist two constants 0 < ¢1 < co, independent of ¢,
such that

c1 cap(vz.e) < [0l 3 ) < 2 cap(yz.e), (2.4)

with 9. is the unique solution to (2.3).

Proof. The first inequality can be established using Proposition 2.3 after extending
the function 9. to the whole space R¢. Therefore, from the fact that  is a smooth
domain there exist ¥. € H'(R?) and a constant ¢y > 0, depending only on €2, such
that (see Appendix A in [10])

Vel 1 (rey < collVellmr(o)-
Since 55 =1 on v, ., Proposition 2.3 implies the desired estimate
cap(Vz,e) < ||795||§11(1Rd) < & 19117 -

To prove the second inequality, we make use Assumption (1.2) which implies the
existence of a function ¢ € C1(Q) such that ¥ (x) = 1 on v, ., ¥(z) = 0 on ¢ and
”1/1”01(57) < ¢, where ¢ is a positive constant independent of €. Thanks to the Green’s

formula, we have

/\V195|2dx:/[V195-y] V.ds(x) :/[Vﬁg-z/]z/)qﬁds(m), Vo € M. .,
Q

o0 o2

where
H,. . ={0€ H'(R?) : ¢ =1 a.e. on an open neighborhood of Ve } -

Then, it follows that

[V dz = [ 90,906 6)dsta) < clols s IV 1200
Q Q
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Using the Poincaré inequality (since . = 0 on 3¢) one can deduce that there exists
¢ > 0, independent of €, such that

19c 13 () < e2 1951 (Rays Vb € H. ..
Finally, we apply Lemma 2.2 which implies the desired estimate. O

Corollary 2.6. Under the assumption of Proposition 2.5, there exists ¢ > 0, indepen-

dent of €, such that
3/4
el 2 < eleap(rs) .
Proof. We proceed in two main steps. We start by recalling some regularities results.
In the second step, we apply Proposition 2.5. Let us begin by introducing the following

auxiliary problem, which consists of finding ¥. € H(f2) as the solution to
—A¢). =9, in Q,
e =0 on Zd» (25>
Viy.-v=0 onX".

Since 9. € H'(Q), by standard elliptic regularity 1. is sufficiently smooth (1. € H3(Q))
away from the interface between X" and ¥¢. Thanks to Assumption (1.2), one can
construct a cut-off function A € C2°(R9) such that A(x) = 1 on an open neighborhood
of ¥,z and A(z) = 0 on an open set O C R? with ¢ € O. More precisely, by standard

interior elliptic regularity results (see [7] or [14]) one can prove that there exists ¢ > 0
such that

[ Mell a3 () < cllVella()-
On the other hand, by the classical Sobolev embedding theorem in the two- and
three-dimensional spaces (see e.g. [2] or [7] for more details), we have H3(Q) C C1(Q)
and there exists ¢ > 0 such that

Ioloag) < ellvllmaey, Yo € HY(Q).

Then, from the combination of the previous inequalities one can check that there exists
¢ > 0 such that

H/\wancl(ﬁ) < C||195||H1(Q)~
Now, in order to apply Proposition 2.5, we use the weak formulation of (2.5) which
implies

\\196\\%2(9) = /sz Vi, dr = / [Vﬂe . u]ws ds(x) = /Vﬂs . V()\dzsﬂs) dz.
Q a0 Q
The last equality follows from the fact that [Vz?s . 1/} P = [Vﬁg . 1/] ()\1115195) on 0f).
Then, by the Cauchy—Schwartz inequality one can obtain
191720y < 210elli ) IM:llor @) < €llVellzn q)-
Finally, from Proposition 2.5, we deduce the desired estimate

191122 () < €leap(yz,)[/* . m
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3. ESTIMATES OF THE PERTURBED SOLUTION

In this section, we consider the parabolic diffusion problem in the presence of a small
perturbation in the type of boundary conditions. The aim is to evaluate the density
field variation caused by imposing a zero-Dirichlet boundary condition on a small
subset of the Neumann boundary ™. The first result of this section is illustrated by
the following theorem. It provides an energy estimate for the density field variation
involving the Sobolev capacity of v, .

Theorem 3.1. Let v, . C X" be an open Lipschitz subset of small size 0 < e << 1.
Under Assumption (1.2), there exists a constant ¢ > 0, independent of €, such that the
perturbed density field satisfies the estimate

Ha<1>6 9%,

- |1/2
ot ot '

+ 1P = Poll Lo 0,751 (0) < €] caD(7z6) (3.1)

L2(0,T5L%(Q))

To prove the estimate (3.1), we first establish a preliminary result, which will
be illustrated in the next section. The proof of Theorem 3.1 will be presented in
Section 3.2.

3.1. PRELIMINARY ESTIMATES

From (1.1) and (1.3) one can easily check that the variation p. = ®. — @ satisfies the
system

Ipe
ot

—div(uVpe) =0 in Q x (0,7),
pe=0 on X% x (0,7),
pe =—Pg on .. x(0,T),
uVpe-v=>0 on X™° x (0,7),
pe(-,0) =0 in Q.

Here, ¥™¢ = ¥™\7, ¢ represented the perturbed Neumann boundary region.
Thanks to Assumption (1.2), one can establish that there exist » > 0 and an open
set O C R? such that

Y. € B(z,7), X?€ O, and B(z,r)N0O = .
Then, one can construct a function 8 € C2°(R%) such that

s)={ 5 mo" (33)
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Therefore, the system (3.2) can be rewritten, with a more regular function on the
boundary v, ., as

% —div(uVp.) =0  in Qx (0,7),

pe =0 on 2% x (0,7),
pe = P05 onv.ex(0,7),
uVpe-v =20 on X™° x (0,7,
p=(-,0) =0 in Q,

(3.4)

with ®¢ g is defied in Q x (0,T') as
Dy g(x,t) = =B(x)Po(z,t), V(x,t)€Qx(0,T).
Thanks to the smoothness of ®( g, we derive the following preliminary estimate.

Lemma 3.2. Let v, . be an open Lipschitz subset of £™. Then, under Assumption (1.2),
there exists a constant ¢ > 0, independent of €, such that

||Ps||Loo(0,T;L2(Q)) + ||ps||L2(O,T;H1(Q)) <c |Cap(7z,a)|1/2~

Proof. Using the variational formulation of system (3.4), we obtain

Ope
seoedot [ uVpl do= [ [¥pe v B0 dsf).
Q

Yz,e

Since uVp. -v=0o0n £, 9. =0 on X% and J. = 1 on Vz.e, it follows that

[ %0210 ds(a) = [10Vp. 1) 0c(a)0,5(2.1) ds(a),
Vz,e o0

where ¥, is the unique solution to (2.3).
Rewriting the variational formulation of (3.4), using (z,t) — J.(x)®g g(x,t) as
a test function, we derive

dpe
ot

9.
podi + / §IVpelPda = / e+ / 1V e - V9. D0 5]
Q Q

Q Q
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Let TE (O T). Since p(-,0) = 0 in Q, integrating over the interval [0, 7] and using the

(1, 1)pe (2, 1) = & 3 (pe(,1))?, we obtain

1 T
. / oo, TP da + / YRR
Q

/ / OPe (4,40 () s (v, £)dvdt (3.5)

//quE (x,t) - V][I (x)Po (x, t)]|dxdt.

By an integration by parts and the fact that p.(-,0) = 0, the first term in the right-hand
side of (3.5) can be reformulated as

//%ﬁg%ﬂ d:rdt:/ps(as,T)ﬂs(z)@()ﬁ(m,T) dx
0 Q

//a%ﬂﬁ p. du dt.

Using the identity
Ve - VI (2)Po 5] = Po,g Vpe - VI (x) + I (x)Vpe - Vg g,

the second integral term in the right-hand side of (3.5) can be rewritten as

O/Ju(m)ws.v (@) Bo.s] der dt = // )80,V pe - V() da
// z)Vpe - V& g(z,t) dz dt.

Making use of the Cauchy-Schwartz inequality, the fact that p(x) < pmax for all z € Q,
and the smoothness of the function ®¢ g, one can derive that there exists a constant
co > 0, independent of €, such that

1 T
5 [ ot [ [ul9pPdedt < ool Niloo), (30)
Q 0 Q

with
Ni(pe) = l|pellLeeo,m;020)) + IVpellL2(0,7:02 ()
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Since (3.6) is valid for all 7 € [0, T, then it follows
19211700 (0.7:22(62) < 20 192 1 () N1 (pe)- (3.7)

Using the fact that p(x) > pimi, for all z € Q, from (3.6) we get

IVoellieo,rr200)) < @) Ni(p:). (3-8)

Integrating the inequality (3.6) with respect to ¢ over (0,T"), we obtain

pelZ20.:22(0)) < 2T co ll9ellrrr () Nipe)- (3.9)

Combining (3.7), (3.8) and (3.9), one can establish that there exists a constant ¢ > 0,
independent of &, such that

1P\ F < 0,722 () T PellT2 0,701 () < €19el ) Mi(pe).- (3.10)

Using the identity (a + b)? < 2(a? + b%), we obtain

2
(M) =2 [loclZmoiz:2y + Mo 20 2:tm1 )| -
From the estimate (3.10), we get

||Ps||L°°(O,T;L2(Q)) + HPEHL2(O,T;H1(Q)) <2c ||195||H1(Q)~ (3~11)
Furthermore, using Proposition 2.5 and the estimate (3.11), we conclude that there
exists ¢ > 0, independent of &, such that

||Pe||L°°(0,T;L2(Q)) + ||Ps||L2(0,T;H1(Q)) <c |Cap(’7z,e)|1/2 . O

3.2. PROOF OF THEOREM 3.1

In this paragraph, we provide a demonstration for the established energy-estimate

in Theorem 3.1. We start with the variational formulation of system (3.4) using %p;

as a test function, it follows

(%]

It is important to recall here that 222 22 (z,t) = —B(x) 220 (2, t) for all (z,t) € Qx(0,T),
which is a sufficient smooth functlon (belongs to CY(0,T; C(€2)), see [3] or [9]. Using
the fact that pVp. -v =0o0n ¥™*, ¢, =1o0n v, and ¥, = 0 on ¢ the last integral
term can be written as

/ [uVpe - V] % ds(z) = /[quE V] ﬁa(m)% ds(z),

Yz, o0

0 0P
o+ | uv/owt(v%) do= [ 10Vp. 11 T2 as(a),

Yz,e
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with 9 is the unique solution to (2.3). Again, with the help of the variational formu-
lation of (3.4), one can establish
/ ‘ 8,05 0%, 5

dz
ot

0 0pe
d$+ ,U'vps 8t(vps)dl‘7/ af; V()

0% 5
/,quE [ () 9 ] dx.
Q

Let 7 € (0,T). Integrating over the interval [0, 7] and using the fact that p.(-,0) =0

in , we obtain
[/

//19 apg ,)a(g(;’ﬁ(m,t)dxdt (3.12)

+//,qu6(ac,t)~V[19€(x)8(g(;’ﬁ (m)} dx dt.
0 Q

Using the identity V[0 2202] = 2298 (3 1)V, (2) + 9. (2)V,(2202) (2, 1) and the

fact that p(x) > fimin for all z € Q, from (3.12) it follows
] / dp. |”
ot
0 Q

f 3053@013
< Y, dx dt
< [ 0% %
Q

0

+ / / [ 323"’ Vp- - VO(z) da dt
0 Q

0%, 5
s e 2 dzx dt.
*// ) Ve V(@t)”c
0 Q

Due to the smoothness of the function Mg@"* (z,t) and the Cauchy—Schwartz inequality,

one can show that there exists ¢y > 0, independent of €, such that

/]

dx dt+1/u|Vp€xT| dx
o

dxdt+“fgi“/}wa(x,r)|2dm
Q

(3.13)

2
dz + ’V,og(xm)’ dx < cq ||V|| g1 (o) Na(pe) (3.14)
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with

+ HVP6||L2((),T;L2(Q)) ’
L2(0,T;L2(2))

Ope
N2(p£) = H aﬁ;

Now, taking the supremum over the interval [0, 7] in (3.14), it follows

dpe
ot

2

2
+ ”VPeHLoo(o,T;L?(Q)) <o “198“H1(Q)N2(p5)'
L2(0,75L2(Q2))

Since ||V pellz2(0,7;22(0)) < VT IV pell o< (0,752 (), then one can derive

Ipe
ot

Vel 0,122y < 2e0(L+ V) 100 -
L2(0,T;L2(Q))

Therefore, using Proposition 2.5 one can justify that there exists ¢ > 0, independent
of €, such that

Ope
ot

1/2
FIVpel e iz < cleap(rz)2 - (315)

L2(0,T;L2(2))
According to Lemma 3.2, we have
||p6||L°°(0,T;L2(Q)) + ||Ps||L2(0,T;H1(Q)) <c |cap(7275)\1/2. (3.16)

Combining the relations (3.15) and (3.16), one can deduce

H dpe

1/2
+ 12l e 0.1 () < € eap(vz.)[2.

Ot || L2(0,1:L2(0))

Finally, using the fact that p. = ®. — ®¢, one can conclude that there exists a constant
¢ > 0, independent of €, such that
0d. 0%g
ot ot

1/2
I,

+||®. — @OHLO@(O’T;HI(SZ)) < ccap(vz,e)
L2(0,T;L%(9))

which completes the proof of Theorem 3.1.

4. AN IMPROVED ESTIMATE OF THE L2.-NORM

In this section, we derive an improved estimate for the L?-norm of the quantity ®. — ®o,
that describes the variation between the perturbed and unperturbed density fields.
The established estimate is illustrated by the following theorem.

Theorem 4.1. Let v, . C X" be an open Lipschitz subset of small size 0 < e << 1.
Under Assumption (1.2), there exists a constant ¢ > 0, independent of €, such that the
perturbed density field satisfies the estimate:

1B2 = Boll 20,7:22(0)) < ¢leap(rzc)** (4.1)
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In order to prove this theorem, we introduce the following terminal-boundary
value problem, which consists of finding y. € L2(0,7; H'(2)) N H'(0,T; L*()) as
the solution to the system

0
- 5;‘5 — div(uVye) = ®. — By in Q x (0,T),
Xe =0 on £¢ x (OvT)’ (42)
uVxe -v=>0 on X" x (0,T),
Xe(T)=0 in Q.

In the next section, we will derive an energy type estimate describing the behavior of
the solution ). with respect to the Sobolev capacity of the boundary subset 7. .. The
proof of Theorem 4.1 will be illustrated in Section 4.2.

4.1. PRELIMINARY RESULTS

In this paragraph, we establish two preliminary results. The first one is concerned
with the smoothness of the function = — B(z)x.(z,t), with 8 € C2°(R?) is a cut-off
function such that f(x) = 1 on an open neighborhood of 7,7 and S(z) = 0 on an
open set O C R? with ¢ € O. The existence of 3 is guaranteed by Assumption (1.2).
The second one provides an energy type estimate for the auxiliary problem solution.

Lemma 4.2. Let 7, be an open Lipschitz subset of ™ verifying Assumption (1.2).
Then, there exists a constant ¢ > 0, independent of €, such that

1/2
||5Xs||L2(()7T;cl(§)) < ¢ |cap(7z,e)| 2.

Proof. Since the source term of the system (4.2) is regular enough (®. — @y €
L2(0,T; H'(2))), by standard parabolic regularity results (e.g. see [32] or [7]) one can
prove that the solution y. has an improved regularity far from the boundary interface
between Y4 and ¥". More precisely, one can check that 3x. belongs to L2(0,T; H3(9))
and there exists ¢ > 0 such that

18X 20,5130 < ¢ | — Poll 20,781 ()

On the other hand, the classical Sobolev embedding theorems in two and three space
dimensions ensure that H3(Q) C C1(Q) and for all ¢ € H3(Q),

||50||L2(0’T;c1(§)) < C‘|<PHL2(O,T;H3(Q))~
Therefore, one can check that there exists ¢ > 0, independent of ¢, such that
18Xell 20700 @) < €ll®e = RollLzo,mim1 (2))- (4.3)
The desired estimate follows immediately from (4.3) and Theorem 3.1. O

Next, we provide an energy type estimate for the solution x. of the auxiliary
problem (4.2). The established result is illustrated by the following lemma.
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Lemma 4.3. Let v, . be an open Lipschitz subset of ¥" verifying Assumption (1.2).
Then, there exists a constant ¢ > 0, independent of €, such that

||Xs||Loc(o,T;L2(Q)) + ||Xs||L2(o,T;H1(Q)) <c |Cap(7z,s)|1/2-

Proof. Due to Green’s formula, the variational formulation of (4.2) implies

T T T
_//8(;;5)(5 dI+//M|VXe|2 dx://(CDE—fI)O)XE d.Z‘, V1 e (O7T)

T Q T Q T Q

Using the Cauchy—Schwarz inequality and the fact that x.(-,7") = 0, one can check
¢ > 0, independent of ¢, such that

[XellLe(0.7:22(2)) + lIXellL2 0,701 () < ¢l Pe — PollLz(0.7:22(02))- (4.4)

Exploiting again the variational formulation of (4.2), with (x,t) — — a(;‘; (z,t) as a test
function, one can deduce that there exists a constant ¢ > 0, independent of ¢, such that

H Oxe

ot + HVXEHLOC(O,T;L2(Q)) < cf|®. - ‘I’0||L2(O,T;L2(Q))- (4.5)

L2(0,T;L2(92))
Combining the relations (4.4) and (4.5), we deduce

H Oxe

5t +Ixell oo 0,701 (0)) < €ll®e = Pollrzo,mir2(e)).  (4:6)

L2(0,T;L3(2))

Finally, according to Theorem 3.1 and relation (4.6) one can check that there exists
¢ > 0, independent of €, such that

H OXe

1/2
o - lxell g o 11y < €leap(z,e)[ . O

L2(0,75L2(Q))

4.2. PROOF OF THEOREM 4.1

In this paragraph, we provide a demonstration of the main results of this section.
To establish the estimate (4.1), we begin by exploiting the weak formulation of (4.2)
which gives

T

T
//|¢E_¢>O|2dxdt:_//aa’if (@, — o) dr dt
Q 0 Q

0

; (4.7)

+//,quE~V(<I>E — @) dzx dt.
0 Q
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Since (®. — Pg)(+,0) = x(+,T) = 0, the integration by parts formula implies that the
second integral term can be rewritten as

T

T
—/ aaxtg(@ — ®y) d dt = // 0@ =20\ 4y at. (4.8)
0

0 Q

Using the fact that p. = . — ® satisfies the system (3.2), then from (4.7) and (4.8)
we deduce

T T T
//|<I>57<I)0|2dxdt://%ng:rdtJr//qug'Vxedxdt
0 0 0Q
T
= / / (1Vpe - V) Xe ds(z) dt.

009

In other hand, from the properties of the function . (solution to (2.3)) and the
smooth function 3 (defined by (3.3)) one can observe that y. = Bd.x. on 24U, ..
Then, the last identity can be reformulated as

//l@ — P2 dadt = // (uVp. - 1) B9 e ds(x) dt

000
According to the variational formulation of (3.2), it follows

T T

/|<I>g—<I>o\2dxdt:/ apeﬁﬁsxsdxdt
00

T
+ // uVpe - V(/B Ve Xs) dx dt.
0Q

It can be rewritten as

//|<1> — Bo|? da dt = // O 5 5. dodt

+//m9 Vp. - V(Bx.) da di
0Q

T
+// (Bxe) Vpe - V. dz dt.

0 Q
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Thanks to the Cauchy-Schwarz inequality and the smoothness of the function
x + B(z)xe(x,t) (belongs to C1(£2)), one can derive the following estimate

T
[ [loc=@0f? do dt < calloclim @18 Isirco gy Mol (49
0 Q

with cg = 1 + 2max, and

+ llpellz20,m; 851 (2))-

Ope
NS(ps) = H apt

L2(0,T5L2(%2))
According to Proposition 2.5 (see (2.4)), we have

[9:Nl g1 0y < e leap(yz.)]'?.

Since p. = &. — ®p, from Theorem 3.1 one deduce that

H dp-

1/2
+ el z2 0.0 ) < € leap(a,0) 2.

Ot |l L2 07,020

From Lemma 4.2, it follows

1/2
18Xell L2 o.men @y < €leap(re)]?

Finally, inserting the previous estimates into (4.9) we obtain

T

//"I’s — ®[? d dt < cleap(v.,0)|*?,
0 O

which implies the desired estimates.

5. ASYMPTOTIC FORMULA FOR THE PERTURBED DENSITY

In this section, we derive an asymptotic formula for the perturbed density field ®.
with respect to imposing Dirichlet boundary condition on a small subset 7, . of the
Neumann boundary ¥". According to the previous notations, v, . be an open subset
of the boundary part X C 92, located around an arbitrary point z € ¥™ and defined
as vz = "N B(z,¢), with 0 < e << 1 is a small parameter describing the size of the
subset 7, .. The employed mathematical framework is based on a sensitivity analysis of
the density field variation ®. — &y with respect to the location and size of the perturbed
subset. The leading term of the variation ®. — ®q will be calculated with the help of
a modified fundamental solution related to the considered parabolic operator. The
Sobolev capacity will be used to measure the “smallness” of the perturbed subset . .
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To present the main result of this section, we first need to introduce some use-
ful notations. For any point (x,t) € Q x (0,T), we denote by (y,7) — E+(y,7),
the modified fundamental solution that is defined as the unique solution to

OB, . _
_877_77: —divy (u(y)VyEzys) =0y in Qx(0,T),
E:E,t = 0 on Ed X (0,/1—’)7 (51)
wY)VyEes-v=0 on X" x (0,7T),

EotT)=0 g,

where 9, +(y, 7) is the Dirac distribution function, i.e. 05 (z,t) =1 and 0, 4(y,7) =0
if (y,7) # (z,1).

In this study, we assume that the subset . . is not close to the Dirichlet boundary
part X¢. Then, according to the hypothesis (1.2) one can easily construct a smooth
cutoff function A € C'*°(912) satisfying

1 ifyeont,
Ay) = 5.2
) {0 ify e o0, (52)

where 90T and Q™ are the following two subsets of the boundary 9:

o {g € 90 : dist(¢&, 2% > dr;i“ } ,

o0 = {5 € 00 : dist(¢, %) < d‘zin} )

We are now ready to present the main result of this paper.

Theorem 5.1. Let vy, . C X" be an open Lipschitz subset, created around an arbitrary
point z € ™. Assume that Assumption (1.2) is verified and the Sobolev capacity of 7, .
tends to zero when € tends to zero. Then the perturbed density field ®. satisfies the
following asymptotic formula

T
(i) = Do) — cap(ro IR [ Bl r)@o(z,7)dr + 0 cap(r)),
0

where R is a non-trivial non negative Radon measure on 02 whose support is included
in any compact € C 08 containing the small subset v, . for 0 < e << 1.

To prove this theorem, we first need to derive some auxiliary results. We start by
considering the following distribution PR, which is defined as

7)/ [Vo. -] 9. ds(y), Vé € C(99), (5.3)
2

where 9. € H'(Q) is the solution of (2.3).
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Based on the Banach—Alaoglu theorem [4], we will establish in the next section
that the distribution fR is a Radon measure on 0€2. The proof of Theorem 5.1 will
be illustrated in Section 5.3. Section 5.2 we will concerned with a useful preliminary
estimate.

5.1. THE DISTRIBUTION R IS A NON NEGATIVE RADON MEASURE

In this subsection, we examine the properties of the linear map R that is
introduced in (5.3). Based on Proposition 2.5 and Corollary 2.6, we establish the
following result.

Proposition 5.2. Under the assumptions of Theorem 5.1, R is a non-trivial,
non-negative Radon measure on 02. Moreover, the support of R is contained in
any compact subset € C 0 such that v, . C € for 0 <e << 1.

Proof. Let ¢ € C 1(89) be an arbitrary function. Since 02 is regular, one can construct
a function py € C*(€2) such that
Py =@ on 99, and |pslcig < colldllor o), (5.4)

where ¢g > 0 is a positive constant which depends only on 2, see [7] for more details.
Since AY, =0 in Q (see (2.3)), by Green’s formula, one can derive

/ (V9. - 1] 9. ¢ ds(y) = / (V0. - V0.) pody + / (V0. - Vpg)d.dy.  (5.5)
o Q Q

Using Proposition 2.5 and Corollary 2.6, we deduce

/(Vﬁe - Vpo)edy| < [Ipsllcr @ 19l 22 19e | ) < eleap(rz0)”* . (5.6)
Q

Therefore, combining (5.3), (5.5) and (5.6) we deduce

R(g) = gl_f}(l) cap(rs) /(Vﬁs Vi) py dy.
)

for any function p, € C*(Q), verifying the conditions (5.4).

Next, we use this new expression to examine the properties of $R. Thanks to
Proposition 2.5 and the estimate (5.4), one can establish that there exists a constant
co > 0, independent of €, such that

1
_ c - c < 1 R Lo9).
e / (Ve - Vi.)py dy| < ¢ [0llcromy. V6 € C1(09)
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With the help of the Banach-Alaoglu theorem, one can deduce the existence of
a subsequence (still indexed by ¢) and a non negative Radon measure 1 on €2 such that

: — 1
cap(7z.¢) / (Ve - VOo)ps dy 5 / ps dn, Vo € CH(09).
Q@ Q
Then, it follows that
R(g) = /p¢ dn,
Q

for all ¢ € C*(99) with p, given by (5.4).
Oun the other hand, using the inequality (5.4), the integral term can be estimated as

[ podv| < Ipslen ) < ellollcron)
Q
which implies

R(9)| < c dllcron), Yo € CH(OQ).

This proves that R is a Radon measure on 0f). Its non-negativity follows from that
of 1. Also, one can show that fR is a non-trivial measure. Such a property follows from

the established estimates in Proposition 2.5 and Corollary 2.6:

R() = li 1 /\w Pdy >c¢>0

= lim —— c .

=0 cap(7z,) o=
Q

Now, let us discuss the support of fR. Consider € € 92 be a compact subset of 9
such that v, . C € for sufficiently small 0 < ¢ << 1. Let ¢ € C*(99) be an arbitrary

function with support in § := 9Q \ €. Then, the function y — V.(z)¢(x) belongs
to H'/2(09) and satisfies 9. (z)é(z) = 0 if z € ¥¢ U, ., which implies

. 1 =
R(¢p) = lim cap(vz,s)/ (Ve - v] D ¢ ds(y) = 0.

Therefore, one can conclude that for any ¢ € C1(9Q) such that supp(¢) C 9Q \ €,
we have R(¢) = 0. Consequently, the support of R is contained in any compact subset
¢ C 09 containing v, . O
5.2. PRELIMINARY ESTIMATE

In this paragraph, we establish an estimate of the integral term

/T [ V(@ — o) vl dsta) an,

0 9Q
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with ¢ € CY0,7;C*(09)) be an arbitrary function that vanishes on the set
00~ = {€ € 09 : dist(&,2%) < dpin/4}. Since 2 is smooth, it is easy to construct
a function ¥ € C1(0,T;C*(Q)) verifying

(i) ¥ = on 00 x (0,7),
(ii) H‘I’Hcl(o,T;cl(ﬁ)) <c ||S0||Cl(0,T;Cl(BQ))7

where the constant ¢ depends only on Q. One can refer to [7] for more details.

Lemma 5.3. Under the assumptions of Theorem 5.1, we have

T
//[HV(‘I’E — ) - v]pds(x)dt
0 o0
T
- // [V, - v] 9@V ds(z) dt + o(cap(’yz,a)).
0 00

Proof. From the definition of ¥ and the properties of 9., one can observe that p = .V
on X% U+, .. Then, using that fact that uV(®. — ®g) - v = 0 on X" = E"\7,,
we deduce

/T/w«bg—@o V] g ds(a ///N@ — @) 1] 0. ds () dt

0 90 0 900

Since p. = . — Py is solution to (3.2), then by Green’s formula one can obtain

1V (e = o) - v] @ ds(x) dt

O\H

o
f (P
z//,uV@ — d) V19‘lldxdt—|—/ 19\dedt
0 0

From the fact that V(9. ¥) = UV, + 9.V, it follows that

/T [ v~ 00) 1] dsta) e

0 90

//u\w (@. — @) - V. dxdt—l—// =20y wapat  (57)

+//,u9€wq>€ — ®) - VU dz dt.
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Using the Cauchy—Schwarz inequality, Corollary 2.6, Theorem 3.1 and the fact that
1P|, - (0,1:01 (@) is uniformly bounded, one can deduce that there exists a constant
¢ > 0, independent of ¢, such that

T

//a — o) 19\Ildxdt+//m9V<I> — ®y) - VU da dt

0

4
< CICap(vz,s)ls/ :

Consequently, the relation (5.7) can be rewritten as

//;N@ — ) - v]pdsdt

0 00

= //,u\I/V O, — D) - VI drdt + o(cap(Vz,e)) -
0 0

On the other hand, the second integral term in (5.8) can be formulated as

//,»ch — D) - VY. dz dt

T

//v uxp (®. — @0)} VY. du dt (5.9)

0
T
// (P — @)V (u¥) - VI, da dt.
0 Q
According to Proposition 2.5 and Theorem 4.1, the last integral term satisfies
//(cps — B0)V (W) - VO dz dt| < clcap(v..)[”* . (5.10)

Combining (5.8), (5.9) and (5.10), we obtain

/T Jnv(@. —o0) ) pasar

0 90

= //V[/J‘I/(‘I)e — ®g)| - VO dadt + o(cap(Vz,e)) -
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The weak formulation of (2.3) implies

//,uVCP —®p) - v]pdsdt

0 900

_ / / (V0. - v) [0(@. — @0)] dsdt + o(cap(r...)).

0 9Q

Finally, since [VJ. - v](®. — ®¢) = 0 on ¢ U X and &, — &g = —J. Py on 7, .,
the last identity becomes

//uV(b — D) - v]pdsdt

0 9Q

=— // (Ve - v) 9 ppV P ds dt + o(cap(7z,c)) - O
0 o0
5.3. PROOF OF THEOREM 5.1

We start this proof by the variational formulation of the system (5.1). For any
(x,t) € Q x (0,T), we obtain

(I)( ) (I)()l't

aEz,t
/ o (I) CIJO]( T)dy dT
Q

+

N5 Ot — O\ﬂ

UV E, (y,7) - V[®. — @0 (y,7) dy dr

O

/’L VEw,t . V) (y7 T) [q)a - (I)O] (ya T) ds(y) dr.
o

o\

Taking into account the boundary conditions, it follows that
T
O (x,t) — Do(z,t) = // 7)[®@e — @0 (y, 7) dy dr
0

T
+//u )WVE,(y,7) - V[P — P (y,7) dy dr.
0 Q
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Using the fact that p. = ®. — ¥ satisfies the system (3.2), then from the weak
formulation one can deduce

T
//,uVEm’t(y, ) V[®. — O] (y,7) dy dr
0

//M(% ) B oly,7) dy dr (5.11)
0 Q
T
4 / / UV (B, — D) - U)(y,7) Ep s (y,7) ds(y) dr.
0 9Q

Integrating with respect to the time wvariable and wusing the fact that
(P — ®0)(-,0) = 0 and E4(-,T) = 0, the first integral term in the right-hand
side of (5.11) can be rewritten as

T

o(P. — @
//%(yaT)Ez,t(yaT)dydT
0 Q

T
—//6Ex’t (®. — Po)(y, 7) dy dr.
or
0

Consequently, we have
T
b.() = o(est) = [ [ V(@ — @0)07) V) Eraly )ds)dr. (5.12)
0 o0

According to the definition of A (see (5.2)), y — A(y) Ey:(y, 7) is a C*° function on
the boundary 9. Moreover, one can easily check that A(-) Ey (-, 7) coincides with
Ey (5, 7) on (7, UX?) x (0,T). Since uV(®. — ®¢)(y,7) - v = 0 on X<, the relation
(5.12) becomes

b, (z,t) — Doz, t) = //[uV(@E — Do) (y,7) - VIA(Y) Ey i (y, 7)ds(y)dT.
0 90

Applying Lemma 5.3 (with ¢(y,7) = A(y) Ez+(y, 7)), we deduce

O (z,t) — Do(z,t)
T

[ [ 199001 9.00) 1) B0l0m) A Erly ) i) dr .13
0

o0
+ 0( cap(’yz,s)).
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Since the function (y,7) — u(y)®o(y, 7) Ex+(y, 7) is sufficiently smooth (of class C')
on a neighborhood of v, ., in such away there exists ¢ > 0, independent of € such that
for each small € > 0

|:u(y)q)0(ya T) Ew,t(ya T) - M(Z)(I)O(Z7 T) E;c,t(z7 T)| S CcE, Vy S ’YT,E
Therefore, the relation (5.13) can be reformulated as

b, (z,t) — Do(z, )

T
- —H(Z)/ Dy(z,7) Ex,t(ZaT)/ [VO:(y)-v] 9e(y) Ay) ds(y)dr (5.14)
0 8Q
+ 0( cap(’yz75)>.

Finally, since A € C'1(09), by the definition of R (see Section 5.1), we have

. 1
lim p(”a/ [Vo.(y) -] 9.(5) Aly) ds(y) = RN).

Then it follows that

[ 1900011 0.0 2w) ds(w) = cap(r. ) RO + o eap(r.)). (5.15)
oN

Finally, inserting (5.15) into (5.14), one can conclude that the perturbed density
field ®. satisfies the following asymptotic expansion:

O (z,t) = Do(x,t) — cap(yz,e) u(2)R(AN) / Qo(z,7)Ey (2, T)dT+ 0(cap(’yz,8)>.
0

According to Proposition 5.2, R is a non-trivial, non-negative Radon measure on 0f).
Its support is included in any compact subset € C 02 containing +, . for small enough
0<e<<l

6. AN EXPLICIT ASYMPTOTIC FORMULA

In this section, we consider the particular case where the boundary condition pertur-
bation is supported by a planar surface. More precisely, we assume that the subset
v.,e satisfies the following conditions:

(i) the subset v, . is far from X in the sense of Hypothesis (1.2),
(ii) there exists 7o > 0 such that the subset X7 . = B(z,70) N X" belongs to the
tangent plane at z.
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Let v, = (a})1<k<d be an outward normal vector to the boundary X" C 09 at the
point z. Denoting by P, . the plane defined by the normal vector v, and the point z.
In other words, P, . is the plane tangent to the surface 9 at the point z. Based on
the Cartesian coordinates, P, . can be characterized as

d
Pre={6= (&1, €a) € R ;aiﬁk—l—ci:O}, (6.1)

with ¢ depends on z and the normal vector v, as ¢ = ZZ=1 aj z. According to this
notations, the condition (ii) can be explained as

Yee CE7 . CE"NP, ..
Let P . be the half-space defined by

d
P .= {51(51,'--,&1) eR? : ;aikarci <O}.

In the context of this particular geometric configuration, one can easily construct
a smooth domain €2, ,, such that Q,,, CQNP;  and X7, C 02 vy

Next, we will prove, in the context of this particular configuration, that the
perturbed density field admits an explicit asymptotic formula. The main results of

this section are illustrated by the following theorem.

Theorem 6.1. Assume that Assumptions (i) and (ii) hold. Then the perturbed density
field @, satisfies an explicit asymptotic formula in both two- and three-dimensional
cases, namely: in the two-dimensional case, we have

™

B, (2,1) = Bo(z, 1) — @u(z)/Em(z,T) o (2,7) d7'+0<10;€), (6.2)
0

and in the three-dimensional case, we have
T
B.(,) = Bolt) ~ Anp(2) [ Bualen) ol )dr 406 (63)
0

To prove the asymptotic formulas (6.2) and (6.3), we start by the construction
of a particular Green’s function that satisfying a homogeneous Neumann boundary
condition on P, .. In section 6.2, we will establish some preliminary useful estimates.
The proof of Theorem 6.1 will be presented in Section 6.3.

6.1. CONSTRUCTION OF A MODIFIED GREEN’S FUNCTION

For a given = € (), we denote by §, a modified Green’s function for the Laplace
operator in R?, such that y — §,(y) satisfies the following conditions:

—AyTa(y) =0a(y) R VyFaly) v:(y) =0 on Py, (6.4)
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where P, . is the hyperplane defined in (6.1), i.e. P,, = {¢ € R : (€ — z,v,) = 0}.
Based on the classical method of images (see e.g. [26]), the solution §, can be
calculated explicitly.

Lemma 6.2. For each x € ), the function §, admits the explicit expression
So(y) =T(y—2)+T(y" —2)

with T is the fundamental solution of the Laplace operator in R (d = 2,3) and y* is
a mirror image of the point y across the plane P, ..

Proof. We will distinguish the cases d = 2 and d = 3, and we will prove, in both cases,
that the function §, satisfies the system (6.4).
In the two-dimensional case, the function §, admits the expression

_ 1 2 1 * 2
Soly) = =~ log(ly — ") — —log(ly™ —«l%),
where ) )
" — 2 = (11 — 21 — 207R(y)) "+ (y2 — 22 — 205R(y)) ",
with RX(y) = afy1 + a§ ya + c2.

In the three-dimensional case, the function §, admits the expression

1 1 1
500 = gl * )

where

2

ly* —z|? = (y1 -z — 205 N(y))2 + (yz — 9 — 205 N(y)) + (yg —x3—2aj N(y))2

with R(y) = af y1 + af y2 + afys + ;. O

6.2. PRELIMINARY ESTIMATES
In this paragraph, we present some preliminary estimates.

Proposition 6.3. Let v, . be an open Lipschitz small subset of X", verifying condi-
tions (i)—(ii). Then, if v € .., we have the estimate

/ WV (@2 — Bo) - 1](4, 7)8x (y) ds(y) = —p(x)@o(z,7) + T(e),

where %() is a quantity going to zero as e — OV,

Proof. According to (6.4), for any (z,7) € Q x (0,T), we have

,u(aj) [q)e(x7 T) - (I)O(w7 T)] = - / H’(y) [(I)e(y’ T) - (PO(yv T)] Ayga:(y)dy



468 Ayadi Aya and Hassine Maatoug

Using Green’s formula, one can obtain

p(x) [@c (@, 7) — Ro(x,7)]

/ 1)V (Be — ) (4, 7) - Vyul)dy

Q

+ / 3o 1)V (@2 — Bo)(y,7) - Vauly)dy (6:5)
Q

- / U, Sa(y) - v(m)(y) (®e — @0)(y, 7)ds(y).

o0

Since X7, C X", then from the fact that ®. — & = 0 on ¢ and V,F.(y) - v(y) =0

Z,To

on X7, we deduce that the last integral term can be rewritten as

[ 90 vt (@ — o) (. )ds(y)
o0

(6.6)
= / VS () - v(y)p(y) (P — Po) (y, 7)ds(y).

nn\%n

z,70

On other hand, from the weak formulation (3.2) (since p. = ®. — ®g), we obtain

/ )V (B2 — Do) (y.7) - V, 3 (1) dy

Q

- / 1V (P — @) - V](y, 7)Tx(y)ds(y)

Vz,e

(6.7)
+ / 1V (@, — Bo) - v](y, 7)3x (4)ds(y)

Ed
—/W(yﬁ)&(wdu

Q

Combining the relations (6.5), (6.6) and (6.7) and using the fact that ®. = 0 on
Vz.e X (0,T), one can deduce that for each x € v, . we have

/ V(@ — @) - )(5, 7)S=(y) ds(y) = —u(x)Bo(z,7) +T(e),

Yz,e



Topological sensitivity analysis for the narrow escape problem 469

with T(e) = Zizl Tk (e), where the terms T (e) are defined by

Ty(e) = — / 3o 1)V (@, — By) - Vyudy,
Q

= [ S v(e - s)ds

E"\E;Lﬁ"o

Ty(e) = - / 14V (@ — Bo) - v]3 (y)ds,

»d

(54(6) = /L((I)E - (I)O)gw(y) dy

or
Q
Finally, based on Theorem 3.1, one can show that for each 1 < k < 4, Ty (e) goes to
zero when ¢ — 0T, O

The following lemma provides a preliminary estimate describing the behavior of
the variation ®. — & with respect to .

Lemma 6.4. We have

O (x,t) — Dg(x,t) = / / 1V (P — @) (y, ) - V]| Ep (2, 7) ds(y) dr

0 Ve
+ O<cap(vz,5))o
Proof. According to (5.12) and using the fact that
[V (@2 — @) (y,7) - V] Ent(y,7) =0 on E?UE™ x (0,T).

the variation ®. — ®( can be expressed as

O (x,t) — Do(x,t) = / / [uV(@E — o) (y,7) - u} E, . (y,7) ds(y) dr,

0 vz,e
where E, ; is the solution to the system (5.1). Then, it follows that
O (x,t) — Po(z,t)

T
= / / WV (@ — @0)(y, 7) - V| Epi(2,7) ds(y) dr

0 vz,e

T
4 / / [MV(QE — @) (y,7) - 1/] (E:m(y,T) — ELt(Z,T)) ds(y) dr.

0 Yz,e
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Using Theorem 3.1 and Lemma 3.2, one can derive

[ [ 9@ = 200 4] (Bualy7) = Bralem)) dstiyir

0 Yz,e

<c |Cap(7z’€)‘ )

which implies the desired estimate. O

6.3. PROOF OF THEOREM 6.1

According to Lemma 6.4, the variation ®. — ®( can be expressed as

T
Bo(,t) — Bo(a, 1) = / / UV (@2 — Bo)(y,7) - ] Eua(z, ) ds(y) dr

0 vz,e

+0(can(r-.0) ).

By the change of variable y = z 4 €£ and the fact that v, . = z + ¢, we obtain

T
B, (2,1) — Doz, 1) = / Eot(2,7) / . .(,7) ds(€) dr,
0

v
with
ee(6,7) = 7z + ) [V, (@2 — @0) (2 +6,7) - vz + <€),

To evaluate the behavior of the last integral term with respect to €, we apply Propo-
sition 6.3 which provides an estimate of the variation ®. — ®y involving the explicit
expression of §,. It is described by the following formula:

B.(z,7) — By, 7) = ﬁ / V(@ — B0) - 1)(y, )3 () ds(y) + T(e).

Yz,e
In the particular case when x belongs to v, ., the last identity becomes
“ul@)@o(e,r) = [ (1V(@ ~ B0) 1], )Faly) dsly) + T(E).
Yz,e
Using the change of variable y = z 4 €£ and the fact that v, . = z + &7, we get

u(2)Bo(z7) = / V(6 7)oz + 26) ds(€) + (o), (6.8)

~
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with

T(e) =%F(e) + p(z + ex)Po(z + ez, 7) — u(2)®o(2,7), w €, 7€ (0,T).

In order to determine the behavior of the last integral term with respect to €, next we
will distinguish between the two- and three-dimensional cases.

(a) The two-dimensional case. For x € ~y, the term §,1c.(z + &) can be formulated as

Sotex(z+e8) =2T(e(§ —x)) = 7%10g€+ 2T(€ — x).

Using the smoothness of the functions ®q and p near the point z and Proposi-
tion 6.3, one can deduce that the term 9R(g) goes to zero as € — 0. Consequently,
relation (6.8) can be rewritten as

Jecem) s©) = (e ) +of

Y

- loge loge)'

(b) The three-dimensional case. For x € -y, the term §,1.,(2+¢£) can be formulated as

Bererls +€) = 2T(e(€ — 7)) = 2 T(E ~ ).

Then, in this case, relation (6.8) can be rewritten as

[t -2y dste) = ~Su()(z.7) + ofe)

v

7. CONCLUSION AND FURTHER COMMENTS

In this study, we have derived a topological sensitivity analysis for the considered
parabolic diffusion problem with respect to the creation of a boundary condition-type
perturbation on a small subset. We have developed a rigorous mathematical framework
that is valid in two- and three-dimensional space. It provides an asymptotic formula that
describes the behavior of the perturbed density field ®. with respect to the location
and size of the created boundary perturbation. The dominant term of the density
field variation has been expressed in terms of a modified fundamental solution of the
considered parabolic operator and the unperturbed density field. The Sobolev capacity
of 7, has been employed to measure the smallness of the boundary subset and to
describe the asymptotic behavior of ®. with respect to the perturbation size.

The performed mathematical analysis is general and can be adapted for a large class
of partial differential equations. The obtained asymptotic formula can serve as a useful
tool to perform numerical algorithms for solving optimization and control problems.
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