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Abstract. This paper focuses on the following planar Schrédinger—Poisson system
with critical exponential growth and nonlocal interaction

—Au+ M+ p(log| - | u)u =y (Iy * |ul?) |u|9=2u + (6“2 -1- uz) u, =€ R2

wlde = ¢,

R2

where ¢ > 0, u,v > 0, A € R appears as a Lagrange multiplier, « € (0,2),
14+ 5 <q<+oo, I, : R? — R denotes the Riesz potential and 1 + S is the lower
critical exponent with respect to the Hardy—Littlewood—Sobolev inequality. Through
delicate energy estimates, under explicit conditions on ¢, we prove the existence of
two normalized solutions: one is a local minimizer and the other is of mountain-pass
type. The presence of the logarithmic kernel and the competition between the two
nonlocal terms necessitates the development of new tools to address the loss of
compactness caused by the critical exponential growth, for which the variational
techniques developed for the local problem are no longer applicable. Our work not only
generalizes the special case v = 0, but also provides an analytical approach that is
applicable to more L?-constrained problems with competing nonlocal terms modelling
long-range attraction in particle physics.
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1. INTRODUCTION

This paper investigates the existence of multiple normalized solutions to the
following Schrédinger—Poisson system

—Au+ M+ p(log| - | * u?)u = v (I * |u|?) [u]?=2u + (6“2 —-1- u2) u, x¢€R?

/ugdx =c,
]R2
(1.1)

where ¢, 1,7 > 0, A € R arises as a Lagrange parameter and is part of the unknowns,
14+ 5 <qg<+oo, Iy: R? — R is the Riesz potential with order o € (0,2) defined by

r (2*7&) K
Io(z) = . = R?
@) =1 @) 2onfef e~ e € \ {0},

and the nonlinearity exhibits critical exponential growth of Trudinger—Moser type.
As defined in [2, 17], a function f has critical exponential growth if f € C(R, R) satisfies

t 0, for all @ > ayp,
lim @] = { Orat @~ 90 g some constant ap >0, (1.2

2
[t|—>+oo €t 400, for all a < ay,

which is motivated by the Trudinger—-Moser inequality developed in [5] (see Lemma 2.8).

1.1. RESEARCH MOTIVATION AND MAIN DIFFICULTY

The study of (1.1) stems from the very active recent research on Brezis—Nirenberg
type problems for the Choquard equation:

—Au A+ I = y(Iy * [u|)|u|?%u + k|lulP%u, = cRY, (1.3)
where N > 2,
N+ao > 2N >
2aim D cggon i I MEB g I N 2D
N 400, N =2, 400, N =2,

v,k € R, I, is the Riesz potential with order a € (0, N) and 2* denotes the
Sobolev critical exponent. The constants 2, and 2% are the lower and upper
critical exponents, respectively, for Choquard-type problems corresponding to the
Hardy-Littlewood—Sobolev inequality given in Lemma 2.2. This problem natu-
rally emerges from various fields within mathematical physics. In physics, it was
originally introduced in 1954 by Pekar [30] to describe resting polarons. Subse-
quently, Lieb [24] employed (1.3) to characterize trapped electrons in plasma physics,
and it was later employed as a model for self-gravitating matter in [28]. From
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a mathematical perspective, an extensive body of literature has been dedicated to
exploring the existence, multiplicity, and qualitative characteristics of solutions asso-
ciated with Choquard type equations. To the best of our knowledge, the pioneering
mathematical analyses of equation (1.3) are due to Lieb [24] and Lions [26]. There are
two possible choices to deal with (1.3) according to the role of A. One can fix A as an
assigned parameter that has attracted considerable attention. We invite the reader to
see [29, 35, 40] and the references therein.

From another perspective, equation (1.3) can be investigated under a prescribed
L?-norm constraint. When restricted to this mass constraint, A is no longer a fixed
parameter, but rather treated as an unknown Lagrange multiplier. Solutions with
a prescribed L?-norm are commonly referred to in the literature as normalized solutions.
These solutions hold significant appeal in the physics community since the L?-norm
remains invariant during time evolution. Furthermore, their underlying variational
structure offers an effective theoretical tool for investigating orbital stability properties
(see [7, 32]). For further details on related developments in the study of normalized
solutions, we refer the readers to [10, 14, 19, 37, 38].

We note that both multiplicity and qualitative behavior of normalized solutions
to (1.3) are highly influenced by additional assumptions imposed on v, and the
powers ¢, p. For example, when v = 1,x = 0 and N > 3,¢ = a = 2, the existence
and uniqueness of normalized solutions for (1.3) were established by Lieb [24], while
Lions [26] investigated their existence and stability properties. Later, Li and Ye [20]
deduced the existence of a mountain-pass type normalized solution when N > 3 and
Ntot2 ¢ < 2,. Here, YE2+2 acts as the L2-critical threshold that dictates whether
the energy functional for (1.3) with x = 0 remains bounded from below on the mass
constraint S, := {u € H'(R™) : ||lul|3 = c¢}. Thus, the problem can be categorized
into the cases of L2-subcritical (2, < ¢ < YH2+2)  L2.critical (¢ = Y+242) and
L?-supercritical (8242 < g < 29).

When v, k # 0, problem (1.3) exhibits a key feature that the inclusion of multiple
power terms destroys the scaling invariance inherent in the homogeneous equation,
thus classifying it as a mixed problem. Such mixed problems are currently an active
area of investigation; see for instance [19, 21, 23, 39] and the references therein.
In particular, Zhou and Zhang [39] considered (1.3) when the local power term is
replaced by a more general Sobolev-subcritical nonlinearity, and the Choquard term
is treated as a perturbation. By using a more general minimax principle on the
manifold and establishing different variational geometries for the equation, the authors
showed that for N > 3, (1.3) admits two solutions in the L2-subcritical case: one
is a local minimizer with negative energy, and the other is of mountain-pass type.
For the L2-critical and L2-supercritical cases, they obtained that (1.3) has a ground
state solution. Recently, Jin—Yang—Zhou [19] investigated normalized solutions to
equation (1.3) for the Sobolev critical case when N = 3. By employing some new
analytical approaches, the authors obtained multiple existence results. For L2-critical
and L2-supercritical perturbation cases, they introduced a new test function and
derived key energy estimates to overcome the lack of compactness. It should be noted
that this work extends the existence results of (1.3) concerning the Sobolev subcritical
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case to the Sobolev critical case p = 2* in the higher dimensions N > 3. To the best
of our knowledge, whether such an extension holds in the critical case when N = 2
remains unknown, and this fact constitutes a primary motivation for the present study.

Another motivation for this paper comes from recent works dealing with normalized
solutions to the planar Schréodinger—Poisson system

—Au+ p(log| - | * u?)u + M = v|u|T*u + w (6“2 —1- u2> u, x€R?® (1.4)

which can be seen as the limiting equation of (1.1) as & — 0. Such a system originates
naturally from various physical areas, including quantum theory and the modeling
of semiconductors. We refer the interested reader to [3, 27] for detailed background
information.

From a variational point of view, the presence of the logarithmic convolution
term, i.e., (log| - | * u?)u, implies that the standard Sobolev space H'(R?) is not an
appropriate framework for this problem. This is primarily due to the sign-changing and
unbounded nature of the nonlocal logarithmic convolution kernel, which renders the
corresponding energy functional not well-defined on H*(R?). Cingolani and Weth [9]
overcame this obstacle by developing a variational framework within X, which is
defined as

X =S ue HY(R?): /log(2 + |z))uldr < 0o p . (1.5)

R2

They proved that the unconstrained problem (1.4) admits solutions when w = 0 and
q > 4 with X being a fixed parameter. To the best of our knowledge, Cingolani and
Jeanjean [8] made the first contribution to investigating normalized solutions for
(1.4) within X when w = 0. By analyzing the various cases on parameters p,y € R,
they obtained a ground state solution when p > 0 and one of the following holds:
(a) y < 0and ¢ > 2, (b) vy >0 and ¢ < 4, (c)’y>0,q:4andc<%,where
C4 > 0 is the constant from Lemma 2.1. In addition, when p,~v > 0 and ¢ > 4, they
demonstrated the existence of two normalized solutions for ¢ > 0 sufficiently small.
Notably, the exponent 4 corresponds to the L2-critical exponent for (1.4). Subsequently,
Chen—Réadulescu-Tang [15] developed novel approaches to study the case of v = 0 and
w = 1. Instead of working in X, the authors established a symmetric variational setting
within E,s as defined by (1.10), originally developed in [11]. By imposing explicit
conditions on ¢, they proved that (1.4) admits two normalized solutions. Particularly,
to obtain the mountain-pass type solution, they demonstrated that the corresponding
minimax level lies strictly below the compactness threshold, thereby overcoming the
loss of compactness caused by the critical exponential term. For equation (1.4) with
v > 0, w = 1 and the extra term V(z)u, Song and Wang [33] applied variational
techniques to obtain similar results in the L2-subcritical and L2-critical cases. It should
be noted that their method cannot be applied to the L2-supercritical case, and the
scenario associated with the lower critical exponent ¢ = 2, remains untreated.
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Recently, Song-Wang-Zhang [34] considered the L?-supercritical case for the planar
Schrédinger—Poisson system with mixed nonlinearities

—Au+ p(log| - | * u?)u + M = y[ul?%u + ¢(u), z€R?
/qux =c, (1.6)

R2

where v > 0, and ¢ satisfies the critical exponential growth (1.2) with oy = 4,
sgn(t)s(t) > v|t|%=2t for t € R (v > 0, go > 4), and some other assumptions.
The authors first obtained a local minimizer when y, ¢ and « are sufficiently small.
Based on this solution, they proved that (1.6) admits a mountain-pass type solution
for sufficiently large v. Note that this perturbative character of this result appears
in two ways:

(i) v is sufficiently small so that the influence of the power term in (1.6) is negligible,
(ii) v is sufficiently large such that the obtained mountain-pass level is small enough
to allow recovering the compactness in the same way as in [8].

Clearly, their approach cannot be applied to study the case
¢(u) = (6“2 -1- u2) u,

and effectively avoids the difficulties arising from the power term and critical expo-
nential growth nonlinearity. As a consequence, no results are available in the existing
literature on this research gap for (1.4).

Inspired by the aforementioned works, especially [15, 19, 33, 39], in this pa-
per, we concentrate on the existence of multiple normalized solutions for planar
Schrodinger—Poisson system (1.1) with critical exponential growth and Choquard type
perturbations. The study of (1.1) presents greater challenges than those encountered
in (1.3) and (1.6). For instance:

(i) Unlike the Choquard equation (1.3), the methods used in [19, 39] are not directly
applicable to (1.1) because the logarithmic convolution term p(log| - | * u?)u
is sign-changing and unbounded, rendering the standard variational framework
inapplicable.

(ii) Compared to the previous work [15] on (1.4) (i.e., the case v = 0 in (1.1)),
studying normalized solutions for (1.1) introduces further difficulties. Indeed, the
added Choquard term behaves differently across various ranges of the parameter g,
thereby complicating the choice of strategies for seeking constrained critical points
of the associated energy functional.

(iii) Establishing compactness for critical growth problems relies on sharp upper bound
estimates for minimax levels. The logarithmic kernel and competition between
the two nonlocal terms necessitate new tools to address the loss of compactness
caused by critical exponential growth, for which local variational techniques are
no longer applicable. To the best of our knowledge, no analogous estimate has
been established for (1.1).
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1.2. STATEMENT OF THE MAIN RESULTS

As we all know, normalized solutions of (1.1) correspond to critical points of the
C!-functional ® : X — R defined by

1
B(u) = | Vul + & / / log |z = ylu?(a)u?(y)dady — - / (L * [u]) [}z
R2

R2 R2

1 4
/<e"21u2u>d:17
2 2

R2

(1.7)

under the constraint S, := {u €EX:|uli=c> 0} . Note that ® has no lower bound
on S., owing to the property that ®(tu(x)) = —oo as t — oco, where

tug(x) = tu(tz), Yo R t>0 (1.8)
is a dilation preserving the L?-norm, that is |[tu¢||2 = ||u/|2 for ¢ > 0. In addition,
the L2-Pohozaev functional P : X — R is defined by

2 2q — (2
Pw) = 1ul} — 25 225D [ (1) ufras
4 2q
R2
. A (1.9)
—/ [(u2 —1)e* +1-— 2] dz.
R2

As will be shown in Lemma 2.6, any solution to (1.1) satisfies the L?-Pohozaev identity
P(u) = 0. In particular, one has £-®(tu;)|,_, = P(u).
Before presenting our results, we set the axially symmetric space as follows:

E,s :=XnN {u € H'(R?) : u(x) := u(xy, z2) = ul|zy|, |z2|), Yz € Rz} , (1.10)
which is equipped with the norm

1/2
lull£,, = (IVull3 +[ull?) ™, where [uZ = /10g(2+ jel)u®(x)de.  (1.11)
R2
Accordingly, we restrict our problem to the constraint manifold
S.:=FE,sNS. = {u € Eus : |Jull2 = c} .

We establish a variational framework within E, ¢, which is beneficial to the proof
of the L2-convergence of a minimizing sequence and a Palais—Smale (PS) sequence.

In this paper, we will develop some new analytical tricks and approaches to overcome
the aforementioned challenge and prove the existence of two distinct normalized
solutions to (1.1) for ¢ € [1 + §,+00): one being a local minimizer and the other of
mountain-pass type. Our results are stated as follows.
Theorem 1.1. Let p,y >0 and 1+ 5 < g < +o00. Then there erists c1 > 0 such that,
for any ¢ € (0,¢1), (1.1) has a pair of solutions (uc, Ac) € Se X R such that

®(u.) = m(c) := inf {q»(u) ued, |Vul?< g} .
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Theorem 1.2. Let p,y >0 and 1+ § < ¢ < +00. Then (1.1) has a second pair of
solutions (u, Ac) € S X R such that

m(c) < ®(u) < m(c) + 2,
if one of the following three conditions holds:

(i) 0<7,0<c<cifl+2<qg<2+%or2+2<g<+oo,
(11) 0<’Y<W,O<C<Cl qu:2+%,
(iii) 0 <7, 0 <c<minfei, e} if2+9 <g< 3+ 2.

Remark 1.3. In this paper, we prove the multiplicity of normalized solutions to (1.1)
across the L2-subcritical, L?-critical, L?-supercritical cases and even the lower critical
case ¢ = 1 + 5. Note that ¢ = 1 + 5 is the lower critical exponent 2, := % for
Choquard-type problems in the planar case. Therefore, system (1.1) includes a doubly
critical scenario where the lower critical exponent and critical exponential growth in

the sense of Trudinger—Moser coexist.

Remark 1.4. (i) It should be emphasized that the unfavorable properties of the non-
local Choquard term prevent the direct application of the geometric structure analysis
method for g, (t) := ®(tu) from [15]. We develop some new and simpler mathematical
techniques (see Lemma 5.1), which are also adaptable to the setting in [15].

(ii) As is well known, obtaining sharp energy estimates for minimax levels is
a crucial step in the compactness analysis of critical growth problems. In this paper,
we introduce some refined estimates for the Choquard term to control the energy
growth and thus establish sharp estimates for the energy levels. For further details,
see Lemma 6.1.

This paper is organized as follows. Section 2 introduces the variational framework
and presents several fundamental lemmas required for the subsequent analysis. In Sec-
tion 3, we study the geometry of local minima on E,s; NS.. In Section 4, we introduce
several critical point theorems on manifolds and provide the proof of Theorem 1.1.
Section 5 investigates the mountain-pass geometry for ® on E,;NS,.. Finally, Section 6
provides a precise energy estimate and recovers the compactness of the (PS) sequences
obtained in Section 5. Then we prove the existence of the mountain pass solution and
complete the proof of Theorem 1.2.

Throughout the paper, we adopt the following notation:

— Let H'(R?) denote the standard Sobolev space with the inner product and norm
(u,v) = /(Vu Vo +w)dz, |ul| = (u,u)?,  Yu,v € H(R?).
R2
—  H}(R?) denotes the subspace of H'(R?) consisting of radially symmetric functions:
H}R?) :={ve H'(R?) : v(z) =v(|z]) a.e. in R?}.

~ L9(R?) (1 < Q < o0) denotes the Lebesgue space equipped with the norm
1/Q
lulle = (Jge lul2da) "~
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— For any v € HY(R?) \ {0}, we set v;(z) := v(tx) for t > 0.

— Forany z € R? and 7 > 0, B,(z) := {y € R?: |y — x| < r} and B, = B,(0).

— C1,C,,. .. represent positive constants that may vary from line to line and depend
on the parameter ¢ > 0.

2. VARIATIONAL FRAMEWORK AND PRELIMINARIES

2.1. VARIATIONAL FRAMEWORK

Following [11], we introduce the symmetric bilinear forms

(u,v) — A1 (u,v) := //log 2+ |z — y]) u(z)v(y)dzdy, (2.1)
R2 R2
2
(u,v) = Ag(u,v) := //log (1 + x—y|> u(z)v(y)dzdy, (2.2)
R2 R2
(u,v) = Ag(u,v) = A1 (u,v) — As(u,v) = //log | — ylu(z)v(y)dedy,  (2.3)
RQ RQ

where the definition is restricted, in each case, to measurable functions u,v : R2 - R
such that the corresponding double integral is meaningful in the Lebesgue sense.
Since for r» > 0, the inequality 0 < log(1 + r) < r for » > 0 holds, together with
Hardy-Littlewood—Sobolev inequality (see Lemma 2.2), one has

[Aa(u )] <2 / / W) dady < Glulaalolya (24)

where C; > 0 is a constant. According to (2.1), (2.2) and (2.3), we introduce the
following functionals:

I : HY(R?) — [0,00], I (u):= A;(u?,u?) = //log(2 + |z — y|) u?(z)u? (y)dady,

R2 R2

I : L¥3(R?) = [0,00), Iy(u) := Ag(u? u?)
//log (1+ y|> ?(x)u®(y)dzdy,

Ip: HY(R?) — RU {0}, Ip(u):= Ap(u?,u?) = //1og |z — y|u?(2)u?(y)dzdy.

R2 R2
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Note the functional I is finite only on L8/3(R?). Indeed, (2.4) implies
[I2(u)] < Cullullg /s, Vu € LY3(R?). (2.5)

Note that || - ||« is given by (1.11). The norm on the space X (see (1.5)) is then
defined by
lullx == (IVull5 + Jul2)!/2.
Using Rellich’s Theorem [31], the embedding X < L*(R?) is compact for s € [2,0).
Consequently, the same holds for the embedding E,s < L*(R?). For all z,y € R?,
it follows from the inequality log(2 + |z — y|) < log(2 + |z|) + log(2 + |y|) that

| A1 (ugvr, ugva)| < lug ||« |vn [« [[uzll2llvzll2 + [[utll2llvr 2]z« [lv2 ]|+,

(2.6)
Yuq, v1,ug,v2 € X.

By [9, Lemma 2.2], for all u,v € X and i = 0,1,2, we can get that Iy, I, I> € C}(X),
Io =1 — Iy and (I/(u),v) = 44;(u?, uv).

For any u € S, let the function g, : (0,+00) — R be defined as follows:

t2 c? (24
9u(t) 1= I Vul} + flo(u) — T logt — 520G+ )/(Ia i Jul?) [ul?dz

R2

1 +24,2 2 9 t4u4 (27)
R2
Then we get that g, is C? on (0, +00) and
’ 1 2 2 /1’02 2q — (2 + O[) 2¢—(24«) q q
u(t) = 3 4 PIvul} - £ - =2, (T ful?) u
" (2.8)
4,4
2 9 202 t*u . 1
5 [(t u*—1)e" " +1— 2} dz » = z?’(tut)7 vt > 0.
R2

2.2. PRELIMINARIES

The following preliminary results will be employed later in this paper.
Lemma 2.1 ([36], Gagliardo—Nirenberg inequality). Let s > 2 and u € H*(R?). Then
there exists a sharp constant Cs > 0 such that

2 s=2
[ulls < Csllulls IVully (2.9)

Lemma 2.2 ([25], Hardy-Littlewood—Sobolev inequality). For N > 1, t,r > 1 and
0<a<Nuwitht+2=24+1=2 qecL'(RY) and be L"(RY), there exists a sharp
constant C(N,a,t,r), independent of a and b, such that

a(x)b
[ [ sy < c¥astn)lal bl (2.10)
RN RN
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Remark 2.3. Let N =2, t =r and a = b = |[u]? in (2.10), we have that for any
q €1+ 3,00),

a+2

/(Ia * [u]?) |ulfde < KoCla, q)||u||23q , Yue Hl(RQ). (2.11)
R?

Furthermore, using Lemma 2.1, we obtain that for any ¢ € (1 + §,00),

/(Ia s« [ul?) [ul9de < KoCl(a, q)C%4, ™5 || Vul|39
e o (2.12)

= Co(a, q)c™® |Vull3"7%, Vu e H'(R?),

where Co(av, q) := KoC(a, q)C%, .

a+2

Lemma 2.4 ([1, 5, 6]). (i) If « > 0 and u € H'(R?), then

/ (eo‘“2 — 1) dz < oo.

R2

(ii) If u € H'(R?), ||Vul[3 < 1, |lull2 < 8 < 00 and a < 47, then there exists a constant
C(a, B), which depends only on o and B, such that

/ (eo‘“2 — 1) dz < C(a, B).

R2
Lemma 2.5 ([11, Lemma 2.4]). If v is a critical point of ® restricted to E,s, then
v is a critical point of ® on X.

Lemma 2.6. Let i,y > 0 and 1+ § < q < +oo. If there exist u € E,s and A € R
satisfying (1.1), then P(u) = 0, where P is defined by (1.9).

Proof. Similar to [16, Theorem 1.4], the following Pohozaev identity

p [ [ 1os e~ ylu? o) )dady + 4l + Al

R2 “;: , (2.13)
—WTO[ (Lo * [ul?) |u|qu—/<e“2 —1—u2—u2> dzr=0
R2 R2
holds. In addition, combining (2.13) with the following Nehari identity
[ 1vuas Ml 4 n [ [ 1og]e — yluP(@i? ) dody
e B (2.14)
2
— 'y/ (Iq * |u|?) |u|?de — / (e“ —-1- u2) u*dx = 0,
R2 R2

it is easy to obtain that P(u) = 0 and the proof is completed. O]
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Lemma 2.7 ([11, Lemma 2.2]). For all ui,us € E,g, there holds

Ar(u,u3) > |Iulll Jluzlf3-

In particular, we have
1
L) > w3l l?, Yur € Bas. (2.15)

Lemma 2.8 ([9, Lemma 2.6]). Let {uy}, {wn} and {v,} be bounded sequences with
un, = u € X. Then for any p € X, we have Aj(vywy, p(u, —@)) — 0.

Lemma 2.9 ([12, Lemma 2.4]). If u € H'(R?), then

2+ 22k=1(k —2 k!
uprar = ooy e Wizl VUl T o iVl : :
e < S CE D vl + IV, veeN. (210)

Furthermore, if u € S. and |Vul|3 < 7, we have

4
/(6“2—1—u2—u2>dx

R2

[Vullf 263 Vull§ §~ 4520k 1) + 1 ( fulo[Vulo | *
27 (7 — || Vul)3) w2 (kA 1)k +3)! ’

/{(uQ—l) o +1—“4]dx

R2

™

_ 2r =] Vuli3 )HWH‘S
2m (m - HWH )’

202||w|| Z (k+2) [4572(k +1) + 1] [ ullol|Val2 )"
(k+1)(k+3)! ™

3. LOCAL MINIMUM GEOMETRY ON E,; NS,

In this section we analyze the local minimum geometry of ® restricted to S, = EusNS,.
For any p > 0, set A, := {u € Eo : [|[Vull3 < p} and m(c) := infg -, @ Let
c1 = ¢1(y, ) > 0 be the unique solution of the equation with respect to ¥ as follows:

197 pd? 29— (2+q) ars M\ T
T o Tt Gl (3)
k 3.1
2193/2§: (k+2) [4*2(k 4+ 1) + 1] 9 3.1)
3\/371' (k+1)(k+3)! 3n |’

where ¢ € [14 §,00) and the definition of Cy(a, ¢) can be seen in Remark 2.3. Then
we have the following lemma.
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Lemma 3.1. Assume p,7 >0 and 1+ § < q < 4o00. The following properties hold.
(i) If [Jull3 = ¢, [Vul3 = F and P(u) <0, then ¢ > ¢1.
(i) If u € Sc NOA 3 and ¢ € (0,c1), then P(u) > 0. In particular, there exists
€ (0,1) such that P(t,ue,) = 0.
Proof. (i) By [[ull3 = ¢, [|[Vull3 = %, P(u) <0 and (1.9), we have

2 ! 2q — (2
§:||vu|§§“i+/[(u2_1) u? +1_i da 4+ ;qJFO‘)/(Ia*mmqux.

R2 R2
Next, we distinguish the following two cases.
Case 1. ¢ =1+ §. Using Lemma 2.9, it is easy to deduce that

T _net (m- ||Vu||%>||Vz;H8
37 4 27r<7r—||w||2>
+ 227l Z L 4k+2(’€+1> +1] (ValVul\*
k+3) T

_net 5£ 3/25‘@: (k+2) [#*2k+1)+1] / [\

4 3\/377 (k+1)(k+3)! 3r)
Case 2. q € (1 + §,00). It follows from (2.12) and Lemma 2.9 that

2

2q — (2 21 — [|Vull2) | Vullé
T < &+7 q—( +a)Co(oz q)c T + ||Vu||2q a=2 4 (2m — [[Vull3)]l 1;||2
37 4 2q 2 (7 — || Vulf3)

2c3/2||w|| Z (k+2) [4"*2(k +1) + 1] <ﬁ||w||2>k
(k+1)(k+3)! T

& 5m 2q— 2+ a) at2 (Z)w
4 + 79 + 2q CO(avq)C 2 3

2632 K (k+2) [472(k + 1) +1] c
3@2 (k+1)(k+3)! < >

3
Combining Cases 1 and 2, we have

k

2 2g—a-2
e g ()
2632 &\ (k+2) [4"2(k+ 1) +1] / [c\"
3\/52 (k+1)(k +3)! (\/3:) ’
Then from (3.1) and (3.2), we get that ¢ > ¢;.
(ii) According to (i), it is easy to obtain P(u) > 0. Furthermore, since
ue S.n A, /3, we have g; (1) > 0. By (2.8), one has tg, (t) — —% < 0 as

t — 0T. Thus, there exists t,, € (0,1) such that g/ (t,) = 0, that is P(t,u,) = 0. This
completes the proof of the lemma. O
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4. PROOF OF THEOREM 1.1: EXISTENCE OF LOCAL MINIMUM

This section is devoted to proving Theorem 1.1 by applying the critical point theory
on manifolds developed in [13].

Lemma 4.1 ([13]). Let ¢ € C*(E,R) and K C E. If there exists p > 0 satisfying

d:= inf b= inf

a:= nf ov)<b UGM%?Kﬁ\K)w(v),
where K; := {v € E : |lu—v|| < p,Yu € K}, then for any e € (0, (b—a)/2), 6 € (0,5/2)
and w € M N A such that p(w) < a + ¢, there exists u € M such that

(i) @ —2e < p(u) <a+ 2,
(ii) o —w| g < 24,
(i) [l (W)l < -
Corollary 4.2. Let o € C1(E,R) and K C E. If there exist p >0 and u € M N K
such that
u) = inf < inf ,

plu) = inf o(v) UeMg(le\K)so(v)
then ¢l (u) = 0.
Lemma 4.3 ([13]). Assume that € R, ¢ € C'(E xR, R) and T C M x R is a closed
set. Let

[:={5ec([0,1],M xR): 5(0) € T,3(3(1)) < 6} .
If @ satisfies

a:= inf max @(3(t)) > b := supmax {3(7(0)), p(3(1))},
el t€[0,1] yer

then, for every e € (0,(a—0)/2), § > 0 and 7. € T such that Supyepo,1) P(7+(1)) < a+e,
there exists (v,7) € M X R such that

(i) a—2e <@p(v,7) < @+ 2,

(i) mingepo,1) [[(v, 7) — Fu () Exr < 20,
(i) [|@larcr (v, 7] < 5
Lemma 4.4. Assume that up, — uc in Eqs with ||u,||3 = ¢ and |[Vu, |3 < §. Then,
up to a subsequence, there holds

D(up) = D(ue) + B(vn) + gAO(ui, v2) + o(1). (4.1)

Proof. Set v, := uy, —u.. Then, passing to a subsequence if necessary, we have v,, — 0
in Eus, ||vnlls — 0 for s € [2,+00) and v,, — 0 a.e. x € R? . It follows from (2.1)—(2.4),
Lemma 2.4 and [29, Lemma 2.4] that

Va3 = Vuall3 — [Vuel3 + o(1), (4.2)
IO(UH) = IO(UC) + IO(Un) + 2Ao(u3, UTQL) + 0(1)7 (4~3)
/(Ia ¥ Jun]?) \un|qu—/(Ia < o) [n]2dz = /(Ia ¢ el ) [ue|9dz + 0(1) (4.4)

R2 R2 R2



380 Chenlu Wei, Sitong Chen, and Muhua Shu

and

Sl )= (5 )

< /(|un|  Jue])[onle"a 2 dz + /evi|vn|2dz

R2 R2
= [l + el (e54% = 1) do - [ (un] + fuchlonz
R2 R2
2
+/ (evn - 1) [vp |2z + ||vn ]2 (4.5)
R2

1

2

o2 o2
< | [ (et oty dol (uall + fuc)lenll
]R2

Nl=

| [ =1)de] ol + o)

R2
=o(1).

Hence, it follows from (1.7), (4.2)—(4.5) and the Brezis-Lieb lemma that (4.1) holds. O

Proof of Theorem 1.1. Let {u,} C S.N Az /3 be a minimizing sequence of @ for m(c).

Observe that {|u,|} € S.N Ay s is also a minimizing sequence for m(c). We may
assume, without loss of generality, that u,, > 0. Consequently,

lunll3 = ¢, [Vua|3 < ®(un) = m(c) +o(1). (4.6)

wl

From (1.7), (2.5), (2.12), (4.6) and Lemma 2.9, we obtain that {I;(u,)} is bounded.
So by (2.15), one has that {||uy||«} is bounded, and {u,} is bounded in E,s. Hence,
up to a subsequence, we may assume that

Uy — Ue in By, Uy — ue in LS(RQ), s €[2,00) and u, — uca.e. on R2. (4.7)

Furthermore, we get |[ucl|3 = [|[unl|3 = ¢, [[Vucl|3 < Z. Set vy, := up — uc. By (4.6) and
Lemma 4.4, we have that

m(e) +o(1) = B(ue) + (vn) + £ Ao(uZ,02) + 0(1)
b (4.8)
> m(e) + ®(va) + £ A1 (02, 02) + 0(1).
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This means ®(v,) < o(1). It follows from (1.7), (2.5), (2.9), Remark 2.3 and
Lemma 2.4 that

IVl + £ 11 (0,)

2
5 4
< Bhyfun) +/ (e I ”;) dz+ 2 / (L + [1m]7) [on]9dz + o(1)
R2 qR2
4

/J‘ z] ’U2 'Un

< B0l [ (e~ 102 =)ot o)
2

5 a4 ’ 3 2 2 (4'9)

< BaCiTonllallonl + [ (e = 1) vddo -+ of1)

R2

Nl

IN

/s o2

ECCY ]| Vonllzllval + €3 / (% =1)dz| [ Vunl2llvnllz + o(1)
R2

=o(1).

From (4.9), we obtain |[Vv,||3 = o(1) and I1(v,) = o(1), therefore ®(v,) = o(1).
In view of (4.8), we find A;(u2,v2) = o(1), and the Lemma 2.7 implies v, — 0 in Egs,
i.e. u, — u. in E,s. Hence, u, € Aﬂ/g and ®(u.) = m(c). Note that u, > 0, we also
have u. > 0.

We now show that |[Vu||3 < %. Let us assume by contradiction that ||Vu.[3 = .
Then Lemma 3.1 immediately yields P(u.) > 0. Choose to < 1 sufficiently close to 1.
Using (2.8), one has touc(tor) € Ay/s and ®(touc(tox)) < ®(uc) = m(c), which is
a contradiction. Therefore, it follows from Corollary 4.2 that <I>|:§c (uc.) = 0, and thus
there exists a Lagrange multiplier A\, € R such that (®'(u.) + Acue, @) = 0 for any
¢ € E,s. By Lemma 2.5, for any ¢ € X, we have that (®'(u.) + Acue, ¢) = 0, that is

— At + At + (108 [ u2Ye =y (T # te] ) te] e = (€% =1 —u2)u, = 0, @ € B2,

This completes the proof. O

5. THE MOUNTAIN PASS STRUCTURE AND (PS) SEQUENCES

In this section, based on the local minimum obtained in Theorem 1.1, we estab-
lish a mountain pass structure. Furthermore, by applying critical point theories on
a manifold, we obtain a Palais—Smale sequence {u,,} satisfying the additional property
P(u,) — 0. This property allows us to prove the boundedness of {||Vu,l|2} and
{I(un)}. Throughout this section, we assume that p,v > 0 and ¢ € [1 + 3, +oo).
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Let ¢o = ca(y, ) > 0 denote the unique root of the equation below.

429 —a—4)

€= mﬁ(@ ), (5.1)

where ¢ € (2 + §, g + §) and n(c,7v) > 0 denotes the unique root of the following
equation with respect to ¢:

192q—a—400 (Oé, q>c(a+2)/2

1(2q — o —2)? "
2¢ N (k — 1)2[4F=1(k —2) + 1] [02y/c\" >
s (k — 2)k! ( 7 > (5:2)

9 (47r2 —3m92 + 194) B
2t (m — ¥?)3

Here the constant Cy(c, q) is defined in Remark 2.3. Let ¢; be defined by (3.1). Then
we have the following result.

Lemma 5.1. Let c € (0,¢1) if g € [L+ 2,2+ 2]U[3 + %, +00) and c € (0,c2) if
g€ (2+%, % +5). Then for any u € S., there exists a unique s3> 0 which is a strict
local minimum point for g, and a unique s;; > 0 which is a strict local mazimum point
for gy, where g, be given by (2.7).

Proof. For any u € S, set 7 := 1/||Vul|z and @ := 7u,. Then |[Va|3 = 1 and
ta; = (t7)ugr for all £ > 0. Thus, it suffices to establish this lemma under the specific
assumption that u € S, with ||Vl = 1.

Fix u € 8. with | Vu|3 = 1, we have

1
g, (t) = ;P(tut), vt > 0. (5.3)
The proof of this lemma is divided into the following two cases.

Case (i). g € [1+ 4,24+ 2] U [ + §,+00).
From (5.3), we define the function ¢, : (0,400) — R by

/ —
Cult) = 9u(t) _ iP(tut) -1 ﬂ _ Vwﬁq*(a%l) / (I * |u|?) |u|?dz

t 2 4¢2 2%
R2
oo
_ 1 t2k 4
Z lull3r, V> 0.
k=3

(5.4)
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Then we can deduce that

2 29— a—2)(2¢—a—4
C/ (t) = pe ( q—« )( q—« )t2q—(o¢+5)/([a*|u‘q)‘u|qu

W= T 2
RQ
(5.5)
. 2(k — 1) (k — 2)t2k—5
-y AR DI lull3h, Ve o.
k=3 ’

It is straightforward to get that (; () is strictly decreasing when g € [1 + §,2+ §]U
[2+ 2, +00), and

. ’ o . ’ _
This means (;,(¢) has only a zero point on (0, +00). Furthermore, we can find ¢y > 0
such that tous, € ScMNOA; 3. By Lemma 3.1(ii), we have P(tous,) > 0. Thus, we have
that

! (t 1
9 _ L) > 0.

Cu (tO) = t() = t(g)

Consequently, ¢, (t) has exactly two roots in (0, +00). The first zero s;7 > 0 of ¢, (t) =0
yields a strict local minimum of g,,, while the second zero s, > 0 yields a strict local
maximum.
Case (ii). g€ 2+ 5,5+ ).

Let t, > 0 such that

2q—a—4

t
120 = a = 2P [ (Lo o) a7z
q
2
K (5.6)
—4 2 2 4, 4\ t2u? teut
+ ] (1 -t + tout) e —1 - 5 dz = 1.
]RQ
It follows that
2q—a—2
t? > v(2¢ — a — 2)? 17 /(Ia * |u|?) |ul?de
]RZ

(5.7)

2 2.2 | 44,4\ t3u? thut

+1- /[(1—25 u” +ttu )et“ —1—2} dr, 0<t<ty,
R?
t2q7a72
t2 < y(2q — a — 2)? 1 /(Ia  |ul?) |u|?dx
q
R2
(5.8)
2, 2 t4u4
—&—t*z/ [(1—t2u2+t4u4)et R 2] de, t. <t < +oo.

R2
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According to (2.8) and (5.7), we get that for any 0 < t < t,,

1 2 2q — 2
(0) = 1 4 = 12 22O D o) [ (1 ufrda
R2

1 22— —2
n R 'yiq O Zy2a—(at2) / (I * |ul?) |ul?dz

R2
- [(1 —t2u? + t4u4) P t4u4] dx (5.9)
2
]R2

1 2t2 2t—2 2,,2 tut

>- {2 - 1—t2u? +t*ut) et —1 - —|d
—t 2q—a—2+2q—a—2/[( ur u)e o
R2

2 t72 t4 4
_pe_t {(1 —t2u? 4+ t4u4) etrz“2 —1- u} dz

1 1_# tQ_LCQ
t 2 — o — 2 4 |

If ¢, <, then from (2.12), (2.16) and (5.6), we have

vV

t2q—a—4
1=702¢—a— 2)2 * 1 /(Ia * |ul?) |ulfda
q
Rz

Ayl
+ t:4/ {(1 — 2% + tfﬁu4)etz“2 —1- *; } dx

R2
ot ) 2k 2(k~2)
R iy A NDWIANES SR WE2:
A k=3 (5.10)
t*q oa— 40 a+2
< 1(2g - a - gy Colavie™
q

L2 (= 1 (k- 2) 41 (tiﬁ)“

T = (k —2)k! ™

L b (4m2 — 372 +t1)
2r(m — t2)3 '
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Combining (5.2) with (5.10), we get that n(c,v) < t.. Using (5.2) and the fact that
7(c,7y) is decreasing on ¢ > 0. Therefore, by (5.1), one has

2¢ — a — 2)c? 2q — o — 2)c3
Mo 02 MO0 T sy < aflen) S Ve (ca)
(5.11)
Hence, (5.11) implies that there exists § > 0 such that (1 — 2q72ai2)t2 - “TCQ > 0 for
any ¢ € (t. — 0,t.]. Using (5.9), we can deduce that g, (¢t) > 0 for any t € (t. — d,t.].
Hence, g¢,(t) is increasing in (¢, — §,t.].
Noting that g,(t) — +oc as t — 07 and g, (¢ ) — —o0 as t — +oo, we deduce the
existence of at least one local minimum point s;7 < ¢, and one local maximum point
s, >t for g,. Since s;; > t., by (5.8), we obtam

(5202 <220 — =22 [ (1« fuft) ufrds
b o (5.12)
R I B[R e R

R2

Note that s, is a local maximum point of g,, so g, (s;,) =0, i.e.,

2
_ uc 20— 24+ a), _95_(a
sy~ S PR (o) [ (1 ul)
R2
3 2,2 %u? (5,) u (519
—(s,)” / [((su) u? —1) elsu) ™ 11 — "2} dz = 0.
R2
Then, from (5.12) and (5.13), we have
pc? 2¢—(2+0) 29— (a4
) =1+ 20— (3] ()" [ (T ul?) fufrde
Asu)? 2q

R2

—Z kD@ Z3)) ok oy

2 — 2+ a))?

=92 —
v 2

(s)2a=(@+D / (L * u]?) |u|?da

R2

QZ E (g2

’LL

< 0.

Therefore, g, attains a strict local maximum at s .
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We now establish the uniqueness of s;,. By contradiction, suppose that g, admits
another local maximum point §;; > 0. First, we note that if 0 < §; < t., it follows
from g¢/,(5,) = 0 and (5.7) that

— 2 o 29— 2+ ) . _ o
g(50) = 8 (302 o B CE M (ot 1, gy fufras
() 4q .
R (5.14)
L (k—1)2 2k
IR [ AT R )
k=3 '
which is impossible. Hence, §,, > t., and the same reasoning as before yields g./(3;,) < 0.
This implies the existence of an additional critical point: 8,, € (8, s, ) or 8, € (s, 5, ),
which is a local minimum for g,. In view of (5.8), we again deduce g/ (6,) < O,

a contradiction. Therefore, s, is unique.

By an analogous argument, one can show that s} is the unique local minimum
point of g,,.

Combining Cases (i) and (ii), the proof of this lemma is thus completed. O

We omit the proofs of the following two lemmas, as they can be derived by
a straightforward adaptation of the arguments in [15, Section 4].

Lemma 5.2. Assume 1+ § < q < +o00. For any c € (0,c1), there exists k. > 0 such
that

M(c) := inf e D(y(t) = ke > ngg{@(v(O)), ®(v(1))} (5.15)
where
Lo = {7 €011, 80) : 7(0) = e, ®((1)) < m(e) — 1} (5.16)

and u. s given by Theorem 1.1.

Lemma 5.3. Let 14 § < g < +00. Then for any c € (0,c1), there exists {u,} C S,
such that

D(un) = M(c) > m(c), @[5 (un) >0 and P(u,) — 0. (5.17)

6. PROOF OF THEOREM 1.2: EXISTENCE OF MOUNTAIN PASS SOLUTION

This section is devoted to proving Theorem 1.2. To this end, we first establish the
compactness of the Palais—Smale sequences from Lemma 5.3.

We begin by deriving a sharp energy estimate for the minimax level M (c¢) introduced
in Lemma 5.2. This estimate is crucial for recovering compactness. Let us introduce
the Moser-type functions w,,(x) supported in B;(0), defined by

Viogn, 0<|z[<1/n,
- 1 log(1/|x|)
Wy (z) = T ng7 I/n <z <1, (6.1)

0, |x] > 1.
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A straightforward calculation yields
N N
4logn  4n2logn  2n2’
5 1 N . 1
||wn||2§§=0(4/3)» Jal2 = [ log<2+|x|>|wn|2dx=0( ) n oo,
log™°n

logn
RQ

Va3 =1, @3 = (6.2)

(6.3)
and

1

[1o(w0y,)| = //log|m - y|u~)fl(x)zbi(y)dxdy <0 (1 5 > , N — 00. (6.4)
og“n

R2 R2

With the estimates (6.2)—(6.4), we now establish the following lemma.
Lemma 6.1. If1+ § < ¢ < +o0 and c € (0,c1), then

M(c) < m(c) + 2. (6.5)
Proof. Let u. be given by Theorem 1.1. Then, together with Lemma 2.6, we have
lluclld = ¢, ®(uc) =mlc), wu.(zx)>0,VecR?, (6.6)
| e vonte = | l [ 1ogle = yludu)dy + (Lo el el
R2 R2 R2 (67)
+ (e“g —-1- u?) — )\C] UeWpdx
and
2 2 .
e =2 + plo(uc) — 1(2+a) / (To * |ucl?) |uc|qu—/ et —1— u? — Ze ) da.
4 2 2
R2 R2
(6.8)
In view of (6.1)—(6.4) and the fact that u, € Eqs, we can deduce, as n — oo,
/10 |z — y|te(2)Wn (2)uc(y) W, (y)dedy | = O ! (6.9)
g YlUc n c\Y)Wn Yy Y| = logn )’ .
R2 R2

/ log [ — ylu?(2) 2 (y)dady

0 (IO;J 7 (6.10)

1

R2 R2

[ 1081z = sluc(e)n ()22 () dody

R2 R2
and

i 1 o N - 1
/ucwnd:c =0 (\/@) , / (e - —1— uc> U Wpdr = O <\/loﬁ> . (6.12)
R2

R2
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Applying Lemma 2.2 together with the Holder inequality yields

/(Ia ¢ [te]) [ue] LB da

R2

at2 at2

4 4

_4
<KoClaa) | [ (uln = de| | [ (uelta,) 7 o
R2 R2
at2
4(g—1) a+2 _4_ a+2
S/COZO(Q,L])HUCH%# /UCOH'2 * dz /wﬁﬁ > dg
a+2 e B2

=0 L n — 00
B Viegn )’ '
From (6.1) and (6.6), we deduce that

1
ettt |3 = c+t2 ||, ||3+2t /uczbndx = c+2t /ucﬁ)ndx—&—tZ [O (logn)] , M — 00.
R? R?

Define 7 := ||u, + ty]|2/+/c. Using (6.12), we get, as n — 00

2 1
=14 2 /ucwndx + t2 [O ()] , (6.13)
c logn
R2
2 1
R Ly [O ( )] . Yp> 1 (6.14)
c logn
R2
Set
Wit (x) := uc(T2) + tiy, (T). (6.15)

Then W, + € S, for all t > 0 due to
[Woel3 = 772 lue + twn |3 = c, (6.16)
moreover, we can easily check that [|[VW,, 4|13 = ||V (uc + tin)||3,

I(Wit) = / / log |2 — g [te(72) + tin (r2)]? [te(7y) + tim (ry)]? dzdly
Rz R2
- / / log |z — y| [ue(x) + i (2))” [t (y) + tivn (y))* dady — c*log T

R2 R2
(6.17)
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and
W4
/ (eWS,f, —-1- Ws)t — 2nt> dx
R X , (6.18)
_ by,
= = [ [elwerton)® _ g (y  ti,)? — (ue + twn)” de.
72 2
R2
We can easily establish the following inequality
m% 4+ Qme~k, ifQ>1, mk>0,
(m+k)9 > m@+Qm@ 1k + k9, ifQ>2 mk>0, (6.19)
me +QmO 'k + Qmke 1 + k9, if Q >3, m,k>0.
Thus, we can get that for any ¢ € [1 + §, +00),
[ @k W) W,
RQ
= / (I * |uc(72) + twy, (12)]7) |uc(T2) + ty, (T2)|9de
RZ
_2 - -
=T I * |ue + tw,|?) |ue + t, |9dx
[ G+ b))+t 620)
RQ
> 2@ / {Io * [Juc|® + qt|uc| 'in] } x [Jucl? + gt|uc|? ' ,] dz
RQ

> 7 /(Ia * Juel?) |ue|de + th/(Ia * ucl?) Juc| ™ b de
R2 R2

We shall construct a suitable path belonging to I'. with the help of W, ; to derive (6.5).

For this, we now give an upper estimate of max;>o ®(W,, ;). From (6.13), one has

2t 1
P=14+= /ucﬁ)ndx+t2 [O <)] <1+t+t* forlargeneN. (6.21)
c logn
R2

Let us define the following function:

1
) =5~ 5
R2

2 ~2 1
<et T 1 — 22 — 2t4wj;> dz, Vt>0. (6.22)
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By (6.16)—(6.18), (6.20) and (6.22), we have

1
B(Wins) = 3 IVWoalf + 5o (Wos) = - [ (Lo [Woel?) [Wosl1da
QR2
1 W2 s Wiy
3 e")t—l—Wn,t—T dx

R2
2

1 _ - c
= IV e+ tn) 3 + 5 o(ue + ti5,) — F-log 7

i D N u.(Tx Wy, (T2)|9dx
—%gua*wc(m)ﬂwn(m)u () + i, (r)|1d

1 . 4ty )?
B ﬁ/ [e(ucm")? 1 (et )2 - e ) ] o
RZ

—4 2 4
uT HC 1 u? u;
19ucll3 + 55 Io<uc>410gTw/<eclug>dx

<
B 2

N |

R2
4,~4

t2 1 . t
+ EHVﬂjan - ﬁ/ (etzwi —1—t?w2 - Z”) dz —|—t/Vuc - Vi, dz
R2 R2

e / / log [ — ylu2(@)ue () (y)dady

R2 R? (6.23)
— TﬁQt/ (e“E —-1- uf) U WpdT
R2
77727& q q —2-a q =15
- /(Ia  |uc)?) |uelfde — 7 'yt/ (Lo * |ue]?) |uel?™ Wy, de
R2 R2

+ (2 + %) {O (10;1)}

1— —4 2
= ®(ue) + Uy (t) + <<I>/(uc),t'l[)n> - %Io(uc) - % log7
1— —2 4
+ 27— / (e“3 T u;) dz+ (1 - T_2)t/ (e“3 -1- ug) UeWyd
R? R?
+ 21(1 - 77270‘) / (I * |ue|?) |uelfde
q b
1=t [ () s
]RZ
—4 2 ~ 2 4 1
—utt =77 [ 1ogle sl aasd + @+ o ()]

R2 R2
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2|t 1
<m(c)+ ¥, (t) — )\Ct/ucﬁ)ndz _re |t /ucﬁ)ndx + 2 <O ( )>
4 |ec logn
R? R?
—I(u)f/uwdx+t20 !
Hlo(Uc c cWn 1ogn
R2
t 1 :
+ 7/ucu~1ndx+t2 O / e“i—l—uz—& dx
c logn 2
R2 R2
At i ) 1 ) i
—p|— [ updr+t° | O —— t log |z — ylus (x)uc(y)wn, (y)dzdy
c logn
R2 R2 R2
2t 1
+ | — /ucd}ndaﬁ +¢2 (O ()) t/ (eui —1-— ui) U dx
c logn
R2 R2
2 t 1
+ L @+att /ucwndx + t? (O ( )) /(Ia * |uel?) luelfda
2q c logn
R2 R2
2 t 1
ﬂ /ucwndx +¢2 (O ()) 'yt/(Ia * |ue|?) [ue| T M, de
c logn
R2 R2

e o)

<m(e) + Uy (t) + (7 + %) [O( : )]

logn

2t2

4+ — / (e“3 —-1- ug) U Wpdx /uczi)ndx
C i i

4/,Lt2 ~ 2 ~

- Uy dz log |z — ylug (z)uc(y) W, (y)dzdy
R2 R2 R2
2 t2

N @ /uczbndx /(Ia ] [ |7 b e

R2 R2
<m(c) + W, (t) + (t2 +t*) [0 (lo;;n)] .Vt >0.

In the sequel, we agree that all inequalities hold for large n € N without mentioning.
We claim that

1 m logn
sup | W 24t — <27 — 1 2. 24
328[ n(t) (7 + ¢ )<O (logn>>} =7 logn & 3or = (6.24)
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In order to establish this claim, we proceed by analyzing the following three cases.
Case (i). t € [0,v/27]. From (6.22), we obtain

() + (2 +t*) [O (lo;n>] < g +0 (10;n> < gw. (6.25)

Case (ii). t € [v2m,/6m). By (6.1) and (6.13), we have

1 t2? 2,~2 Ly 4 1 t2? 1 2m) 12 logn
7_2/<€ "—l—twn—§twn dﬂfzﬁ & ”deWe( ) g,
R2 Bi/n
(6.26)
which, combined with (6.24), gives
t? 1 (2m)~1t% logn
Uo(t) < 5 — 555¢€ = pn(t). (6.27)

2 32n2

Choose t, > 0 such that ¢/, (t,) = 0, we can deduce that 1 = 5287 e(2m) ¢, logn,
which gives
log(327) — log(logn)

2 =4m |1+ 2Togn (6.28)
and
t2 0
Pn(t) < pnltn) = ; - logn’ vt > 0. (6.29)
Consequently, (6.27), (6.28) and (6.29) imply
2
NP

and for any t € [\/ 2m, \/67r), we have

1 T logn
U,t)+E+tH |0 — )| <27 — 1 :
B+ +1) [ (logn>} = logn % 3or

Case (iii). t € (v/6m,+00). Then it follows from (6.1) and (6.21) that

1 tt 1 2.2 1
U, (1) + (£ +t4) [O< )] < - —/ (et T 1 — 2% — t4zb4> dz
1 - 272 noo2 "
ogn 8m T 2

< ﬁ _ T e(27r)71t2 logn
— 81 4n272 (6.30)
< ﬁ _ m (2m)"'t? logn
81 4An?(1+4+t+t?)
9 T

63 logn < T,

3
<= 2
T 2 4n?(1+ V67 + 6m) 2
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due to the fact that ¢,,(¢) ¢! (2m) "' logn

ot - . . .
= 5 T T © is decreasing on the interval

E 2 ogn— s -
t € (V6m,+o0) for large n. Indeed, ¢}, (t) = % — (thtylz)(tlljﬂzgiﬁt) e(2m) "'t logn,

Assume that s, > 0 such that ¢/,(s,) = 0 for large n. Then we have

7r1+5n+sfl splogn — (1 + 2s,,)7w? - ,
282 (1+Sn+82)2 _ ( ) 2g ( ) 6(271-) 1silog,n7
n

which leads to

log [25% (1+ s, + s%)ﬂ —log [m (14 sp + 52) splogn — (1 + 2s,,)7?]
s2 =4m 1+ _
2logn

This means lim, o s2 = 4m. So ¢, (t) is decreasing on ¢ € (v/6m, +00) when n is
sufficiently large.

Combining Cases (i)—(iii) yields (6.24). Therefore, one can find a sufficiently large
n € N such that

sup ®(Wr ) < m(c) + 2. (6.31)
t>0

In addition, from (6.13), (6.15), (6.16) and (6.23), one gets W5 € S, for all ¢ > 0,
Wio = ue and ®(Ws ) < 2m(c) for large ¢ > 0. Hence, there exists a number
t > 0 satisfying

B(W,, ;) < 2m(c). (6.32)

Define 75 (t) := W, ;7. Then 75 € T, where T'.. is defined by (5.16). Combining (6.31)
and (6.32), we obtain (6.5), which completes the proof. O

In the rest of this section we set

v(q) = 400 ifl+§<¢g<2+5or2+§<qg<+oo,
19 = Grapeamrz fa=2+73.

Lemma 6.2. Assume 1 >0, 1+ 9 < q < +o00 and 0 <~y <~(q). Let {u,} C S. be
a (PS) sequence satisfying (5.17), then {||Vun|l2} and {I1(u,)} are bounded. Moreover,
{un} is bounded in E.s. Then, there exists u # 0 such that, up to a subsequence,
Up — U in Eus as n — oo.

Proof. From (5.17) together with Lemma 6.1, we obtain

D(uy) = M(c) < 2w + m(c), <I>’:§C (up) =0 and P(u,)— 0.
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Using (1.7) and (1.9), one has

1 p gl
—|Vun||? + =1, un——/ Iy * |un|?) |uy,|9da
519l + 5 o) = 3 [ (T n )

2
. 2 uﬂj (6.33)
— §/ (e“" —1—u? - 2") dz = M(c) + o(1),
RQ
2
Vi = 2 = Y2222 (1 0 s
L (6.34)
— / [(ui — 1)6”31 +1- u;} dz = o(1)

R2
It follows from (2.5) and (2.9) that

M(e) + o(1) = D(up) iP(un)

1 29 —6— 2
= IV + O a9 s+ 20 ) + 5

4 16
R2

1 4
+4/[(ui3)e"i+3+2ui+u2"} da

R2

Y4
| =

20— 6—a (6.35)
nv%m%+jhum»—5bwm+f“qém>/km*mu%wmwx

RZ
I=k—=3 [ 4
—i—zz I /undaﬁ
k=4 R2

1 2¢—6—«
zﬂWwﬁ+thm—qéﬂW%m+“q8q)/@ﬂmwm%wm

R2

We now proceed by considering the following cases to prove that {||Vuy|2}
and {I(uy)} are both bounded when ¢ € [1+ §,2+ $]U[3 + §,00).

Case (i). ¢ =14 §. Then by 2¢ —6 — o = —4 and (2.11), we get
M(c) +o(1) > iHVunH% + %Il(un) — C1*2||Vun |2 — ;q/cacm, g)c T
Case (ii). ¢ € (14 5,24 §). From 2¢ —a — 2 € (0,2) and (2.12), we have
M) +0(1) 2 1 IVunl3 + 213 () — 12Tt

6+a—2 at2 e
- L2, )" Ve,



Normalized solutions for planar Schrédinger—Poisson system. . . 395

Case (iii). ¢ = 2 + §. It follows from 2‘1;2_“ = —8+12a that

1 at2
M) +o(1) 2 2IVunl + B 1) — e Vuly — L Cilara)eF |V

1 Y at2 H
> <4 - 8+2aC0(a,q)c 2 ) |V, || + Zh(un) — C1 ||V ||z
Case (iv). ¢ € [3+ §,00). In this case, 2¢ — 6 — a > 0. Then by (6.35), one has
1
ME) +0(1) > 7 IVunl+ B11 ()~ Coe¥ o

Therefore, for any g € [1 + §,2+ §] U [3 4 §,00), it follows from Cases (i)-(iv) that
{IIVunll2} and {I1(u,)} are bounded.
Furthermore, if ¢ € (2+ 5,3 + §), then 2¢ — a — 2 € (2,4). Therefore, we have

1

M(c) +o(1) = (un) — mp(un)
(Lo 1 2 Py B ne*
_<2 2q—2—a> IVitnllz + 7 11 (n) = G o) + 3555

1 k=1 [ o Il [ 4
Jr2(]—2—04Z k! /u"dz7§ZH/u"dz
k=3 R2 k=3 5
1
> - -
“\2 2

1
qg—2—«
(2 ) IVl + EL(un) — GVl
“\2 2q-2-« 4 ’

u u
) I+ 5 1 0) ~ o)

which implies that {||Vu,|2} and {I1(u,)} are bounded.

From Lemma 2.7, we get that {||uy||.} is bounded, hence {u,} is bounded in F,;.
Then, there exists 4 € F,s such that, up to a subsequence, u, — 4 # 0 in E,, as
n — o0o. This finishes the proof of the lemma. O

Lemma 6.3. Assume 1 >0, 1+ 5 < ¢ < +00 and 0 < v < v(q). Let {u,} C S.
be a sequence which satisfies (5.17). If u, — @ in Eqs, up — u in L*(R?) for s > 2,

Jge (e“i -1- u%) u2dz < C and P(u) > 0, then

/(e“i — 1 —u?)up (up, — w)dz = o(1). (6.36)
R2
Proof. Using (2.7), (2.8) and the fact that P(u) > 0, we have g(1) > 0, where
ga(t) = ®(tii;). In view of Lemma 5.1, there exist unique 0 < s < land 1 < s; < +o0

such that
ga(si) < ga(t) < ga(sy) < +oo, Vte (sf,s3).
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This means for any ¢ € (s, sz ),

D(stu+) < P(tuy) < P(syi,-) < +oo. (6.37)

Let v := 74, with 7 = W*/vi”. Then o € S, N 0A; /3. Using Lemma 3.1(ii), there
all2
exists t; € (0,1) satisfying P(t30:,) = 0. Observe that tz0;, = (t37)us,~. Hence,
st = ty7. Using (6.37), we obtain that
m(c) < B(tsvr,) = P(sy ) < O(a).

Since u,, — u in L*(R?) for s > 2, an application of [15, Lemma 4.5] gives

4 =4
: W _ g _ .2 Un _ @t _q_-2_ W
nh_}n;O (e 1—ug 5 ) dz = / (e 1—u 5 ) dz. (6.38)
R2 R?

Let v, = u, — @ Using (2.4), (2.5), (4.2), (4.3), (6.33), (6.38), together with
[29, Lemma 2.4], one has

1 7 Y
M(©) + o1) = 19w+ § o) = 2 [ (o funl?) o
R2

1 _ o _ _
= i(HVU”% + [ Va|3) + 1 [Io(@) + Io(vn) + 240 (@, v2)]

_ lq /(Ia* 1) |a|qu+/(za* (02 ]9) [vn|7dz

2 (6.39)
R2 R2
1 a2 5 at
_2/<e —1—u—2)dx+o(1)
R2
e ol 2 K By =2 2
= B(a) + 5 Voal3 + Flo(vn) + 5 A0(@,02) +0(1)
1
> SV (n = I3 + me) + 5 A1(@,2) +o(1)
1 _
> 319 — @3 +mie) + o(1).

Note that for any ¢ € (0, ¢p), we have M (c) < m(c)+ 27. Thus, from (6.39), we deduce
that there exists € > 0 satisfying

IV (u, —u)||3 < 47(1 — 38), for large n € N, (6.40)
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Let p € (1,2) such that p?(1 — 3¢) < (1 — &). From (6.40), Young’s inequality and
Lemma 2.4, one has

/ (eui —1- Ui)pdfb < / (epui _ 1) dx < / |:€(1+§71)pﬁ2e(l-‘,—f)p(un—ﬁ)z _ 1} dx

R2 R2 R2
<Pz 1 {e(lﬂf?‘l)f(p*l)_lﬂ2 _ 1} de + 1/ [e(1+é)p2(unfﬁ)2 _ 1] dz < €.
P R2 R2
(6.41)
Noting that p/(p — 1) > 1, using the Holder inequality and (6.41), we get that
/ (e“i —1- ui) Up (U, — w)dz
R2
1/p
u? 2 P ~
< | [ (e =1=u2) el lunlloppn lun = lsp1) = o(1).
R2
This implies that (6.36) holds. O

Lemma 6.4. Assume jp >0, 1+ § < q < 400 and 0 <y < (q). Let {u,} C S, be
a sequence which satisfies (5.17). Then there exists U € Eq, \ {0} and A\ € R such
that u,, — uw in E.s and A\, — X in R.

Proof. By Lemma 6.2, we may thus assume, passing to a subsequence again if neces-
sary, that

Uy, U € SAC, Up — % in Eue, U, — @ in L*(R?) for s > 2, u, — @ a.e. on R%
(6.42)
From (2.5), (6.33), (6.34) and the boundedness of {u,} in E,s, one can get that

4
/(e“i—1—ui>uidx§3/[(e“i—1—u,2l>u,21—2<e“72—@—1—u721—u2")]dx

R? R?
2 29 — 4 —
—6M(e) — gy — 21 32 @) /(Ia # |t |9) [un|2d + o(1).
2 4 2q
R?
(6.43)
If g € [2+ §,00), we immediately obtain that
I (u,) < Cy, / (e“i —1- ui) uidaj < (Cs. (6.44)

R2

If g € [1+%,2+ %), using (2.11), it is easy to get that [p, (Jo * [un]?) |un|?dz is
bounded. Thus, it follows from (6.43) that (6.44) holds. Using [4, Lemma 3], we have

D (up) + Ay — 0, (6.45)
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where

1

A = ——
T a3

<(I)/(un)7 Up)

1
= o 13+ i) =7 [ (G ) a1 — [ = 1= 2o
R2 R2
(6.46)

Since {||un||g,,} is bounded, from (6.43), (6.44) and (6.46), we get that {|A,|} is
also bounded. Thus, we may thus assume, passing to a subsequence if necessary,
that A\, — Ac.

Motivated by [11, Assertion 3|, we make the following claim

lim [(e“31 -1- ui) Up U — (eﬁ2 -1- az) QQ} dz = 0. (6.47)
n—oo
R2

Because @ belongs to E,, for any given € > 0, we can choose ¢. € C°(R?) C E,;
satisfying ||¢e — ul|g,, < e. It follows from (2.6) and the boundedness of {||u,||%, } =
{IVun |3 + |Jun]/?}, one can deduce that

| A (ufy, un(de — @))]

< [ [ios2-+ fal) +log(z + [y @lua ()l6-0) ~ G)ldedy 645
]R2 ]R2

< w2 lunll2ll@e = all2 + lunl3lunllllge — ll. < Cse.

By (2.4), we also have
|A2(ui, Un (¢ —u))| < Cae. (6.49)

Combining (1.7) with (6.45), we obtain
o(1) = (D' (un) + Aptn, P — )

= /[vun : V(QSE - ﬂ) + )\nun(qbs - ﬁ)]dx + /lAl(ugw un(¢€ - ﬂ))
R2

— Az (U, up (e — u)) — 7/ (T * [n]?) [t |7 2un (b — @)d (6.50)

R2

_ / ("5 — 1 — 2 )un(@. — @)da.

R2
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From (6.48), (6.49), (6.50) and Lemma 2.2, one has

/(e"i — 1 —u?)u, (¢ —u)dx

RQ
< /[Vun : v(¢a - 1]) + /\nun(¢a - ﬂ)]dl‘ + M|A1(Ui, un(¢e - ﬂ))| (6.51)
RZ
+ plAg(ul, un (9 — )| + 7/ (Ta # || ) [un |2 un (e — a)|dz + o(1)
RZ

< Jun| &,.|¢e — @l g,, + Cse + o(1) < Coe + o(1).
Moreover, in view of Lemma 2.4(i), we obtain
1/2
/(el12 —1—u*)u(p. —u)dz| < /(em12 —1)dz lE)l4l|pe — ul|la < Cre. (6.52)
R2 R2
Since ¢. € C5°(R?), then by [15, Lemma 4.5], we have

lim (e“i —1—u)uppde = /(eﬁz —1—u?)up.dz. (6.53)
n—oo
R? R2
From (6.51), (6.52) and (6.53), one has
/ [(eui 1=y — (6% —1— fﬁ)a] adz| < (Cs+ Cr)e +o(1).  (6.54)
R2

According to the arbitrariness of € > 0, we deduce (6.47) from (6.54). By (1.7),
(2.5), (6.45), (6.47) and Lemma 2.8 and [22, Lemma 2.7], we obtain

0= lim (@' (up) + At 1)
= Va3 + Acllall3 + pu lim Ao(uf, unt)
n—oQ
— v lim /(Ia * [un]?) [un |9 2u,ude — /(ea
n—o0

R2 R2
= [IVall3 + Acllal3 + g lim Ao(uy, u?)
n—oo

- 'y/([a * |al?) |u|fdx — /(e712 —1—a%)u?de.

R2 R2

o1 - @?)ulde

(6.55)

Using (2.1) and Lemma 2.8, one can deduce
lim Ay (up,u) = lm [A;(ul, (u, — 0)%) + 241 (43, un) — A1 (ul, @?)]
n—oo n—oo

> lim A (u?,u?).

n—roo
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It follows from (2.5), (6.34), (6.38), (6.46) and (6.55) that

22— (2+
0= tim 3Vl = 2 o 22 [ )
n— o0 q
R2
4
— / [(ui — 1)6“?1 +1- u;] dx
R2

= lim ||Vu,|3— /(e“i —1—u?)ulde

n— oo
RQ
2qg — (2
_ ’Yw / (I * |@|?) |a|?dz
Rz
2 . 4
—/i—k/(e”z—l—uQ—q;)dm
]R2
puc?
~ lim —)\nHuan—,u[o(un)—i—v/(la* | [0z | — P
n—»00 4

RQ
2q — (2 » —4
- vw / (I * |@]9) |a]%da +/ <e"2 1@ “2> da
a R2 R2

pet  (2+aky

—1aY 17|42
1 % /(Ia*\u| ) |u|?dx

R2

= _5‘6“&”% - /lnh_{r;o To(un) —

o . . 2+ oL
< <Aolfal3 - lim Ao(ul, i) — E- + 2+a)y / (I % |a]?) a]*de

2q
R2
—4
+/<e“2—1—u2—u)dx
R2
_ c? 20 — (2 + « B B
.. el ) [ o lale)fapras
4 2q
R2
—4
—/ [(u2 - l)eﬁg +1- UZ] dx
RZ

= P(a).
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This means P(u) > 0. It follows from (1.7), (2.1)—(2.3), (2.5), (6.36), (6.42), (6.45),
Lemmas 2.8 and 6.3 that

o(1) = (D' (upn) + Aptn, Uup — @)
= [[Vual3 - Va3
+ pAs (ufm (un — a)Q) + ,uAl(ui, (un — w)u) — MA2<UEL7 U (Uy, — 1))

[ e anl) 2, — ks (6.56)
R2
2 2 —
- / (e“n -1- un) Up (U, — w)dz + o(1)
R2

= | V(un — @)|3 + pAs (up, (un —@)*) + o(1).
Using (6.56) and Lemma 2.7, we can deduce that u,, — @ in Fqs. O

Proof of Theorem 1.2. In view of the conditions of Theorem 1.2, from Lemmas 5.3
and 6.1, we can obtain that there exists a sequence {u,} C S. satisfying

®(up) = M(c) < 2m+m(c), @[5 (un) =0 and Pluy) = 0. (6.57)

Using Lemma 6.4, there exist u € 5’,; and . € R such that u, — win Fys and A, — e
in R. Therefore, ®(u) = M(c) and ®'(u) + A.u = 0. This completes the proof. O
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