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NORMALIZED GROUND STATES
FOR A p-LAPLACIAN SYSTEM
IN THE MASS SUPER-CRITICAL CASE
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Abstract. In this paper, we study the existence of positive normalized solutions to
the following p-Laplacian system:

—Ayu+ MuPt = g™ 4 Briw ™ in RY,

—Apv + AvPl = g™l 4 Broumipm Tl in RV,

Jen [P =a; - fou oI = b,
where 1 < p < N, p1,u2,8,a,b > 0 are prescribed, A1, A2 € R are known as the
Lagrange multiplier, A,u = div(|]Vu|P~2Vu) denotes the p-Laplacian operator.
We prove the existence of positive solutions for the coupled purely mass super-critical

case (i.e., % +p < my,ma,r1+79 < p*) by a minimization argument based on a closed
ball and the Pohozaev constraint.

Keywords: p-Laplacian system, positive normalized solution, coupled purely mass
super-critical case.
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1. INTRODUCTION

In this paper, our objective is to prove the existence of solution to the following
p-Laplacian system:

—Apu+ APl = ppu™ =+ Brium o™ in RV,
—Apv + AvP = pov™27l 4 Brou™ o™l in RY, (1.1)
0 <u,v € WHP(RN),

with the LP-norm constraint:

/ |u|Pdx = a, / |[v|Pda = b. (1.2)
RN RN
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2
Here 1 <p<N7p> 15a7b7,u1a,u2a/8>05 pﬁ+p<m1am27rl + 72 <p*7

. +oo, if N <p,

b= NN—Q), if N > p,

and Ai,\2 € R are Lagrange multiplier, Ayu = div(|]Vu[P~2Vu) denotes the
p-Laplacian operator.

The p-Laplacian operator indeed plays a significant role in various fluid dynamics
models, see e.g. [11, 14, 24]. It has the capacity to account for complex nonlinear
phenomena. For example, it can explain shear thickening and shear thinning in
non-Newtonian fluids as well as nonlinear flow in porous media. In the past few years,
many scholars have studied the existence of p-Laplacian equations, see e.g. [29, 30, 32].
In [12], Byeon, Jeanjean and Maris proved the existence of least energy solutions of
the following system:

—div(|Vu|P2Vu,) = gi(u), i=1,...,m,

where v = (u1,...,un) : RY — R™ 1 < p < N ¢;(0) = 0 and there exists

G € CYHR™\ {0},R) N C(R™,R) such that g;(u) = %(u) for u # 0. In [31], Wang
studied the components symmetry property of the following y-Laplacian systems:

—div(|Vu|"=2Vu) = f(u,v) in R",
—div(|Vv|"72Vv) = g(u,v) in R™.
Here n > 7,7 > 1, and under some monotonicity assumption

In [18], Guo, Perera and Zou considered the following critical p-Laplacian systems:

Aa " ay
—Apu — > [ul*2u |’ = pa |ulP” 2w+ — Ju[*Pulol?, @ e,

By

P2y Sl u]f e, 2 EQ,
p

b

~By0 = 22 ufe ol =20 = piofo
p

u,v € Dy (),

where N > 3,1 < p < N, A\uy,ps > 0,v # 0,a,b,a,8 > 1 satisfy a + b = p,
a+pB=p":= Iév—f, Q = RY or a bounded domain in RY. By variational methods,
they obtained the existence, nonexistence results of a positive least energy solution
and the multiplicity of the nontrivial nonnegative solutions of this problem.

In the case p = 2, problem (1.1) comes from the study of the following

time-dependent systems of coupled nonlinear Schréodinger equations:

—Z‘%(I)l = A(I)l —+ |@1|m172<b1 +?"1|(I)1|T172|®2|r2(131, (x,t) € RN X R,
—iZ Dy = ADy + [Bo| 272Dy + 15| |7 [Ba| 272Dy, (2,t) € RN xR,  (1.3)
(I)j = q)](.’lﬁ,t) S (C, j=12 N >1,
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The problem (1.3) appears more naturally in mathematical physics and used as model
for various physical phenomena, see e.g. [2, 3]. So it is necessary to consider that for
any solution [®;, 5] of problem (1.3) with the preserves the L?-mass, namely

/|<I>1(t,x)|2dx _ a,/|<b2(t,x)\2dx b, Vit € (0, 400).
RN RN

Obviously, the solitary wave is a solution of problem (1.3) with the form
[@1, @] = [e7™ u(z), e v(2)],

and satisfies the nonlinear elliptic system

{—Au + Ay = pgul™ 20+ Bryjul "2 u|["2u in RY, (1.4)

—Av + Av = po|v|™2 20 + Brojul™ jv|™2 "2y in RY,

with the constraints
/ |u|?dz = a, / |v]2dz = b. (1.5)
RN RN

The different cases of the problem specified by (1.4)—(1.5) have been researched by
some mathematicians, which appear in [5-9, 16, 17, 21]. In [7], Bartsch and Soave
consider the case N = 3, pui,puo >0, my =mg =4, r1 =19 =2 and 8 <0, i.e.,

—Au — M\u = pud + fuv?, in R3,
—Av — \v = pgv® + Buv, in R3,
Jpsu?dz =a and [p,vidz =b.

They obtained the existence of positive normalized solutions by using the Pohozaev
manifold constraint. Moreover, they also derived the multiplicity results presented
in [8]. For the case p1,pe > 0, 8 < 0 and 2 < my,ma, 1 + 12 < % + 2, Gou and
Jeanjean in [16] proved the existence of normalized solutions by means of a minimization
argument. They in [5] also obtained a multiplicity result when mq,my < %—1—2 < ri+re
orry +re < %4’2 < mi,Mma.

When § > 0, the existence results of equations (1.1)—(1.2) are different. In [5, 6],
Bartsch, Jeanjean and Soave studied the existence of positive normalized solutions of
the following problem:

—Au — Mu = pud + Buv?  in R3,
—Av — Av = pv® + Bulv  in R3,

Jps u? = a, [gs v* =b.

They obtained the existence of normalized solution through the variational argument
in two intervals of 8 depending on a, b, 111, 2. In [9], Bartsch, Zhong and Zou overcame
the dependence of 8 on the masses a,b by a new approach based on bifurcation
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theory. They obtained the existence of normalized solution provided § is in a range
for any a,b > 0. In [4], Bartsch, Li and Zou investigated the existence and asymptotic
properties of normalized ground states of the following Sobolev critical Schrodinger
system:

—Au+ M= |u* 2w+ Bri|ul" 2 v]2u, in RV,

—Av 4+ Av = [v]? 720 + Broful" [v|2 720,  in RN,

Jen v® =a, [pnv?=0b,
where N = 3,4, r1,7ro > 1 and 2 < r; + ro < 2*. When 8 > 0, they obtained the
existence and non-existence results in different cases. While when § < 0, they proved
the ground state does not exist. Recently, Jeanjean, Zhang and Zhong derived a new
range of S by combining Liouville type theorem with the closed balls of radius a,b
n [21]. More precisely, they obtained the existence of positive normalized ground
states of the following systems of coupled Schrédinger equations:

—Au+ My = pu™ !+ Brium "™ in RY,

—Av + Av = g™ 4 Brou ™"t in RV,

Javut=a,  [pnv?=0,
where p1, g2, 5 > 0 and % + 2 < myp,me < 2*. In particular, if N =1,2 or N = 3,4
with r1,79 € (1,2), they just need 5 > 0 to guarantee that the existence result holds
for any a,b > 0.

However, up to now, there have been relatively few studies on the problems of this

kind of p-Laplacian system (1.1) with the mass constraints (1.2). It is worthwhile to
investigate the existence of the ground state solutions to (1.1)—(1.2).

Denote W := WHP(RN) x WLP(RY), and we define the energy functional corre-
sponding to (1.1) as follows:

1 M1 2 :
Toluo) = - (19l + [901g) = 22l = 22 oz = 5 [ ul oz,
RN

constrained to the S, X S, where
Sy ={ue WHP(RN): ulb =a}, Sy:={ve WLP(RY) [vll5 = b} .

2
Note that since % +p < mi,mo,r1 + 10 < pF, J/3|8 vs, 18 unbounded from below,
it is necessary to consider the so-called Pohozaev manifold

Ps = {[u,v] € W\ {[0,0]} : Pglu,v] =0},
and

Pglu, o] = [Vullg + IVollg = 10m, ullimi = p20m, [vllm;

-%ﬁ+wﬁmmﬂ/WWWWM,
]RN

where §,, := % — %
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Prompted by the above literature and methods, we use the similar way in [21].
So we define

D, = {ue WPRN): Julb <a}, Dy:={ve WhP(RY) [oll5 < b}.

We will prove the existence of ground state solution on D, x Dy. So, for any a,b > 0,
we can define

PYY = Ps N (Dy x Dy).

We denote
Mpg(a,b) := inf  Jglu,v]. (1.6)

[u,v]EPéa’w

Next, we need to show that [u,v] € S, x S provided A, A2 > 0. At this point,
the Liouville type theorem plays a vital role.
Now, we can state our main results as follows.

Theorem 1.1. Let 1 < p < N < p?, mi,ma,r1 + 19 € (% +p7p*) and ri,r9 > 1.
There exist by, ma u1. s, defined in (2.7), and B, py.a,N,r Bma,ps.b, N, defined in (2.4),
such that the following hold:

(i) For any a >0 and b € [bym, ma,u1 a0, T00), there exists a ground state solution
(A1, A2, u,v) to the equations (1.1)~(1.2), provided that either r1 < p with >0
orry =p with 8> By us,b,N,r-

(i) For any a > 0 and b € (0,bm, my 1, us,a), there exists a ground state solution
(A1, A2, u,v) to the equations (1.1)—(1.2), provided that either ro < p with 8 >0
or ro =p with 8 > Bm, u1,a,N,r-

Remark 1.2. When p = 2, our theorem holds for N = 3,4, which generalizes the

result for Schrodinger system in [21] for the case 2 < N.

Furthermore, we can study some asymptotic properties of the normalized solutions
obtained in Theorem 1.1.

Theorem 1.3. Under the assumption of Theorem 1.1. Let My, 1 as My, u0,b defined
in (2.6) and Wm, puy .0 Wiy, pusb defined in (2.3). Then the following results hold:

(i) For any a > 0, if either b € [bmy mo s piz,a, +0) and 71 < p or b €
(0, b1y yma pir pin,a) and T2 < p, then as B — 0%, we have

Mﬁ (Cl,, b) - min{m’mhul,a? m7n27u27b}'

In particular,

['LL[; Uﬁ] _ [O>wmzyuz,b] ifb € (bmhmz,myumm +OO) and ry < b,
[wm17ﬂl7a70] Zfb € (0’ bm17m2;/1'17ﬂ27a) G,Tld T2 < p.

(ii) For any a,b >0, Mg(a,b) — 0" as f — +oc.
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2. PROPERTIES OF A p-LAPLACIAN PROBLEM

In this section, we introduce some results about p-Laplacian equations. Firstly, a couple
of nonnegative solutions of (1.1) is semitrivial when one component is 0 while the
other is not. In order to understand the properties of semitrivial solutions of (1.1),
we need the ground state solution to the following problem:

—Apu+uP~t=yml in RV,
u>0 in RY, (2.1)
u € WHP(RN).

Forp< N, m € (p 21;," 28 p*), the uniqueness and existence of ground state of (2.1) are

given by [27, Theorem 3]. Moreover, the ground state is positive, radially symmetric
and decreasing.

Denote the ground solution of (2.1) by U,,. Then for any a, u > 0 fixed, by scal-
ing U,,,, we can obtain the ground state solution of the following problem:

—Apu+ Pt = pumt in RV,
u>0 in RY, (2.2)
)

We denote the ground state of (2.2) by W, ;.. More precisely,

Wi, pa = (A) mw U, ()\%z) , (2.3)

I
where
2 _p2(m=p) _ ()
A= p7m||[jmug<m—m—p2 afm‘
Then, we can define
1 . \Vh|Pdz
Bmpa Ny = = inf Jar (2.4)

P heW P RO} Jgx [Win,pial"RIPd2
From [32], we can obtain the positive ground state solution of (2.1) as well. Moreover,

some properties of the ground state solution are also presented in [32].
Define the energy functional associated to (2.2) as

m>

1 %
Jm = P ™ 2.5
wu(u) pHVqu —llull (2.5)

and the corresponding Pohozaev identity P, , . is defined as

P = {u S Wl’p(RN) Vull) — b |fully, = 0} )
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For any t € RT and u € WHP(RY), define
(t*u)(x) =t u(tz).
Then we have
[t u(z), t*v(@)] = [t7 u(te), t7 u(tz)] € Spup X Sjujz-
Lemma 2.1. Let N > 2, m € (pz%,p*). Then Wm pua € Pm,pa and

Mo = (Wi, pa) = uiélga r{1>a§( Jmpu(txu) = ue}}jﬂﬁ T (W),

where Wy, ;..o 05 the positive ground state solution to (2.2).

Proof. The proof can be found in [32, Section 5].

Now, we can derive from a direct calculation that

1
Mm,u,a = Jm,u(wm,u,a) = ];vamw,aHz - Emevu‘vaH%

1 1
_ ( - ) IVt

p MO
[mp—N(m—p)]
= lf L ”U ||pN(pm*p)fpg
p  monm e

- p? N(m—p)—mp
’ ||VUm||£u N(m—p)—p2 q N(m—p)—p>

N a2 _p2(m=p) _ 2 N(m-p)—m
_ N(m p) D HUm”II)\I(mfp)fpzIu_N(mfp)praN(m—i)fp;,

p[N(m —p) — mp]

Then we define

N(mg—p)—p?

b L N(ml - p) - p2 N(m2 — p) — map] N2 =p)-map
s RS T N(my —p) —map  N(mg —p) — p?
p2(my—p) . _N(my—p)—p? 22 (o —p)

. ||U HIZ;’(M1—1>>—1)2 N(""Z*P)*'f”zPHUm ”;m
m 2

_ p? . N(mg—p)—p> P
N(my—p)—p2 N(mg—p)—map N(mg—p)—map

* Ho

N(mi—p)—m1p N(mg—p)—p>
-a N(my—p)—p? N(mz—p)—map

(2.6)
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It is easy to check that the semi-trivial solutions of (1.1) satisfy
Tslus 0] = S Fully = Ll = 1),
p ml 1 )

and

1 2
J3[0,v] = ];IIVUllﬁ - m*QHUII%i = Jma iz (V)
Remark 2.2. By the definition of M, 4y .0, Mmsg,us,q, We have

Jﬁ [vamzyuz,b] = Mg, pa,b < (resp. = >) Mmy,p1,a = Jﬁ[wmhuhav O]

if and only if

b> (resp. = <) bmlﬂ”%ﬂlvﬂ?va'

3. PRELIMINARIES

In this section, we introduce some preliminary results. Firstly, let us recall the famous
Gagliardo—Nirenberg inequality.

Lemma 3.1 ([1, 25]). For every m € (p,p*), there exists a sharp constant Cn m > 0
such that

[ullm < Cnml Yl lully, =0, Vu € WHPRTY), 3.1)
where §,, = ¥ — N
p m

Next, we introduce some properties of the Pohozaev manifold.

Lemma 3.2. Let [u,v] € W be a weak solution of (1.1), then the following identity
holds:

N-p

N
Jawap 4190+ [ Ouful? + 2aloP)

RN RN

= [ (B 22 ) w5 [l
mi m2
RN RN
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Proof. By the regularity of the elliptic equation (see, e.g., [10]), u,v € C’llo’f (RM). Let

1 i 1
£i(0,6) = L 4 Djap - £
p p m

7

mioog=1,2

) ) 7

and
file) = Brifu(@)[" Pu(@)|o(@)],  fa() = Brofu(@)™ [u(z)]"* v ().

Then it follows from [13, Lemma 1] that, for any h € C§(RY,RY), we have

N
Z /Dithgiﬁl(mVu)Djudx— /(divh)ﬁl(u,Vu)dsc
I=IRN RV (3.3)

= /(h - Vu) frdz,

RN

and

N
Z /Dithgiﬂg(v,Vv)Djvdx— /(divh)ﬁg(v,VU)dx
e RN (3.4)

= /(h - V) fodz.

RN

Now we can choose ¢ € C}(RY,R) such that ¢(z) =1 for |z| < 1, ¢ =0 for |x| > 2
and 0 < ¢(x) < 1. Define ¢p(z) := ¢(%). Taking h(x) = ér(x)z respectively in
(3.3) and (3.4), we have that

ZN: /Di(,z5 (%) %|VU|P*2DiuDjudx+ / ) (%) |VulPdz

ivjzl]RN RN
_ I\ T Py M Ly m

[0 (5) 5] [1vu 4 2t = 2 | a

RN X \ (3.5)

T 1 H1
— N — _ p - p_ - milq
[o(5) [+ e = 2o o
RN

_ B/ [¢ (%) - VU} [r1|u|r1—2u|’u|7“2] dz,
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and

Z /qus %) L3 \VuP~2DsuD; vdx+/¢(%) \VolPdz

L,i=1pN RN
= [0 () 5] [51vet + 200 = L2 ] 0o
RN (3.6)
N / é (%) [|W|P + %W - 5122|u|m2} da
RN
=5 [ [o ()« Vo] lralorolul] .
i

By the Lebesgue’s Dominated Convergence theorem, as k — +00, we can derive

) TN X5 pP—27). . _
/Dﬂj)(k) k|Vz| D;zDjzdz — 0, z={u,v},

/d) (%) |Vz|Pdz — / |Vz|Pdz, 2z = {u,v},

RN RN

(Vo) () Z] |1vap + 2papp - L)
k) k P m

7
RN

- _ p Clyp 2
[o(5) [51malr+ 20t - 24
RN

3

ﬁ/[wu e - 2

N
Z |: 10) (%) z;D;u (7’1|u|”72u\v\rz) dz + / 10) (%) x;D;v (7‘2|u|r1 |v|r27zv) dz
]RN

RN

ml} dz =0, (i,2) = {(1,u),(2,v)},

mi] dx

] dz, (i,) = {(1,u), 2,0)},

= i o (3) Qulol™),, wide

_N/ ( )(|u|”|v\” dx—i—Z/Dz(b = (ul"ol™) da

SN / (Juf™ [o]")d
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Finally, combining (3.5) and (3.6), one obtains

N — N
—gf/ﬂVM”HVMW+;;/OﬂmW+MWW

RN RN
N[ (Bl 22 pm ) 435 [l or 0
RN ! ? RN

Lemma 3.3. If [u,v] is a solution of (1.1) for some A1, A2 € R, then [u,v] € Pg.

Proof. Since [u,v] is a solution of (1.1), it follows that

/\Vu|pda:+)\1/|u|pdx:,u1/|u\"“dx+6r1/|u|”|v\r2d3€7
RN RN RN RN

and
/|Vv\pd;v+)\2/|v|pdx:,u2/|v|m2dm+57°2/\U|T1|U|T2dx~
RN RN RN RN

On the other hand, it follows from Lemma 3.2 that

N — N
Tp /(|Vu|p + |VolP)dx + n /()\1|u|p + Ao|v|P)dz

RN RN
= N/ <‘“|u|7"1 + “%m) dz + Nﬂ/ | o] d.
m
BN mi 2 BN

Combining the above three formulas, one obtains

Palust] = [ (9l +[90l?)do = o, [ Jufdo = b, [ o7
RN RN RN

—(n +r2)5n+rzg/ luf™ o2 da
RN
= 0. O

Now, we define 7 :RT R by

[u,v]

ol

[u,0]

(t) : = Jp[t xu,t xv]

1 M1 S,
= UIVully + 9ol = 2l

1
H2 ma 1m26m T1|,,|T2 (r1+72)0r 41
= — ol — B [ul™ o[ da | t 1tr2,
m
2 BN
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Lemma 3.4. Let [u,v] € W\ {[0,0]}, then for any t > 0, \IJE
[t xu,txv] € P.

(t) = 0 if and only if

w,v]

Proof. By direct calculation, we can obtain

d
B Ny @

(W) (1) = dtJﬁ[t*u,t*v]

= (IVullg + [VollZ) 271 = b, s ems9m

= HaGmy [[ol[ 22027

(3.7)
_ (7"1 + r2)6n+rzﬂ / |u‘r1 |’U|r2d$ t(r1+r2)6n+r2_1
RN
P,
_ Bltxwtro]
t
Hence, we can obtain that (\I!fu v})’(t) =0« Pstxu,txv] =0 for any ¢ > 0. O

Lemma 3.5. Pg is a C' manifold of codimension 1 in W.
Proof. For any [u,v] € Pg, suppose by contradiction that Pj[u,v] = 0, then [u, ]
satisfies the following system:

—DApU — 137 Oy 1|

= Bri(r1 +172)0r 41y / lu|" 72 |v|"2u dz = 0,

RN
—pApv — u2m25m2|v|m2*21) (3.8)

— Bra(r1 +72)0r 41y / u|™ |v|T2_2v dz = 0.
RN

Similar to Lemma 3.2, we get that

]% /(|Vu|p_|_ |VolP) = /('u15m1|u|m1 + 120, [v]™?)
RN

R (3.9)
B+ 72)Priamn / " ol

RN

Combining (3.9) with Pglu, v] = 0, we deduce that

L [(vup+19op) = [(9up +1900),
RN

RN

which implies that |[Vu|b = 0 and [|[Vo|[5 = 0. Then [u,v] = [0,0] in W. This is
a contradiction with [0, 0] # [u, v] € Pg. O
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Lemma 3.6. Suppose that [u,v] is a critical point of J5|P<a,b), then there exist some
s

A1, Ao € R such that
Jg[u, v] + A [u, 0] + X2[0,v] = 0.

Proof. For any |u,v] € P(a’b), by direct calculation, we have
B

(W, )" (1) = (= D(IVull2 + [Vol2)

= (M1, = Db, ([l = (m2dm, — 1) p2dm, (0]

(3.10)
- [(7‘1 + T2)57’1+7’2 - 1](7‘1 + T2)57’1+7’2ﬁ/ |U|T1 ‘U|T2d$.
]RN
On the other hand, by Pslu, v] = 0, we have
[Vully + [IVoll) = p16m, [[ullm + p20m, vl
+ (Tl + T2)6r1+7“25/ |U|T1|U‘T2d$. <311)

RN

Combining (3.10) and (3.11), we can obtain that (\I/[Bu v])”(l) <0.

From Lemma 3.5, we have that Pé [u,v] # 0 and there exist A1, Ay, v € R such that

Jg[u, v] + M [u, 0] + A2[0,v] 4+ v Pslu, v] = 0. (3.12)

Now, we just need to show that v = 0. The functional of equation (3.12) is defined as
Dsluyo] = Jafu, o] + Mallull2 + daloll? + vPs[u o,

Similar to Lemma 3.4, [u,v] satisfies a Pohozaev identity which is in the form of

%@dt * U, t* V) |t:1 = 0. Moreover, through direct computation, we have

d
&ég[t*u,t*v]‘tzl

d
=% [Jg[t*u,t*v] + /\1||u||£ + /\2||v||g + VPB[t*u,t*vH |t:1
d
=L lep @@y
dt[[’] [u,] }t:1
= () (W, V() + (Y1),
Note that (\I/’SL v})”(l) < 0. Hence, we can deduce that v = 0. O

Lemma 3.7. Let % +p < mi,me, 1+ 12 < p*. For every [0,0] # [u,v] € D, X Dy,

there ewists a unique t = 1, > 0 such that [t x u,txv] € Péa’b). Moreover,

tue] < (resp. =,>) 1 if and only if Pglu,v] < (resp. =,>)0.
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Proof. For any [u,v] € D, x Dy and t > 0, we have that ||t x u[|l = [lu[} < a and
[t xv|[b = [lv|l5 < b. So we just need to verify that there exists a unique ¢ such that

Pglt xu,t*v] = 0. Since % +p < mq,mo, T + 19 < p*, we have that
m15m17 m26M27 (Tl + T2)6T1+7”2 > p.

Then it follows from (3.7) that there exists just one point ¢t = t[,,) such that
(W Y(t) =0, and

[u,v]

(¥

[u,v

])/(5) >0, Vs € (Oat[u,v])a (\Ilﬁ

[u,v

/() <0, Vs € (tu0)+00),

which means that Pg[t x u,?xv] = 0 by Lemma 3.4. And ¢ is the maximum critical
point of \Ilfi J (t).

Moreover, since Pglu,v] = (\I/ﬁw

])'(1), we can obtain that
Fplu,v] < (resp. =,>)0 < (Wﬁ,v])/(l) < (resp. =,>)0

&ty < (resp. =,>) 1. O

Denote the Schwartz symmetrization of u as u*. We can derive the following result.

Lemma 3.8. Let % +p <my,ma,r + 79 < p*. For any [u,v] € P/ga’b), there exists

a unique t =t~ ,+ € (0,1] such that [txu*, txv*] € Péa’b) and Jgltxu*, txv*] < Jg[u,v].

Proof. For any [u,v] € ’Péa’b), we have [u,v] # [0,0]. So by [[u*[|l = [lu|b and
[v* ][5 = [[v]|B, we see that [u*,v*] € Dy x Dy \ {[0,0]}. Then by Lemma 3.7, there

exists a unique ¢ = #,« ,+) > 0 such that [t x u*,t xv*] € Péa’b).

By the properties of rearrangement, we also have that

IVur(5 < [[Vullp,  [[VoH|[5 < Vol /IU*\“IU*Imdx > /IUI“IU\“dx~
RN RN

Thus, we have Pglu*,v*] < Pglu,v] = 0 and Jg[u*,v*] < Jg[u,v]. By Lemma 3.7
again, we can get the fact that t =t~ ,«) < 1.
Moreover, we can deduce that
max Jals xu™, s xv*] = Jg[t xu, t xv*] = Jg[(tx )", (t*xv)]
SJg[t*u,t*v]Smgg{Jg[s*u,s*v]:Jg[u,v]. O

Lemma 3.9. Let 1 <p < N, %—i—p < may,me,r1+r2 < p*. Then for any [u, v] € Pg,
there exists a constant Co > 0 such that

Jalu,v] > Co ([[Vull2 + | Vv||) .
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2
Proof. Since p + & < my,mg,r1 + 12 < p*, we have
m16m17 m26m27 (rl + r2)6T1+7‘2 > D,

Define

1 1 1
K = max s s < —.
{m15m1 Ma0m, (11 +72)0r 41y } p
Hence, for any [u,v] € Pg, we have

k& (IVullp +11Voll}) = & [m%l [ullm + p20m, ([0l

+ﬁ(7’1+'f2)6rl+rz/7_L|T1|”U|T2d1"|

RN

H1 H2 ;
> 2l + 22 ol + 5 [ fulolda.
RN

Thus, one can obtain that

1 H1 m H2 m r T
Jalu,v] = » (IVullp +[[Vollp) - EH”HM - m*2||7f||m§ - ﬂ/ |u|™ |v]"*dz
RN
1
> (p - H) (IVullb + [Volp) =: Co ([ Vullf + [[V]E) . O

From Lemma 3.9 above, we can deduce the following result.

Corollary 3.10. Let 1 <p < N, p+ IJ’\,—Z < mi,me,r1 + 12 < p*. For any a,b > 0,
JB’,P(a,b) s coercive.
8

Lemma 3.11. Let 1 <p < N, p+ % < my,ma,r1 + 12 < p*. For any (a,b) # (0,0),
there exists a constant Ry > 0 such that

it (IVull + [V012) > Ro.
[u,v]ePé"’ )

Proof. Suppose by contradiction that for any ¢ > 0 small enough, there exists
[uo, vo] € ’Péa’b) such that
([IVuols + [Vuwol?) < e.

By the Gagliardo—Nirenberg inequality (3.1), Holder inequality and Young inequality,
for any [u,v] € W, we have

M16m,

Syt |[ullt < Sy pn O3, @™ 00| Va5

mi — N,mq

m18m

< by O, @™ 70 (Il + [Vl ™7

m18m

= Ry (| Vullp + [Volp) ~ 7,
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_ Om
Oz ||V][m2 < Gy 2O, ™21 70m2) || |20
modm

< Gg 2Oy, b0 ([Tl f 4 [V fl7) T

modm

= Ry (|Vulp + Vo),

and

B(r1+r2)0r v, / |u™ o] dx
RN
B(Tl + T2> r1+712 ||u||r1+r2 ||v||r1+r2
6(7"1 + 7“2) r1+7‘20]<711r42rr arl(l 6T1+T2)b742(1_6”+"2)
1+72
(r1472)8r; 41y
(IVullp + ([ Vol[D) ’

(r1+72)8r g

= Ry ([Vulp + [Volp) 7

Then we can obtain that
m18m

Pylug, vo] = ([ Vuoll} + [IVvollp) — B (IIVuoll} + [[Veoll}) 7

m,26m,2
— Ry ([Vuollb + [VwolB) 7
(r1472)8r) 1y

— R ([[Vuolb + [Vuollh) g
By p+ 2 < mi, Mo, 11 + 79 < p*, we have
N

m15m1 m25m2 (Tl + T2)6T1+7‘2
, , > 1.
b p p

Since (||Vug||? + [|[Vvo|[%) is small enough, we can derive that
Pslug, vo] > 0.
This is a contradiction. O
Then from Lemma 3.11 and Lemma 3.9, we have the following result.

Corollary 3.12. Let 1 < p < N, p+ % < my,mo, 1 + 12 < p* and Mg(a,b) be
defined in (1.6). Then Mg(a,b) > 0.

Define
W, = {[u, 0] € W [u(x),v(2)] = [u(|]), v(|z])], = € RN},
and

Mg(a,b) = i?fb) Jglu,v].
[u,v]ep;’ W,
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Lemma 3.13. Méad(a,b) = Mpg(a,b).

Proof. Tt is clear that M,g,a‘jl(ct7 b) > Mpg(a,b) by the fact that ’Péa’b) NW, C Péa’b).

a,b)

On the other hand, for any [u,v] € 73/(3 , we can deduce from Lemma 3.8 that

there exists ¢ = t[,- ,+) such that [t x u*,t xv*] € Péa’b) and satisfies
Jplt x u*, txv*] < Jglu,v],
which implies that

Mgad(a,b) < inf  Jgltxut,tx0*] < inf  Jglu,v] = Mga(a,b). O
[u,U]EP/(;"b) [u,v]EfPéa’b)

4. PROOF OF THEOREM 1.1

In this section, we will prove the existence of normalized solution to (1.1)—(1.2). Firstly,
we need to construct some conditions to rule out the semi-trivial solutions mentioned
in Section 2.

Lemma 4.1. Let 1 <p< N, p>0,a>0,r >0 and By .q,n, be defined in (2.4).
Then it holds that By i.a,nr > 0.

Proof. Let w = w4 be defined in (2.2). Since 1 < p < N, we can derive that
w € L (RYM) by the Moser iteration technique (see, e.g., [15, 22]). Then it follows
from Hélder’s inequality and the critical Sobolev inequality that

/ [l [P dz < [lwlxe 12]5- < Syt lwls: IVAIE,  vh e WHP(RY),
RN

which implies that

1 Jon [VR|Pdz _
a,N,r = = inf SR >9 "> 0. O]
Praesie =5 ewn oo Tou iz = 15

Lemma 4.2. Letl1<p< N andp—i—% < mq,ma,r1 + 12 < .

(i) If1 <ry <p orre=p with B> B, y1.a,N,r, then Mg(a,b) < mm, 4, .a;
(ii) If 1 <ri <p orr =p with B> By, pus,b,N,res then Mg(a,b) < Mpy b

Proof. This proof is similar to the proof in [21, Lemma 7.3]. We only need to show (i),
and the proof of (ii) is completely analogous. For the sake of convenience, we denote
Wi,y 1,0 defined in (2.2) as w here.
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For any h € Wh(RN)\ {0}, let h := ﬁ

for any |s| < br. By Lemma 3.7, there exists a unique ¢ = t(s) > 0 for which
[t(s) xw,t(s) x sh] € Péa’b), and t(s) satisfies

. So we have that [w, sh] € D, x Dy

IVwliy + [sIP[[VAE
= Gy i W[l 870 7P - Gy || 25|22 0ma TP
(4.1)
+ (11 +72)0r, 41, 8 /\w|T1|h\T2dx |s|72¢(T1+72)0r 42 P
RN

which implies that ¢(0) = 1 by the definition of w. Then it follows from the implicit
function theorem and (4.1) that ¢(s) € C* locally around s = 0 and

where

Pi(s) = pls[P2s||Vh||E — moGm, ol B[ n2]s| ™2~ 2 st™20ma =P

— 7‘2(7“1 + ’I“2)(5r1+r2ﬁ / |w‘7"1 |h|r2dl‘ ‘S‘T2_2St(rl+r2)6rl+7‘2 _p7
RN
Qh(S) = (m15m1 —p)5m1u1||w||::7iitm15ml —p—1
+ (M2Giy — )Gy il I|2 |27 20ma =P

+ [(r1 4+ 72) 00y oy — P (11 4 72) 0y 4 3
/|w|“\h|r2dx |s|72¢(r1472)0r 4ry =P =1
RN

Case 1. 1 < r9 < p. For |s| small enough, we have that ¢(s) =1+ o(1),

Pa(s) = —ra(r1 + 120y 40a 3 / o3 B2 | 5] 2s(1 4 o(1)),

RN

and

Qn(s) = (M16m, = p)om, pallwll; (1 4 0(1)) = (M16m, — p)IVw|[F(1 4 o(1)).

Define
(T‘l + T2)6T1+7‘2ﬁ ( fRN ‘w|7"1|h‘7'2dx)

Cy =
" (m16m, — p) [V}
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So we can obtain
t'(s) = —raChls|™2s(1 4 o(1)).
Then by integrating the function ¢'(-) from 0 to s, we can obtain

t(s) =1—Chls|™(1 4+ o(1)),
and for any 7 > 0,
t7(s) =1 —7Ch|s|™ (1 + o(1)).
Hence, combining w € Py, ;0 and 72 < p < mq,mg, we have

Jalt(s) xw, t(s) * (sh)] — Jaw, 0]

1 1 H1 5
= —||Vwl||B(tP(s) — 1) + = ||VR|]2|s|PtP(s) — —||lw]|m: (t™* O™ — 1
HIVwlp@(s) = 1)+ ZIVAIGIs2(s) = 2ol )

my

-2 ||h||%;|s|m2tm25mz - B / |w|™ [B|"2dz | |s|72t 20
mo
RN

X 1
= (9w = i 2] Calsl™ (1 + 0(1)) + ([ VIFIsP#(s)

2 g gmadne g /|w|n|h|r2dx (o2 g
m
2 N

<3 / ol |Bf72dz | |s[72 (1 + o(1)) < 0,
RN

which implies that for any |s| < b# small enough, we have
Mpg(a,b) < Jglt(s) x w,t(s) * (sh)] < Jg[w,0] = M,y a-

Case 2. o = p. For |s| small enough, we have that
Pals) = pIVAIG ~ 95 [ ol bPde | Js-2s(1 4 1),
RN

and

Qn(s) = (M16m, = P)om, pallwll; (1 4 0(1)) = (M16m, — p)IVw|[5(1 4 o(1)).

Define
& . PIVRIE —pB Jew [w|™ APz
h =
(M1dm, —p)[[Vwllp
Similar to the analysis in Case 1, we have

t'(s) = pChlsP~?s(1 + o(1)), t(s) =1+ Cals|’(1 +o(1)),

and
t7(s) = 1+ 7Cx|s[P(1 + o(1)).
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Hence, it follows from 8 > B, uy.a,Nr> W € Py oy ,a and 72 = p < my, mo that

Ja[t(s) x w, t(s) * (sh)] — Jgw, 0]
1 1 M1 5
= ||V Ptp -1 ,Vhp Ptp _ = m1tm1m1_1
HIVwlp@(s) = 1)+ ZIVRIGIst"(s) = o llwllm )
2y g magmadma _ g /|w|’“1|h|pdx (s PEr+r)5
ma
RN

1 A 1
= [IVwll§ = p16m, [lwll7] CalsP(1+ 0(1)) + = [[VA[[}]s["(1 + o(1))
p

_ K2

||| |s|m2m20m — 3 /IWI”|h|pd$ |s[P(1+0(1))
ma

RN

IN

1
EIIV’lIIZ*ﬂ/\wI”Ih\pdz |s[P(1+o(1)) <0,

RN
which implies that for any |s| < b# small enough, we have
Mpg(a,b) < Jglt(s) x w,t(s) * (sh)] < Jg[w,0] = M,y a- O
Next, we prove the following existence result on D, x D.

Lemma 4.3. Let 1 < p < N, ri,rg > 1, p+ % < mq,ma,r1 + 12 < p* and let
Mga(a,b) be defined in (1.6). Then for any a,b > 0, Mg(a,b) is achieved by some
nonnegative Schwarz symmetric function [u,v].

Proof. By Lemma 3.13 and Corollary 3.12, we can take a minimizing sequence
[tn, vn] € ’Péa’b) which is Schwarz symmetric such that

[umvn] = [|un|7 |UHH = [UZ»UZL 0< ||Un||§ <a, 0< anllg <0, Pﬁ[umvn] =0,

and

Jgltun, vp] = Ma(a,b) asn — +oo.
It follows from Corollary 3.10 that Js is coercive. So we can derive that {||Vu,||,}
and {||Vu,||p} are bounded, i.e., {{ty,v,]} is bounded in W.

By the fact that the embedding WP (RY) — L*(RY) is compact for any s € (p,p*),
up to a subsequence if necessary, there exists [u, v] € W such that

Up — win WHP(RN), w, — win L*(RY), wu, — u ae. in RY,

4.2
v, — v in WHPRY), v, —vin L*(RY), v, = vae. in RY. (4.2)
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Since r1, 72 > 1, we can derive from the Mean Value Theorem and Hoélder inequality
that

/ ot |7 [ "2l — / " o] dz
RN RN

= [l oal = o)t [ (" = ol

]RN ]RN
<7 / |t | (00|27 + 027 |0 — v|da
RN (4.3)
+71 /(|Un|”71 + w7 Y |2 Juy, — uldz
RN

< a7y (lonll725r, + 1017250 ) 100 = 0llr s

-1 -1
71 (7 5, + Tl e ) 015y n = ey 4,

— 0, asn— +oo.

We claim that v Z 0 and v # 0. Suppose by contradiction that v = 0 or v = 0.
By [tn,vn] € Péa’b), (4.2) and (4.3), we have that

Hv“nng + ||an||§ = (116, |[Un] ﬂi + N25m2||vn||771nz§

+ B(r1 +72)0r, 4y / [t | o |2 da
RN
= 0(1)7

which implies ||[Vu,[[l = o(1) and |[Vv,|b = o(1). This is a contradiction with
Lemma 3.11.
Moreover, by the weak lower semicontinuity, we have

IVl < timinf [V, [Fol, < liminf [ Vo). (4.4)

Now, we have that

Pslu,v] < liminf Pgluy, v,] = 0.

n—-+oo
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Then by Lemma 3.7, there exists a unique ¢ = t[,, ,) € (0, 1] such that [txu, txv] € P,
Hence, we have

Jglt * u,t * v]

1 H1 m H2 m
=2 IVExw)}+ [V (Exv)llp] - 1 ullmy = e x vl

—5/|ﬁ*u|ﬁ|t*v|r2dx
N

R
Oy 1 Oy 1
_ _ t m 2 t mo
(22 LY el e (222 - Y ol

57‘ T
_’_5<(7"1+7'2) 1+2_1)/|t*u|r1t*v|r2dx
p .

0 1 ) 1
= ( mi ) ||u||m1tm15m1 + 1o ( 7;2 _ > ||va§tm25m2

p mi m2

+p ((7'1+T'2)5r1+r2 _ 1> / |u|r1"U‘T2dSC $(ri4r2)dr ey
p on

Furthermore, combining with p + % < my,me,r1 + 12 < p*, (4.2), (4.3) and (4.

we can obtain that

Mpg(a,b) = inf  Jg[u,?] < Jg[t *x u,t * ]
[a,5)ePi™?
Om 1 m 1
i (222 =l (222 ) ol
D my p ma

+8 <(T1+T2)5’”1+7’2 _ 1> / lu|" [v]"2da $(r1+r2)0m 4y
p .

6 1 1 m 5 2 1 m
sM(m-—)ma+m(M-—ym¢
P mi p

+3 <(7"1 +7“2 ritre )/|u|“vmdl’

Om 1 )
< i m2 mo
< Jim_ ( ml)|un||m1+ i (222 LY o
4 p (e )(/WunVWUHV?dx
n—-+oo

= lim Jgup,vs] = Ms(a,b),

n—-+oo

(a,b)

5);
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which implies that t = 1 and

Jelu,v] = Hm  Jglup,v,] = Mg(a,b).

n—-+o0o

So, it follows from (4.2), (4.3) and lim Jg[un,v,] = Jglu, v] that

n—-+
1 p P 1 p P
];(HVUan +IVonl}) +o(1) = E(HVUHp +1IVollp),
and combining with (4.4), we can derive that

IVunlly = [IVull, Vol = Vol asn— +oo

and Pglu,v] = 0.
We proved that Mg(a,b) is achieved by [u,v] € Péa,b). -

To show that a minimizer [u,v] € Péa’b) satisfies ||ul|b = a and ||v[|} = b, we need
the following Liouville type result for p-Laplacian, which is similar to [20, Lemma A.2]

and [23, Lemma 2.7].
Lemma 4.4. Suppose 1 <p < N, q € (0, N]gp:pl)]. If u € LY(RYN) is a nonnegative
function and satisfies the following inequality:

—Ay,u>0 in RN,
then u = 0.

Proof. Suppose by contradiction that v # 0. Then by the strong maximum principle
(see [26, Theorem 1), we have u > 0. Hence, it follows from [28, Lemma 2.3] that

_N-p
u(z) > Cla| =, Jaf > 2,

where C' is a positive constant depending on N, p, u. For any g € (0, st,p:pl)], we have
1\’ 1
/uquZCq / ( Np) dz > C1 / de:—l—oo.
=1 X
RN 2|2 7= 2|2
This contradicts the assumption that v € LI(RY). O

Remark 4.5. Assume 1 < p < N. If u € WHYP(RY), we have u € LI(RY) for
q € [p,p*] by the Sobolev embedding inequality. In this situation, we can obtain that

g€ (0, 2M2=0]if N < p?.
Lemma 4.6. Let 1 < p < N < p?. Assume that
M@(a7b) < min{mmlaﬂlya7 mmz’ﬂz,b}'

Then there exists a ground state solution [u,v] of equations (1.1)—(1.2).
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Proof. By Lemma 4.3, we can assume that [u,v] # [0, 0] is a minimizer on D, X Dj.
So there exist A1, Ao € R such that

{—Apu + AP = ppu™ T 4 Broum T e, (4.6)

—Apv + AvPl = pgv™2 =1 4 Broumiom2 L
Step 1. u# 0, v Z 0. If u # 0 and v = 0, one obtains

Mmy,pr,a = inf Jﬁ[u’o] < Jﬁ[u’o] = Mﬂ(aa b>7

wEPmy,u1,a

which contradicts the assumption
Mg(a,b) < min{mml’m,m mmz’#%b}.

If w =0 and v # 0, we can derive a similar contradiction in the same way.

Step 2. A1, A2 > 0. If not, we assume that A\; <0 or Ay < 0. Then we can obtain that
—Apu > ulumlfl or —Apy> ugvmrl.

Since 1 < p < N < p?, by Lemma 4.4, one obtains u = 0 or v = 0, which is impossible.

Step 3. [u,v] € S X Sp. In this step, the proof is similar to [21, Lemma 8.2]. If A; > 0,

we claim that u € S,. Suppose by contradiction that ¢ := [[ul[5 € (0,a). Then for any
1

s € (O, (%)P], we have

[su,v] € D, x Dy \ {[0,0]}.

So, there exists a unique ¢t = #(s) > 0 such that [t * (su),t xv] € Péa’b) by Lemma 3.7.
Precisely, t = t(s) is determined by

IVull5s” + [[Voll

= Syl a0

(4.7)
(11 + 726,118 / [ul"t o] da | s,

RN

Then we can derive from (4.7) and the implicit function theorem that ¢(s) € C! locally
around s = 1. Then we have
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a
ds

= [ ullps? e — g 7 e

Jalt(s) * (su),t(s) x v]

— 0Bry /UTI/UT’de s 1 (r1472)80 4y 4

RN

IVullpsPt=" + || Vot~

= G il 8™ 70 T = G ol e

= B(r1+72)0r 4r, / u o da s”t(””Z)‘”l“fl} t'(s).
RN
Noting that #(1) = 1 and Pg[u,v] = 0, then we have
d

78l (s) * (su), 1(s) x v]

= |Vull2 — flull — Bry /u”v”dx + Pafu,olt'(1)

RN

s=1

= —Aull; <0,
which means that for any s near s =1,
Mpg(a,b) < Jglt(s) * (su),t(s) xv] < Jglu,v] = Mgs(a,b),

a contradiction.
So the claim that u € S, is guaranteed by A; > 0. Similarly, Ao > 0 implies that
v € Sp. O

Proof of Theorem 1.1. It follows from the definition of by, my, py s, that

mmwm,b S mmhﬂlﬂ? Vb € [bml,mz,m,uz,av —I-OO),

and
Mang pa,b = Moy py,a, VO E (0, bml,mmm,uz,a]-

2
Since N > 2,p e (VN,N), & +p <mi,mg,r1 + 72 <p* and ry,ry > 1.
) Iri <p B >0 0rri =p, B> BmypusbNr, then since 1 < p < N,
2
B 4+p < my,ma,ry + 1 < p*, and r1,72 > 1, we can derive from Lemma 4.2(ii) that
for any b € [bmy ma,p1,p2,a> +00)

Mﬁ(av b) < Mg b < Moy g a-

Now, since 1 < p < N < p?, by Remark 4.5, the requirement of the Liouville-type
lemma is satisfied. Hence, Lemma 4.3 holds, which implies that there exists a minimizer
on D, x Dy. Then by Lemma 4.6, we can prove that there exists (A1, Ao, u,v) € RZx W
which is a ground state solution of (1.1)—(1.2). Moreover, by the strong maximum
principle (see [26, Theorem 1]), u and v are positive.

(ii) The proof is similar to (i), it suffices to use Lemma 4.2 (i), Lemma 4.3 and
Lemma 4.6. O
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5. PROOF OF THEOREM 1.3

In this section, we show some properties of normalized ground states of (1.1)—(1.2)
obtained in Theorem 1.1.

Lemma 5.1. Mg(a,b) is non-increasing in (.

Proof. By Theorem 1.1, for any 1 > 0, there exists [ug,,vg,| € S, X Sp such that

Jﬁ1 [u[31 ) U51] = MBI (a7 b)'
For any 0 < 31 < (B2, we have

Mg, (a,b) < 1?38( I8 [t*uﬁl’t*vﬁl}

< 1?38( ‘],31 [t*uﬂl’t*vﬁ1] = ‘]61 [u517v,@1] = M51 (Cl, b) O

Lemma 5.2. Let 1 < p < N and my,ma,r1 + 19 € (% —l—p,p*), Then Mpg(a,b) is
uniformly bounded with respect to 3.

Proof. Let w1 = Wi, .0 and Wy = Wy, 4, be defined in (2.3). For any g > 0,
we have

Mpg(a,b) < max Jlt * wi, t * wo]
>

1 1 1
— I p I P _ mi
1?38( |:p|| (t*wl)”p pH (t*wQ)”p my Ht*wlnml

— %Ht*u@mﬁz — ﬂ/ |t*w1|rl|t*w2|rzdf£:|
2 BN

1 H1
< e |2V~ w7

1 K2
— p _ ma
g [l - el

= Moy, pr,a T Ming s by
where M, 1.0y Mimg,us,p are defined in (2.6), which do not depend on 5. O

Proof of Theorem 1.5. (i) By Theorem 1.1, for any 8 > 0, Mgz(a,b) is achieved by
some [ug, vg] € Sq X Sp, where ug, vg are positive radial functions.
Since
min{mmhll«l,a? mmm#z,b} > Mﬁ(aa b) = Jﬁ[uﬁa Uﬁ]a
we obtain the boundedness of {[ug, vg]} in W by a similar argument as in Lemma 3.9.
Then up to a subsequence as 8 — 0T, there exists [, 9] € W such that
ug —u, vg—v in Wl’p(RN), 5.1)
ug —» Uu, vg — v in LS(RN), '

where s € (p,p*) and u,v > 0.
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Note that [ug, vg] is a normalized solution of the system

—Apup + A1 glug|PPug = plug|™ "Pug + Brifug|™ " *uslug |2, (5.2)
—Apvp + Mg plvglPPvg = palvg|™2Pug + Bralus|™ ug] g, '
and satisfies the Pohozaev identity in Lemma 3.3. We deduce that
A1,pa+ A2, = pa(1 — my )luglimt + p2(l — dm,)|lvsllims- (5.3)

Hence, {\1 8} and {)2 g} are bounded. Combining A1 g, A2,3 > 0, up to a subsequence,
A1g — Xl >0, Ag— Xg > 0.

We consider the following cases.
Case 1. A = 0, Ay = 0. From (5.3) and Lemma 5.1, for any fixed 3y > 3,

67n 1 — (Sm 1 _
0= (% — Yl (222 ) il

= B]i)rng Jslug,vg] > Mpg,(a,b) > 0,

a contradiction.
Case 2. Ay > 0, Aa > 0. By (5.1), (u, ) is a weak solution of

= At + M alP i = )™ 4, 5.0
— AT+ N|0|P 720 = po|p|™2 %0 '

Testing the first equations in (5.2) and (5.4) with ug — 4 and arguing as
in [19, Lemma 3.6], we obtain

[V (ug — w)|5 + Aillug — all5 -0, B— 0%
Thus, ug — 4 in WHP(RY). Similarly, vs — v in WHP(RY). Moreover,
luallh =a, |o[|h =0, u,v>0.
Since [, ¥] are normalized solutions of (5.4),

mm{mmhm,av mmz,uz,b} > B&%ﬂ Jplug, vg] > Muny pya + My i by

a contradiction.

Case 3. Ay = 0, Ay > 0. By Lemma 4.4, 4 = 0, and from (5.3), v > 0. By the same
argument as in Case 2,

mln{mmhulaa? mm2v”27b} =z 511>H01+ Jﬁ[uﬁ’vﬁ} = Mumy,pa,b-
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If b e [bM1,77L2,H1,/t2,a7 +OO)7 then
Mﬁ(a’ b) = My, pa,b; [U,@,Uﬂ] - [07 wmz,u27b] as f — 0.

If b € (0,bm; ms,pu1,p0,a), this case cannot occur.
Case 4. A\1 > 0, Ay = 0. This case is similar to Case 3. If b € (0, by, a1, 2,0, then

Mg(a,b) = M, piar  [up; v8] = [Winy 1,0, 0] as B — 0t
If b € (bmy,mo,pr 2,0, +00), this case cannot occur.

(ii) We now prove that
Mg(a,b) — 0% as B — +o0.

Without loss of generality, assume a < b. Let w = w, 4, g/2,o be defined in (2.3).
By the definition of Mg(a,b),

0 < Mgs(a,b) < f?;‘g(Jﬂ[t*wi*M

2 M1 p2 +
- max [pnw*w)uz = P eswly = L2 exwlnz - gl w7
< max?2 1HV(t*w)||” — Lllt*wll“m
= mas p p 2(7’1+7’2) ri+ra

= 2mr1+7‘2,ﬁ/2,a7
where M, 4y, g/2,4 is defined in (2.6). This implies Mg(a,b) = 0% as § — +o0. O
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