
Opuscula Math. 46, no. 2 (2026), 219–234
https://doi.org/10.7494/OpMath.202602271 Opuscula Mathematica

ON A FIXED POINT THEOREM
FOR OPERATOR SYSTEMS

AND EIGENVALUE CRITERIA FOR EXISTENCE OF
POSITIVE SOLUTIONS

Laura M. Fernández-Pardo and Jorge Rodríguez-López

Communicated by Marek Galewski

Abstract. We provide an alternative approach, based on the Leray–Schauder fixed
point index in cones, to a fixed point theorem for operator systems due to Precup. Our
focus is on the case of operators whose components are entirely of compressive type.
The abstract technique is applied to a system of second-order differential equations
providing a coexistence positive solution by means of an eigenvalue type criterion.
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1. INTRODUCTION

In this paper, we are concerned with the so-called vector version of the Krasnosel’skĭı
fixed point theorem or Precup fixed point theorem, that is, an existence result for
systems of operator equations of the form

{
x1 = T1(x1, x2),
x2 = T2(x1, x2),

which imposes compression-expansion conditions on each component of the system.
One of the main features of this result due to Precup (see [7, 8]) is that all the
components of the obtained fixed point are non-trivial, i.e., it is a coexistence fixed
point. In fact, each component of the fixed point (x1, x2) is localized independently
in norm between two positive constants in the following way: r1 ≤ ∥x1∥ ≤ R1 and
r2 ≤ ∥x2∥ ≤ R2.

Our approach relies on the fixed point index for compact maps in cones, and it is
intended to complement the original version due to Precup. It continues the strategy
initiated in [10] but combined with the idea introduced in [2], from which we derive
a refinement in the compressive case. The key ingredient is the choice of an appropriate
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retraction when extending the operator T , ensuring the absence of new fixed points
under this less restrictive situation and thus yielding a well-defined index for the
computations, as explained below. Note that the calculation of the fixed point index
of the corresponding operator T = (T1, T2) provides useful information for deriving
multiplicity criteria, as shown in the three-solutions theorem by Amann [1] and its
recent generalizations (see [11] and the references therein).

As an application we study the existence of positive solutions to a system of
second-order ODEs subject to Robin type boundary conditions. Our criterion, which
is inspired by the previous works of Webb, Infante and Lan [12–14], involves the
asymptotic behavior of the nonlinearities at 0 and infinity in relation to the principal
eigenvalue of the corresponding linear Hammerstein type operator associated to the
differential problem. To the best of our knowledge, it is the first time that the vector
approach is combined with this sharp technique based on eigenvalue type conditions,
yielding solutions which are non-trivial in each of their components. Furthermore, the
reasoning for establishing this existence result cannot be applied under the assump-
tions in [10], but is valid under the weaker conditions presented here, as detailed in
Remark 3.3 below.

The paper is structured as follows. In Section 2 we review the vectorial versions
of the Krasnosel’skĭı fixed point theorem, we recall some basic properties of the
Leray–Schauder fixed point index in cones and compute it in the compression case
under both order relation conditions and homotopy conditions. Section 3 addresses the
application to the existence of solutions with positive components for the second-order
problem previously described.

2. ON PRECUP FIXED POINT THEOREM IN CONES

2.1. PRELIMINARIES ON KRASNOSEL’SKĬI TYPE FIXED POINT THEOREMS
IN CARTESIAN PRODUCTS

A closed convex subset K of a normed linear space X is said to be a cone if λ u ∈ K
for every u ∈ K and for all λ ≥ 0, and K ∩ (−K) = {0}. A cone K induces a partial
order in X given by x ⪯ y if and only if y − x ∈ K. In addition, we will use the
notation x ≺ y in case that y − x ∈ K \ {0}.

Let us recall now the fixed point theorem for operator systems (or operators defined
in the Cartesian product of cones) proposed by Precup [8], which we denominate
a Krasnosel’skĭı type fixed point theorem in cones since the compression-expansion
conditions in the line of Krasnosel’skĭı [4–6] are imposed in a component-wise manner.
In the sequel, consider two cones K1 and K2 of the normed linear spaces X and Y ,
and so K := K1 × K2 is a cone of X × Y . For r, R ∈ R2, r = (r1, r2), R = (R1, R2),
with 0 < ri < Ri (i = 1, 2), we denote

Kr,R := {x = (x1, x2) ∈ K : ri < ∥xi∥ < Ri, i = 1, 2} = (K1)r1,R1 × (K2)r2,R2

and

Kr,R := {x = (x1, x2) ∈ K : ri ≤ ∥xi∥ ≤ Ri, i = 1, 2} = (K1)r1,R1 × (K2)r2,R2 .
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The result due to Precup is the following.
Theorem 2.1. Let r, R ∈ R2, r = (r1, r2), R = (R1, R2), with 0 < ri < Ri (i = 1, 2).
Assume that T = (T1, T2) : Kr,R → K is a compact map and for each i ∈ {1, 2} there
exists hi ∈ Ki \ {0} such that one of the following conditions is satisfied in Kr,R:
(a) Tix + µ hi ̸= xi if ∥xi∥ = ri and µ > 0, and Tix ̸= λ xi if ∥xi∥ = Ri and λ > 1,
(b) Tix ̸= λ xi if ∥xi∥ = ri and λ > 1, and Tix + µ hi ̸= xi if ∥xi∥ = Ri and µ > 0.
Then T has at least a fixed point x̄ = (x̄1, x̄2) ∈ K with ri ≤ ∥x̄i∥ ≤ Ri (i = 1, 2).
Remark 2.2. Conditions (a) and (b) can be respectively replaced by the following
stronger assumptions:
(a⋆) Tix ⊀ xi if ∥xi∥ = ri and Tix ⊁ xi if ∥xi∥ = Ri,
(b⋆) Tix ⊁ xi if ∥xi∥ = ri and Tix ⊀ xi if ∥xi∥ = Ri.
Theorem 2.1 with conditions (a) and (b) replaced by (a⋆) and (b⋆) is the main result
of the paper by Precup [7]. It can be seen as a particular case of those later obtained
by the same author in [8].

The proof of Theorem 2.1 presented in [7] is based on Schauder fixed point theorem
in case that condition (a) holds for both i = 1 and i = 2. Then the remaining cases are
reduced to the solved one by means of a trick which transforms operators satisfying (b)
into operators fulfilling (a). A different approach, based on the fixed point index in
cones, has been proposed in [10]. As already explained in [10], the computation of the
index has interest itself and provides more information than merely the existence of
a fixed point (for instance, in order to extend the result to more general contexts or
to derive multiplicity criteria). Note that the result presented in [10] requires slightly
stronger conditions on the operator when computing the fixed point index. It can be
summarized as follows.
Theorem 2.3. Let r, R ∈ R2, r = (r1, r2), R = (R1, R2), with 0 < ri < Ri (i = 1, 2).
Assume that T = (T1, T2) : Kr,R → K is a compact map and for each i ∈ {1, 2} there
exists hi ∈ Ki \ {0} such that one of the following conditions is satisfied in Kr,R:
(a†) Tix + µ hi ̸= xi if ∥xi∥ = ri and µ ≥ 0, and Tix ̸= λ xi if ∥xi∥ = Ri and λ ≥ 1,
(b†) Tix ̸= λ xi if ∥xi∥ = ri and λ ≥ 1, and Tix + µ hi ̸= xi if ∥xi∥ = Ri and µ ≥ 0.
Then

iK(T, Kr,R) = (−1)k

where k ∈ {0, 1, 2} denotes the number of indexes for which condition (b†) holds. In
particular, T has at least a fixed point x̄ = (x̄1, x̄2) ∈ K with ri < ∥x̄i∥ < Ri (i = 1, 2).
Remark 2.4. Observe that conditions (a†)–(b†) are more stringent than conditions
(a)–(b) together with the fact that T is fixed point free on the boundary of Kr,R.
Indeed, (a†)–(b†) imply that

Tix ̸= xi if ∥xi∥ = ri or if ∥xi∥ = Ri, i = 1, 2,

which, in turn, ensures that T = (T1, T2) has no fixed points on ∂KKr,R. The reverse
implication is clearly false.
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In view of the previous remark, we wonder if it is possible to compute the fixed
point index of the operator T over the set Kr,R under the assumptions (a)–(b)
(or (a⋆)–(b⋆)) instead of (a†)–(b†). This is the main goal of the remaining part of the
present section. We success in some particular (but meaningful) cases, as shown below.

2.2. PRELIMINARIES ON THE FIXED POINT INDEX IN CONES

For the convenience of the reader, let us recall some concepts and properties related
to the fixed point index in cones. If U is a relatively open bounded subset of a cone
K of a normed space X and N : U → K is a compact map without fixed points on
the boundary of U (denoted by ∂K U), the fixed point index of N on U with respect
to the cone K, iK(N, U), is well-defined. For additional details, we refer to [1, 3, 4].

Proposition 2.5. Let K be a cone of a normed space, U ⊂ K be a bounded relatively
open set and N : U → K be a compact map such that N has no fixed points on
the boundary of U . Then the fixed point index of N on the set U with respect to K,
iK(N, U), has the following properties:

1. (Additivity) Let U be the disjoint union of two open sets U1 and U2. If 0 ̸∈
(I − N)(U \ (U1 ∪ U2)), then

iK(N, U) = iK(N, U1) + iK(N, U2).

2. (Existence) If iK(N, U) ̸= 0, then there exists x ∈ U such that Nx = x.
3. (Homotopy invariance) If H : U × [0, 1] → K is a compact homotopy and 0 ̸∈

(I − H)(∂K U × [0, 1]), then

iK(H(·, 0), U) = iK(H(·, 1), U).

4. (Normalization) If N is a constant map with Nx = x̄ for every x ∈ U , then

iK(N, U) =
{

1, if x̄ ∈ U,

0, if x̄ ̸∈ U.

The following computations of the fixed point index will be also useful in our
reasoning. Their proofs can be found, for instance, in [4, Lemmas 2.3.1 and 2.3.2].

Proposition 2.6. Let K be a cone, U ⊂ K be a bounded relatively open set such that
0 ∈ U and N : U → K be a compact map without fixed points on ∂K U .

(i) If Nx ̸= λ x for all x ∈ ∂K U and all λ > 1, then iK(N, U) = 1.
(ii) If there exists h ∈ K \ {0} such that Nx + µh ≠ x for all x ∈ ∂K U and all µ > 0,

then iK(N, U) = 0.
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In case of operators defined in the Cartesian product of normed spaces, the following
computation of the fixed point index is useful. Its proof can be found in [9, 10].

Proposition 2.7. Let U × V be a bounded relatively open subset of the cone K =
K1 × K2 in the normed spaces product X = X1 × X2, such that 0 ∈ U . Assume that
N = (N1, N2) : U × V → K is a compact mapping and there exists h ∈ K2 \ {0}
satisfying the following conditions:

(i) N1x ̸= λ x1 for all x1 ∈ ∂K1U , x2 ∈ V and all λ > 1,
(ii) N2x + µ h ̸= x2 for all x1 ∈ U , x2 ∈ ∂K2V and all µ > 0.

If N has no fixed points on ∂K (U × V ), then iK(N, U × V ) = 0.

2.3. PRECUP FIXED POINT THEOREM WITH ORDER TYPE CONDITIONS

In this subsection, we focus on the computation of the fixed point index under
compression type assumptions given by the order relation provided by the cone. More
specifically, we will prove the following result.

Theorem 2.8. Let r, R ∈ R2, r = (r1, r2), R = (R1, R2), with 0 < ri < Ri (i = 1, 2).
Assume that T = (T1, T2) : Kr,R → K is a compact map and for each i ∈ {1, 2}
the following condition is satisfied in Kr,R:

(a⋆) Tix ⊀ xi if ∥xi∥ = ri and Tix ⊁ xi if ∥xi∥ = Ri.

If T has no fixed points on the boundary of Kr,R, then iK(T, Kr,R) = 1.

To do so, adapting the reasoning in [10], we need to extend the definition of T to
a larger set, namely,

KR := {x = (x1, x2) ∈ K : ∥xi∥ ≤ Ri for i = 1, 2}.

Such extension is based on the fact that Kr,R is a retract of KR. A retraction can be
defined as follows: ρ(x) = (ρ1(x1), ρ2(x2)), with

ρi(xi) =





ri
xi + (ri − ∥xi∥)hi

∥xi + (ri − ∥xi∥)hi∥
, if ∥xi∥ < ri,

xi, if ri ≤ ∥xi∥ ≤ Ri,

(2.1)

where hi ∈ Ki, with ∥hi∥ = 1, is fixed. Using this retraction ρ, a map T under the
assumptions of Theorem 2.8 can be extended to the set KR in the following way:

N = (N1, N2) : KR → K, N := T ◦ ρ. (2.2)

The proof of Theorem 2.8 is finally based on the computation of the fixed point index
of the map N on different open sets. In order to ensure that the index is well-defined, it
is necessary that the corresponding operator N have no fixed points on the boundaries
of these open sets. This is the case when T satisfies condition (a⋆) and has not fixed
points on ∂K Kr,R, as shown by the following result.
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Lemma 2.9. Let T = (T1, T2) : Kr,R → K be a compact map such that for each
i ∈ {1, 2} the following condition is satisfied in Kr,R:

Tix ⊀ xi if ∥xi∥ = ri.

If T has no fixed point on the boundary of Kr,R, then its extension N defined as (2.2)
has also no fixed point x = (x1, x2) ∈ KR such that ∥xi∥ = ri or ∥xi∥ = Ri for
i ∈ {1, 2}.
Proof. Let us suppose that N has a fixed point (x1, x2) ∈ KR such that
∥x1∥ ∈ {r1, R1}. Since N = T in Kr,R and T has no fixed points on the boundary
of Kr,R, it follows that ∥x2∥ < r2. Then

(x1, x2) = N(x1, x2) = (T1(x1, ρ2(x2)), T2(x1, ρ2(x2))) .

In particular, x2 = T2(x1, ρ2(x2)) and, moreover, by the definition of ρ2, we have
x2 ≺ ρ2(x2). Indeed, ρ2(x2) − x2 ∈ K2 \ {0} since

ρ2(x2) − x2 =
(

r2
∥x2 + (r2 − ∥x2∥)h2∥ − 1

)
x2 + r2(r2 − ∥x2∥)

∥x2 + (r2 − ∥x2∥)h2∥h2,

where the first addend belongs to K2 because

∥x2 + (r2 − ∥x2∥)h2∥ ≤ ∥x2∥ + (r2 − ∥x2∥)∥h2∥ = r2

and the second one belongs to K2 \ {0} as a consequence of h2 ∈ K2 \ {0}.
In conclusion, T2(x1, ρ2(x2)) ≺ ρ2(x2) and ∥ρ2(x2)∥ = r2, a contradiction with the

assumption.

Now we are in a position to demonstrate Theorem 2.8, whose proof relies on the
properties of the fixed point index. The proposed computation of the index follows
previous ideas employed in [10], but we include them here again for the convenience of
the reader.

Proof of Theorem 2.8. First, note that (a⋆) implies that for each i ∈ {1, 2} the follow-
ing condition is satisfied in KR:

Nix ⊀ xi if ∥xi∥ = ri and Nix ⊁ xi if ∥xi∥ = Ri. (2.3)

As a consequence, we have that for every hi ∈ Ki \ {0},

Nix + µ hi ̸= xi if ∥xi∥ = ri and µ > 0,

and Nix ̸= λ xi if ∥xi∥ = Ri and λ > 1.
(2.4)

This follows by contradiction. Indeed, suppose that there exist h̄i ∈ Ki \ {0}, µ̄ > 0,
and x̄ ∈ KR with ∥x̄i∥ = ri such that Nix̄+ µ̄h̄i = x̄i. Then x̄i −Nix̄ = µ̄h̄i ∈ Ki \{0}.
Hence, Nix̄ ≺ x̄i, contradicting (2.3). Likewise, if there exist λ̄ > 1 and x̄ ∈ KR with
∥x̄i∥ = Ri such that Nix̄ = λ̄x̄i, then

Nix̄ − x̄i = (λ̄ − 1)x̄i ∈ Ki \ {0},

so that Nix̄ ≻ x̄i, again contradicting (2.3).
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Moreover, notice that Lemma 2.9 guarantees that the fixed point index of the map
N is well-defined on the open sets Kr, KR, (K1)r1 × (K2)R2 and (K1)R1 × (K2)r2 .

Hence, by Proposition 2.6 we have

iK(N, KR) = 1 and iK(N, Kr) = 0.

In addition, Proposition 2.7 ensures that

iK(N, (K1)r1 × (K2)R2) = 0 = iK(N, (K1)R1 × (K2)r2).

Applying the additivity property of the index twice,

iK(N, (K1)r1,R1 × (K2)r2) = iK(N, (K1)R1 × (K2)r2) − iK(N, Kr) = 0

and

iK(N, Kr,R) = iK(N, KR) − iK(N, (K1)r1,R1 × (K2)r2)
− iK(N, (K1)r1 × (K2)R2) = 1.

In conclusion, iK(T, Kr,R) = 1, since N = T on the set Kr,R.

Corollary 2.10. Let r, R ∈ R2, r = (r1, r2), R = (R1, R2), with 0 < ri < Ri

(i = 1, 2). Assume that T = (T1, T2) : Kr,R → K is a compact map and for each
i ∈ {1, 2} condition (a⋆) is satisfied in Kr,R. Then T has at least one fixed point
in Kr,R.
Proof. Either T has a fixed point on the boundary of Kr,R (and the proof is finished)
or, if not, Theorem 2.8 is applicable and ensures that iK(T, Kr,R) = 1 ̸= 0. Then the
conclusion is deduced from the existence property of the index.

Remark 2.11. Theorem 2.8 remains valid (under the same proof!) for operators
defined in more general domains of the form (Ω1 \ (K1)r1) × (Ω2 \ (K2)r2), with Ω1
and Ω2 open sets such that (Ki)ri

⊂ Ωi, i = 1, 2. In that case, condition (a⋆) should
be replaced by the following:
(A*⋆) Tix ⊀ xi if ∥xi∥ = ri and Tix ⊁ xi if xi ∈ ∂Ki

Ωi.
It is worth noting that such a fixed point theorem seems difficult to be proven by

means of the techniques previously employed in the papers by Precup [7, 8].

2.4. PRECUP FIXED POINT THEOREM
WITH HOMOTOPY TYPE CONDITIONS

Now, we are concerned with cone-compression conditions given by means of homotopy
type assumptions. Our aim is to provide a computation of the fixed point index in the
line of Theorem 2.8, but with assumption (a) instead of (a⋆). Then, an analogous of
Lemma 2.9 needs to be proven and the definition of an adequate retraction becomes
crucial at this step.

To do so, we reinforce the assumptions on the cone. Let us assume that the norm
preserves the order relation ≺ over the cone K (i.e., if x, y ∈ K with x ≺ y, then
∥x∥ < ∥y∥).
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Example 2.12.
(i) In R2, the usual Euclidean norm preserves the order relation ≺ given by the cone

K = {(x1, x2) ∈ R2 : x1 ≥ 0, x2 ≥ 0}.
(ii) In C([0, 1]), the standard sup-norm ∥·∥∞ does not preserve the order relation ≺

given by the cone of non-negative continuous functions

P = {x ∈ C([0, 1]) : x(t) ≥ 0 for all t ∈ [0, 1]}.

Indeed, the functions y(t) = 1 and x(t) = t for all t ∈ [0, 1] satisfy that x, y ∈ P
with y − x ∈ P \ {0}, but ∥y∥∞ = ∥x∥∞ = 1.

(iii) The sup-norm preserves the order relation ≺ given by the following sub-cone of P :

K = {x ∈ P : x is nonincreasing}.

Indeed, if 0 ⪯ x ≺ y, then there exists h ∈ K \ {0} such that y − x = h.
By definition of the cone K, ∥u∥∞ = u(0) for every u ∈ K and so

∥y∥∞ = y(0) = x(0) + h(0) > x(0) = ∥x∥∞,

since h ̸= 0.
We will need the following technical result.

Lemma 2.13. Let K be a cone in a normed linear space such that the norm preserves
the order relation ≺ over K, h ∈ K \ {0} and r > 0. Then, for each fixed x ∈ Kr,
there exists tx ∈ [0, +∞) satisfying that ∥x + tx h∥ = r. Furthermore, the map

tr
h ≡ t : Kr −→ [0, +∞), x 7−→ t(x) = tx (2.5)

is well-defined and continuous.
Proof. Given x ∈ Kr, let us begin by showing the existence of tx. Consider the
continuous function ϕ : [0, ∞) → R defined as ϕ(t) = ∥x + t h∥. If x ∈ Kr, then
ϕ(0) = ∥x∥ < r and limt→+∞ ϕ(t) = +∞, so Bolzano’s theorem ensures the existence
of tx > 0 such that ϕ(tx) = r. In case x ∈ ∂Kr, choose tx = 0.

Let us establish now the uniqueness of tx. Suppose that there exist t1
x and t2

x,
with t1

x < t2
x, such that ∥∥x + t1

x h
∥∥ = r =

∥∥x + t2
x h

∥∥ .

Then (x + t2
x h) − (x + t1

x h) = (t2
x − t1

x)h ∈ K \ {0}, that is, x + t1
x h ≺ x + t2

x h. Since
the norm preserves the order relation ≺ over K, we have

∥∥x + t1
x h

∥∥ <
∥∥x + t2

x h
∥∥,

a contradiction. Hence, the map t is well-defined.
Finally, let us prove that the map t is sequentially continuous. Let

{xn}n∈N ⊂ Kr be a convergent sequence to x̂ ∈ Kr and let us see that the sequence
{t(xn) = txn

}n∈N is convergent to t(x̂) = tx̂. Since ∥xn + txn
h∥ = r for each n ∈ N

and {xn}n∈N is convergent (so bounded), it follows that the sequence of real numbers
{txn}n∈N is also bounded. Hence, it admits a convergent subsequence. Let {txnk

}k∈N
be a convergent subsequence of {txn}n∈N with limit t̂. By the continuity of the norm,

r = lim
k→+∞

∥∥∥xnk
+ txnk

h
∥∥∥ =

∥∥x̂ + t̂ h
∥∥
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and thus the uniqueness ensures that t̂ = tx̂. Therefore, every convergent subsequence of
{txn}n∈N has limit tx̂, which implies that the whole sequence {txn}n∈N converges to tx̂.

Remark 2.14. Note that the assumption that the norm preserves the order relation ≺
given by the cone can be replaced by the following: h ∈ K \ {0} satisfies that

x, y ∈ K such that y − x = λ h for some λ > 0 imply ∥x∥ < ∥y∥.

Example 2.15. Consider the normed space

X = {x ∈ C([0, 1]) : x(0) = x(1) = 0}

endowed with the usual sup-norm and the cone

K = {x ∈ X : x(t) ≥ 0 for all t ∈ [0, 1]}.

Then any function h ∈ X such that h(t) > 0 for all t ∈ (0, 1) satisfies the condition of
the previous remark.

As a consequence of the previous lemma, when the norm ∥ · ∥i preserves the order
relation ≺i over Ki, the map ρ̂i : (Ki)Ri

→ (Ki)ri,Ri
defined as

ρ̂i(xi) =
{

xi + tri

hi
(xi)hi, if xi ∈ (Ki)ri

,

xi, if xi ∈ (Ki)ri,Ri
,

(2.6)

with hi ∈ Ki \ {0} fixed, i = 1, 2, is a retraction.
Lemma 2.16. Let K1 and K2 be two cones in the normed spaces X and Y , respectively,
such that the corresponding norms preserve the associated order relations ≺i over
Ki, i = 1, 2. Let T = (T1, T2) : Kr,R → K be a compact map satisfying that for each
i ∈ {1, 2} there exists hi ∈ Ki \ {0} such that the following condition holds in Kr,R:

xi ̸= Tix + µ hi if ∥xi∥ = ri and µ > 0.

If T has no fixed point on the boundary of Kr,R, then its extension N defined as
N := T ◦ ρ̂, with ρ̂(x) := (ρ̂1(x1), ρ̂2(x2)) given by (2.6), has also no fixed point
x = (x1, x2) ∈ KR such that ∥xi∥ = ri or ∥xi∥ = Ri for i ∈ {1, 2}.
Proof. Let us suppose that N has a fixed point (x1, x2) ∈ KR such that
∥x1∥ ∈ {r1, R1}. Since N = T in Kr,R and T has no fixed points on the boundary
of Kr,R, it follows that ∥x2∥ < r2. Then

(x1, x2) = N(x1, x2) = (T1(x1, ρ̂2(x2)), T2(x1, ρ̂2(x2))) .

In particular, x2 = T2(x1, ρ̂2(x2)) and, by the definition of ρ̂2, we have
ρ̂2(x2) = x2 + t(x2)h2. Therefore,

ρ̂2(x2) − t(x2)h2 = T2(x1, ρ̂2(x2)),

which is a contradiction since ∥ρ̂2(x2)∥ = r2 and t(x2) > 0.



228 Laura M. Fernández-Pardo and Jorge Rodríguez-López

Now, repeating exactly the same fixed point index computations such as in the
proof of Theorem 2.8 (which we omit here), it is possible to deduce the following fixed
point theorem.

Theorem 2.17. Let r, R ∈ R2, r = (r1, r2), R = (R1, R2), with 0 < ri < Ri

(i = 1, 2). Assume that K1 and K2 are cones such that the corresponding norms
preserve the order relations over K1 and K2, respectively, and T = (T1, T2) :
Kr,R → K is a compact map such that for each i ∈ {1, 2} there exists
hi ∈ Ki \ {0} satisfying the following condition in Kr,R:

(a) Tix + µ hi ̸= xi if ∥xi∥ = ri and µ > 0, and Tix ̸= λ xi if ∥xi∥ = Ri and λ > 1.

If T has no fixed points on the boundary of Kr,R, then iK(T, Kr,R) = 1. In particular,
T has at least one fixed point in Kr,R.

2.5. MULTIPLICITY RESULT

The computation of the fixed point index is useful in order to obtain multiplicity
results. In particular, it is possible to establish a three-solution criterion in the line of
Amann [1]. For simplicity, we state the result with compression conditions of order
type. Clearly, analogous conclusions can be derived under homotopy type conditions.

Theorem 2.18. Let r(j), R(j) ∈ R2, r(j) = (r(j)
1 , r

(j)
2 ), R(j) = (R(j)

1 , R
(j)
2 ), with

0 < r
(j)
i < R

(j)
i (i = 1, 2, j = 1, 2, 3). Assume that the sets Kr(j),R(j) are such that

Kr(1),R(1) ∪ Kr(2),R(2) ⊂ Kr(3),R(3) and Kr(1),R(1) ∩ Kr(2),R(2) = ∅.

Moreover, assume that T = (T1, T2) : Kr(3),R(3) → K is a compact map and for each
i ∈ {1, 2} and each j ∈ {1, 2, 3} the following condition is satisfied in Kr(j),R(j) :

(a⋆) Tix ⊀ xi if ∥xi∥ = r
(j)
i and Tix ⊁ xi if ∥xi∥ = R

(j)
i .

In addition, assume that T is fixed point free on the boundaries of Kr(1),R(1)

and Kr(2),R(2) . Then T has at least three distinct fixed points x̄1, x̄2 and x̄3 such that

x̄1 ∈ Kr(1),R(1) , x̄2 ∈ Kr(2),R(2) and x̄3 ∈ Kr(3),R(3) \
(
Kr(1),R(1) ∪ Kr(2),R(2)

)
.

Proof. As a consequence of Theorem 2.8, it follows that

iK(T, Kr(1),R(1)) = iK(T, Kr(2),R(2)) = 1.

Then the existence property of the fixed point index ensures that T has fixed points
x̄1 ∈ Kr(1),R(1) and x̄2 ∈ Kr(2),R(2) . Since Kr(1),R(1) ∩ Kr(2),R(2) = ∅, they are two
distinct fixed points.

Now, if T has a fixed point, x̄3, on the boundary of Kr(3),R(3) , then

Kr(1),R(1) ∪ Kr(2),R(2) ⊂ Kr(3),R(3)
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implies that x̄3 is different from x̄1 and x̄2. Otherwise, if T is fixed point free on the
boundary of Kr(3),R(3) , Theorem 2.8 gives iK(T, Kr(3),R(3)) = 1. By the additivity
property of the index,

iK(T, Kr(3),R(3) \ (Kr(1),R(1) ∪ Kr(2),R(2))) = iK(T, Kr(3),R(3)) − iK(T, Kr(1),R(1))
− iK(T, Kr(2),R(2)) = −1,

which provides the third fixed point by means of the existence property of the index.

Remark 2.19. Observe that, if in Theorem 2.18 one requires

Kr(1),R(1) ∪ Kr(2),R(2) ⊂ Kr(3),R(3)

(instead of Kr(1),R(1) ∪ Kr(2),R(2) ⊂ Kr(3),R(3)) and that T has not fixed points on
∂K Kr(3),R(3) , then the conclusion holds for x̄3 ∈ Kr(3),R(3) \

(
Kr(1),R(1) ∪ Kr(2),R(2)

)
.

3. APPLICATION TO SYSTEMS OF BOUNDARY VALUE PROBLEMS

Consider the following system of second-order differential equations subject to mixed
boundary conditions





x′′(t) + f1(t, x(t), y(t)) = 0, t ∈ [0, 1],
y′′(t) + f2(t, x(t), y(t)) = 0, t ∈ [0, 1],
x′(0) = x(1) = 0 = y′(0) = y(1),

(3.1)

where f1, f2 : [0, 1] × R2
+ → R+ (R+ := [0, +∞)) are continuous functions satisfying

that
(H) for each Mi > 0 there exists Ci > 0 such that

fi(t, x1, x2) ≤ Ci for all xi ∈ [0, Mi], xj ∈ [0, +∞) (j ̸= i)
and t ∈ [0, 1] (i = 1, 2).

It is well-known that problem (3.1) can be rewritten as an equivalent system of
integral equations of the form





x(t) =
1∫

t

r∫

0

f1(s, x(s), y(s)) ds dr =: T1(x, y)(t),

y(t) =
1∫

t

r∫

0

f2(s, x(s), y(s)) ds dr =: T2(x, y)(t),

t ∈ [0, 1]. (3.2)

Let us consider the normed space of continuous functions X = C([0, 1]) endowed with
the usual sup-norm ∥·∥∞ and the cones

K1 = K2 = {u ∈ X : u(t) ≥ 0 for all t ∈ [0, 1] and u is nonincreasing on [0, 1]} .
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It is easy to check that the operator T := (T1, T2), defined as in (3.2), maps the cone
K := K1 × K2 into itself and it is completely continuous. Simple calculations allow
the operator T to be expressed in terms of the corresponding Green’s function in the
following equivalent form:

Ti(x, y)(t) =
1∫

0

G(t, s)fi(s, x(s), y(s)) ds, t ∈ [0, 1] (i = 1, 2),

where the kernel G represents the Green’s function of the second-order problem with
Robin boundary conditions, which is given by

G(t, s) =
{

1 − t if 0 ≤ s ≤ t ≤ 1,

1 − s if 0 ≤ t < s ≤ 1,

see for instance [14].
In each integral of (3.2), fix t ∈ [0, 1] and consider the integration region

{(s, r) ∈ R2 : t ≤ r ≤ 1, 0 ≤ s ≤ r}.

By changing the order of integration, we integrate first with respect to r for each
fixed s, which gives

1∫

t

r∫

0

fk(s, x1(s), x2(s)) ds dr =
1∫

0

1∫

max(s,t)

fk(s, x1(s), x2(s)) dr ds.

Equivalently,
1∫

max(s,t)

dr = G(t, s).

Now, we will provide eigenvalue criteria for the existence of positive (non-trivial in
both components) solutions of the system (3.1) following the ideas developed in [14].
To do so, we need to consider the compact linear Hammerstein integral operator

Lu(t) :=
1∫

0

G(t, s)u(s) ds, t ∈ [0, 1], (3.3)

and its corresponding eigenvalues, that is, the values λ such that λu = Lu. Let us
denote by λ1 the largest possible real eigenvalue of L and by µ1 = 1/λ1, the smallest
positive characteristic value.
Remark 3.1. In the case of our linear operator L, finding an eigenvalue λ of L is
equivalent to finding a non-trivial solution of

u′′ + µ u = 0, u′(0) = u(1) = 0,
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with µ = 1/λ. This linear differential problem only has nonzero solutions for µ > 0.
In such case, solutions of the second-order differential equation are of the form:

u(t) = A cos (√µt) + B sin (√µt) , A, B ∈ R.

Hence, the boundary condition u′(0) = u(1) = 0 gives B = 0 and µ = (π/2 + k π)2,
k ∈ N∪{0}. Therefore, µ1 = π2/4 and the associated eigenfunction is h(t) = cos (πt/2).

Our existence result involves the value µ1 associated to the linear operator L and
the asymptotic behavior of the nonlinearities at 0 and +∞ expressed in terms of the
following limits:

(fi)0 := lim
xi→0+

fi(t, x1, x2)
xi

and (fi)∞ := lim
xi→+∞

fi(t, x1, x2)
xi

.

Theorem 3.2. Assume that for each i ∈ {1, 2} the following condition is satisfied:

µ1 < (fi)0 ≤ +∞ and 0 ≤ (fi)∞ < µ1, uniformly for t, xj (j ̸= i).

Then the system (3.1) has at least one positive solution (non-trivial in both components).
Proof. For a fixed i ∈ {1, 2}, let ε > 0 be such that (fi)0 > µ1 + ε. Then there exists
δi > 0 such that the following condition holds for each xi ∈ (0, δi],

fi(t, x1, x2) ≥ (µ1 + ε) xi uniformly for t ∈ [0, 1], xj (j ̸= i). (3.4)

Fix ri ∈ (0, δi) and let us prove that

xi ̸= Tix + µ h if ∥xi∥∞ = ri, xj ∈ Kj (j ̸= i) and µ > 0, (3.5)

where h is the eigenfunction of L with ∥h∥∞ = 1 associated to the eigenvalue λ1.
Let us suppose the contrary, that is, there exist x ∈ K with ∥xi∥∞ = ri and µ > 0

satisfying that xi = Tix + µ h. Then

xi(t) ≥ µ h(t) and Lxi(t) ≥ µ Lh(t) = µ

µ1
h(t), t ∈ [0, 1].

Now, applying (3.4), we have

xi(t) =
1∫

0

G(t, s)fi(s, x1(s), x2(s)) ds + µ h(t) ≥ (µ1 + ε)Lxi(t) + µ h(t)

≥ (µ1 + ε) µ

µ1
h(t) + µ h(t) > 2µ h(t), t ∈ [0, 1].

Repeating the reasoning, for each n ∈ N we obtain that ∥xi∥∞ > nµ∥h∥∞ = nµ,
a contradiction.

On the other hand, let ε > 0 (ε < µ1) be such that (fi)∞ < µ1 − ε. Then there
exists Mi > ri such that for each xi ≥ Mi we have

fi(t, x1, x2) ≤ (µ1 − ε)xi for all t, xj (j ̸= i).
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By condition (H), there exists Ci > 0 such that

fi(t, x1, x2) ≤ Ci + (µ1 − ε)xi for all x1, x2 ∈ [0, +∞) and t ∈ [0, 1]. (3.6)

Since 1/µ1 is the spectral radius of L, there exists
(

1
µ1 − ε

I − L

)−1
, so we define

Ri
0 :=

(
1

µ1 − ε
I − L

)−1 (
Ci

µ1 − ε

)
.

Let us see that for each Ri > Ri
0 we have

Tix ̸= λ xi for all ∥xi∥∞ = Ri, xj ∈ (Kj)rj ,Rj (j ̸= i) and λ > 1. (3.7)

Reasoning by contradiction, we deduce from (3.6) that

xi(t) ≤ λ xi(t) = Tix(t) =
1∫

0

G(t, s)fi(s, x1(s), x2(s)) ds

≤ (µ1 − ε)Lxi(t) + Ci, t ∈ [0, 1],

which implies (
1

µ1 − ε
I − L

)
xi(t) ≤ Ci

µ1 − ε
, t ∈ [0, 1].

By [12, Lemma 4.1], we obtain

xi(t) ≤
(

1
µ1 − ε

I − L

)−1 (
Ci

µ1 − ε

)
, t ∈ [0, 1],

and thus ∥xi∥∞ ≤ Ri
0 < Ri, a contradiction.

Therefore, T satisfies conditions (3.5) and (3.7). Consequently, Theorem 2.17
ensures the existence of a fixed point of T , that is, a positive solution to the system (3.1).

Remark 3.3. Note that the proof of condition (3.5) does not remain valid for the case
µ = 0. Thus, even though T satisfies condition (a), it is unclear whether it satisfies (a†),
so the existence result cannot be derived in a similar way from Theorem 2.3.

Finally, we illustrate the existence criterion with a concrete example.

Example 3.4. The following system of second-order differential equations with mixed
boundary conditions





x′′(t) + t + 1
y(t) + 1 + x(t) arctan(x(t)) = 0, t ∈ [0, 1],

y′′(t) + t

e−x(t) + 1 + 1
3

√
y(t) = 0, t ∈ [0, 1],

x′(0) = x(1) = 0 = y′(0) = y(1),
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has at least one positive solution which is non-trivial in both components. Observe
that the functions f1 and f2, defined as

f1(t, x, y) = t + 1
y + 1 + x arctan(x) and f2(t, x, y) = t

e−x + 1 + 1
3

√
y,

satisfy that

(f1)0+ = +∞, (f1)+∞ = π

2 <
π2

4 = µ1 uniformly for t, y

and
(f2)0+ = +∞, (f2)+∞ = 0 uniformly for t, x.

Therefore, Theorem 3.2 gives the conclusion.
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