Opuscula Math. 45, no. 6 (2025), 841-855
https: //doi.org/10.7494/OpMath.2025.45.6.841 OPUSCULA MATHEMATICA

A LINEAR TIME ALGORITHM
TO COMPUTE VERTICES
THAT BELONG TO ALL, SOME
AND NO MINIMUM DOMINATING SETS IN A TREE
AND ITS CONSEQUENCES

Radostaw Ziemann and Pawel Zylinski

Communicated by Andrzej Zak

Abstract. We provide a linear time algorithm for determining the sets of vertices
that belong to all, some and no minimum dominating sets of a tree, respectively, thus
improving the quadratic time algorithm of Benecke and Mynhardt in 2008 [S. Benecke,
C.M. Mynhardt, Trees with domination subdivision number one, Australas. J. Comb.
42 (2008), 201-209]. Some algorithmic consequences are also discussed.
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1. INTRODUCTION

The reader is referred to [4, 35] for definitions and notations in graph theory. A subset
D of Vg is said to be a dominating set of a graph G = (Vig, Eg) if each vertex belonging
to the set Viz \ D has a neighbour in D. A set X C Vi is called an independent set
in G if any pairwise distinct vertices in X are not adjacent. If a set D C Vi is both
a dominating set and an independent set, then it is an independent dominating set
of G. The (independent) domination number of G, denoted by «(G) (resp., by vi(G)),
is defined to be the minimum cardinality of a (independent) dominating set D of G,
and any minimum (independent) dominating set of G is referred to as a y-set (resp.,
as a 7;-set).
Next, we define the sets A, (G),S,(G) and N, (G), respectively, by setting

A, (G) = {v € Vi : v is in every v(G)-set},
S,(G) = {v € Vi : v is in some but not every v(G)-set},

and

N, (G) = {v € Vg : v is in no v(G)-set}.

© 2025 Authors. Creative Commons CC-BY 4.0 841



842 Radoslaw Ziemann and Pawel Zylifiski

The concept of sets A, (-) and N, (-) was introduced by Mynhard in [33], see also [9],
who characterized these sets for trees. Since then the analogous sets has been defined
and studied for several graph domination parameters, see for example [5, 6, 14, 15,
25, 26, 32, 39], to mention just a few.

In this paper, the set N (-) is of our particular interest (although we do not lose
sight of the set Sy(-) — since S,(T') = () implies the uniqueness of a y-set — as well as
of the set A, (-) since A, (T) = 0 is a necessary condition for a tree T to satisfy the
m-eternal eviction number eS°(T") = v(T), see [27]). The reason is that all the trees
with the set AV, () being empty constitutes the class of y-excellent trees [20] (equivalent
to the class of critically dominated trees or dot-critical trees, see Theorem 3.8 in [11]
for more details, in particular, for tree classes equivalent to the class of y-excellent
trees), which have been used to obtain a constructive characterization of trees with
equal domination and secure domination numbers [34]. Next, the concept of sets NV (+)
has been also utilized in order to characterize the class of trees with sd, =1 [3] and
the class of trees with sd,, = 1 [2]. Recall that for a given graph parameter p, the
p-subdivision number sd,, is defined to be the minimum number of edges that must
be subdivided, where each edge may be subdivided at most once, to change .

Taking into account the aforementioned applications (and probably many more)
of sets NV, (-), an algorithmic point of view is desirable. In 2008, Benecke and Myn-
hardt [3] (explicitly) considered the problem of determining the set A, (T') for a given
tree T', and provided a quadratic time algorithm based upon the structural character-
ization of vertices that belongs to no minimum dominating set of a tree [33]. Next,
in 2021, Bouquet et al. [9] established that the problem of verifying whether either
v e Ay(G) or v € §,(G), or v € Ny(G) can be solved in time O(|Vg| + |Egl|) for
any interval graph G = (Vg, E¢), which immediately (although not discussed by the
authors) resulted in a quadratic time algorithm for the problem of determining the
sets A, (+), Sy (+) and N, () in that class of graphs. To the best of our knowledge, these
are the only two algorithmic results on the topic, and for a graph G = (Vz, Eg) and
a vertex v € Vg, the complexity status of the problem of deciding whether either
v e Ay(G) or v e §/(G), or v € N, (G) remains open in general. The only general
(positive) result we are aware of is Property 2.7 in [9]: Let C be a class of graphs such
that the minimum dominating set problem is polynomial time solvable for the graphs
G and G, +u. Then, given a graph G = (Vg, Eg) € C and vertex v € Vi, the problem
of deciding whether either v € A,(G) or v € §/(G), or v € Ny(G) is in P. The
aforementioned class C includes trees and interval graphs [9].

It should be emphasized that the standard dynamic programming-based algorithm
for determining the domination number, described in [13], also allows to determine
this set in quadratic time. Herein, based upon this algorithm, using the concept of
re-rooting (see the paragraph below), we provide a linear time algorithm for deter-
mining the sets A (T'),Sy(T) and N, (T') for a given tree T

Theorem 1.1. For any tree T, the sets Ay(T),S(T) and N (T) can be determined
in linear time and space.

Our result immediately implies the following corollary.
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Corollary 1.2. For any tree T, the following problems are solvable in linear time
and space.

(a) The problem of verifying whether T is y-excellent.
(b) The problem of verifying whether sd.,(T) = 1.
(c) The problem of verifying whether sd,, (T) = 1.

As already observed, if S, (T") = () then a tree T has a unique minimum dominat-
ing set. So our result also allows to identify the class of trees with unique dominating
sets in linear time. However, as pointed by Gunther et al. [23], this problem can be
solved efficiently much simpler: just by computing any ~-set D of a tree in linear
time [13], and then checking whether each element in D has at least two external
private neighbours (which can be done in linear time either).

The re-rooting technique is a common method exploited to efficiently compute
values for every possible root r of a (rooted) tree T. It involves two main steps: first,
computing a value for an initial arbitrary root, and second, using that information
to efficiently calculate the values for all other nodes by effectively “re-rooting” the
tree. To the best of our knowledge, there is no formal general description of this
approach except several specific examples in some coding tutorials/competitions, see
for example [42-44]. Therefore, we finalize our paper with slightly generalizing and
briefly formalizing the method as well as illustrating it with three examples — in
particular, we improve the quadratic algorithmic result in [40].

2. LINEAR TIME ALGORITHM
Let G = (Vg, Eg) be a graph and consider a vertex v € V. Define

(G, v) = min{|D| : D is a dominating set of G and v € D}
and

7°(G,v) = min{|D| : D is a dominating set of G and v ¢ D}.
One can observe that for any graph G = (V, Eg), we have

2(G) = min( (G, v),7°(G, v))
for any vertex v € V. Next, define
(G, v) = min{|D| : D is a dominating set of G — {v}}.

(Recall that for a graph G = (Vz, E¢) and a vertex subset X C Vi, G — X denotes
the graph resulting from G by deleting all the vertices in X, together with all their
incident edges.) Note that v°9(G,v) < 74°(G,v), since a dominating set D of G with
v ¢ D is also a dominating set of G —v. We have the following theorem (see Figure 1
for an illustration).
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Fig. 1. Illustration for Theorem 2.1

Theorem 2.1 ([13]). Suppose F = (Vp,Er) and H = (Vg,Eg) are graphs with
specified vertices v € Vi and u € Vi, respectively (Ve N Vy = 0). Let G = (Vg, Eg)
be the graph with the specified vertex v, which is obtained from the disjoint union of
F and H by adding the new edge {v,u}. Then the following statements hold:

(1) v(G,v) =" (F,v) + min{y' (H, u),7*°(H, u)},
(2) 7°(G,v) = min{y°(F,v) +7°(H,u), 7" (F,v) + 7' (H, )},
(3) VOO(va) = 700(F7U) + V(H) = ’YOO(Fv’U) +min{71(H7 u)770(H7 u)}

Theorem 2.1 gives rise to a simple — based upon dynamic programming method [17]
— algorithm for the problem of determining the domination number of a tree T' [13]:
root the input tree T' = (Vp, E7) at any vertex v € Vp and, in a bottom-up fashion,
compute the relevant values 4,7 and 7% for all the roots of all relevant rooted
subtrees, starting with the base case v1(I) = 1,7°(l) = co and y%°(l) = 0 for any leaf
[ of T'; in a moment, we shall exploit this idea in detail.

Observe now that for any vertex v € Vi of a tree T = (Vp, Er), we have:

(i) v € A, (T) if and only if v(T) # ~+°(T,v),
(ii) v € 8(T) if and only if v (T, v) = ~+%(T,v),
(iii) v € N (T) if and only if v(T) # (T, v),

and therefore, we can simply determine the sets A (T), S, (T') and N, (T) in quadratic
time, using the aforementioned dynamic programming-based algorithm. However, by
exchanging the roles of graphs F' and H in Theorem 2.1, one can observe that there
is some local correlation between the relevant values of v!(T,v) and +!(T,u), and
7O(T,v) and 7°(T, u), respectively, for any two adjacent vertices in 7', which imme-
diately allows us to improve the running time up to linear time, which the next
subsection is devoted to.

2.1. PRE-PROCESSING

Let T'= (Vp, Er) be a tree and consider a vertex r € V. Let T,. denote the tree T
rooted at r, let C,.(v) denote the (arbitrarily) ordered set of all children of a vertex
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v € Vi, and let v; € C.(v) denote the i-th child of v for ¢ € {1,..., ¢, (v)}, where ¢, (v)
denotes the cardinality of C,(v). Next, let T, ,, denote the subtree in T, rooted at v,
containing v and all its descendants in T, (and so T;., = T}.). Now — see Figure 2 for

an illustration — if v is non-leaf vertex in T, we define the following partial subtrees
forie{l,...,c.(v)}:

cr(v)
T, =T, — U Vr,.,, (called the i-prefix subtree),
j=i

T, =Ty — U Vr, ., (called the i-suffix subtree),
j=1

T:’U = Tr,v - VT

V4

(called the i-orphaned tree).

T, =

Fig. 2. Trees T7%, TiS, and T},

rowr frow

It follows from Theorem 2.1 that we can recursively compute all the values v',~°
and 7% for all the aforementioned subtrees: the prefix, suffix and orphaned ones.
Namely, if v is a leaf, then — following [13] — we set

’Vl (Tr,mv) =1, WO(TT,M’U) =00 and 700<Tr,vav) =1

(notice that in this case, no partial subtree exists). Otherwise, if v is a non-leaf vertex,
assuming that all the relevant values have been computed for all v’s children in C,.(v),
then the following formulas apply.

Tree 17, — the base case (i = 1). We set (by the definition):

Y(TE,v) =1, AT5,,v) =00, T, v) =0.

07 )
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Trees T}, — recursion (i > 1). We set (by Theorem 2.1):

YT 0) = M (T 0) + min{y (T, 45 0i-1), Y (T, vim1) )
(Tfiﬂ )= min{’YO(TM 1 )+7 (TTUz 1’Ui—1)a7 O(Tfﬁ;lﬁv)+71(T7“7U1717Ui—1)}v
T 0) =2 "(Tr )+mln{’7 (Trvs 15 0i-1), 7 (T 15 vim1) }-

Tree T:3\")" — the base case (i = c,(v)). We set (by the definition):
,yl(T;z(v)q’U) — 17 ’YO(TTC,Z;(”N’U) = 00, 'YOO(Tf,Z(U)qa ’U) —0.

Trees T}, — recursion. We set (by Theorem 2.1):

(Trziﬂ ) '71 (Tf,th ) + mln{'y ( T,Vi419 'U%Jrl) 700 (T'f‘y'UH»l ) 'UiJrl)}v
(T;i‘” ) min{’yo (TH_M ) +7 (TT Vi1 Ui-‘rl)a Y O(Trz,—;lq’ 'U) + 71 (TT;'UH»I ) Ui+1)}7
(T’:Zlﬂ ) 700 (va,—:lq ) + mln{’y ( TyVi419 Ul+1) ’YO (T7'7v¢+1 ) Ui+1)}'

Trees T, and T — the base case (i = 1 or i = ¢,(v)). We set (by the defini-
tion):

TH(Trpsv) = 7 (T35, 0),
(TCT(U)’ v) = N l>c,(v) ),
7 mv)zvo(Tﬁi, )
(T('T(v)’v) ,YO<TI>CT v)
VT 0) = 27T, ),

VAT 0) = %175 ) ).
Trees T}, — recursion (i ¢ {1,¢,(v)}). We set:
(1) YTy 0) =AM v) + 91 (T, 0) — L.

(2) YT}, 0) = mmh (T2, 0) + 72T, 0), /OO (T5, v) +40(Ti%, v)}.
(3) YT}, v) = S5r Y min{y (T, 05), 70 (T, v7) -

Formulas (1)—(3) require formal (elementary) proofs — for clarity of presentation, they
are postponed to Section 3.

Tree T, — recursion (v is not a leaf). We set (by Theorem 2.1):

’Yl(TT‘,vv ’U) = VI(TTD,;:)T(U) ) + mln{’y (TT Vep(v)? Cy-(U))? ’Y ( T Vep(v)? Cr(v))}
VO(TM U) = min{’yo (Tii,\(v) ) (TT Ve ()7 Ver v))
’YOO(TDCT ’U ) 1 T

Ve, (v) 1 U v))}a
Ty, v) =717 ™), v) + min{y! )

7 (
(Trvrr(“)a cr(v) a’y( T\ Ve, (v)? cr(v))}
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As regards computing time, it follows immediately from the construction that all
but the value described by Formula (3) can be computed in time O(deg(v)), assuming
that all relevant data for v’s children in C,(v) has been already computed and stored.
Consider now Formula (3). It follows from the definition that

VAT v) =T, )

- mln{7 (Tr,v1+1 ) UH—l) 70 (Tr,vﬁ_l ) vi+l)}
+ mln{’y (TT‘ Vi Ul) (Tr,’ui I Ui)}7

which allows us to compute all y%°(T?  v)’s in total time O(deg(v)).

Consequently, given an n-vertex tree T = (Vp, Er) and a vertex r € Vp, all
the relevant data in the rooted tree T;., for each of its vertices, can be computed in
total Zvev O(deg(v)) = O(n) time and space, using a bottom-up approach (again
see [13]); in the following, we shall refer to this step as pre-processing step.

2.2. COMPUTING THE SETS A, (), S,(-) AND N, ()

Let 7 be a fixed vertex of a non-trivial n-vertex tree T' = (V, Er), assume that the
pre-processing step for the rooted tree T;. has already been done, and recall equivalence
T, = Ty, in notion for any u € V. Consider now a vertex = € Vp (initially, we take
x = r), with non-empty set C,.(x), such that the values v (T, z),7°(T, z) and v (T, z)
as well as all the values (T} ,,x), Y(T% ,,x) and AT}, 2), i = 1,...,¢.(x),

have been already determined. It follows from Theorem 2.1 that (see Figure 3 for an

illustration):

1(T in) = ’yl(TT lzvxl) +m1n{7 ( z, a:7x)7 ( $x"r)}’
(T ;) —mln{'y ( Mcmxz)‘F’Y ( ;ca:?a:)7 ( r:can)‘F'Y (T;x? )},
(T’ ‘Tl) = VOO(TT 7,75177) + mln{’)/ ( x, xvx)57 ( x,x) )}

Furthermore, if C,.(x;) is non-empty, then, for any j € {1,...,¢.(x;)} we obtain:

’71 (Tiji,a:iﬂxl) ’Y (Tgm 7 ) + mln{v ( x, )7 ( x,T) )}a
’VO(Tgi,xiﬂ‘rl) mln{7 ( T, y L ) +7 ( x, )7 ( T, ’xl) +7 (T;z» )}7
VOO(iji,miami) OO(Tﬂm ) L )+mln{’y ( zm,l‘),’}/ ( z,) )}

:E’x
x?

xT

Clearly, after pre-processing step (done only once for the rooted tree T).), all the
aforementioned data can be computed in O(deg(z;)) time for each vertex z; € Cy.(x).
Consequently, combining the above construction with a BFS-like approach, we can
compute (T, v) and (T, v) for each vertex v € Vo in total O(n) time and space,
and so identify all vertices in the sets A, (T"),Sy(T) and N, (T'), respectively, which
completes the proof of Theorem 1.1.
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7., T
1 Ti—1 a2y Tit1 T, (z) z
o Ty O QT Q
x
‘O Teiz;
(zi) (zi); (Ti)er (i) T
oo O
Ti—1 Tit1 z
ey O Qa0

Fig. 3. Computing N, (T) using a BFS-like approach
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3. PROOFS OF FORMULAS (1)~(3)

Let us recall Formulas (1)—(3) to be proved.

(1) YTy 0) = AHTE v) + (T, 0) — 1. | |
(2) 7O(T¢ . v) = min{y*(T5%, v) + °0(TiS, v), 720 (T8, v) + 0 (Tis, v) ).

(3) Y(TE,,v) = X5y min{y (Try,, 05), 70 (Try, 0) -

In order to prove Formulas (1)—(3), all we need is to establish a counterpart of Theo-
rem 2.1 in case of identifying vertices v and u. Namely, we have the following theorem
(see Figure 4 for an illustration).

v vV=1Uu

graph G

graph F' graph H

Fig. 4. Illustration for Theorem 3.1

Theorem 3.1. Let F = (Vp,Ep) and H = (Vyg,Eg) be two vertex disjoint
graphs with specified vertices v € Vi and u € Vi, respectively. Let G = (Vg, Eq) be
the graph with the specified vertex v, which is obtained from F and H by identifying
vertex u with v. Then:

(1) Vl(Gav) = 71(Fa U) +71(Ha u) -1
(2) 7(G,v) = min{y°(F,v) + 7 (H, u), v (F,v) +7°(H,u)}.
(3) Y(G,v) =~(F,v) ++°°(H, u).

Proof. Formulas (1) and (3) follow straightforward from the definitions of domination,
the two parameters v!(-) and 7°°(-), and the graph G. As regards Formula (2), we
first observe that
(G, v) < min{y°(F,v) + min{y’(H, u), 7" (H,u)},
min{y"(F,v), " (F,v)} + " (H,u)}
= min{'yO(F, U) + VOO(Hv u)a 700(F7 U) + 70(H7 U)}7
since we have y%°(F,v) < ~°(F,v) and v°°(H,u) < 4°(H,u). On the other hand, let

Dy be a minimum dominating set of G such that v ¢ Dy. Let D§' = Do N Vi and
D = Do N Vy. We can distinguish two cases.

Case 1. Vertex v is dominated by a vertex vp € Vp. Then, we obtain

’VO(G) = |D(l)w‘ + |D(})LI| > ’VO(Fﬂ}) +min{70(H7 u)7’700(H7u)}'
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Case 2. Vertex v is dominated by a vertex vy € V. Then, we obtain

7(G) = |Dg | + |Dg'| = min{y°(F,v),v*(F,0)} +7°(H, ).

Therefore,
0 10 0 00
7 (G, v) = min{y"(F, v) + min{y"(H, u),7" (H, u)},
min{y’(F,v),7* (F,v)} +7°(H,u)}
as required, which finishes the proof. O

4. GENERAL APPROACH

For a given n-vertex graph G = (Vg, Eg), let II be some vertex property. We are
interested in determining the subset II(G) of all vertices in Vg that satisfy Property II
in G.

Assume now that the (TRUE/FALSE)-property “v € II(G)” is expressible as a func-
tion fr(I1Y(G,v),...,1I(G,v)) of some ¢ vertex parameters I1*(G,v), ..., 11¢(G,v) in
a given graph G = (Vg, Eg). Next, assume that one can prove the following two
properties.

1. Let F = (Vp,Er) and H = (Vi, Ex) be two vertex disjoint graphs with specified
vertices v € Vg and u € Vy, respectively. Let G = (Viz, Eg) be the graph with
the specified vertex v, which is obtained from the disjoint union of F' and H by
adding the new edge {v,u}. Then for each i = 1,..., ¢, we have:

(G, v) = fA(IT(F,v), TTN(H, ), ..., TI¢(F,v), TTI°(H,u)),

where each f(-) is a function of 2c vertex parameters.

2. Let F = (Vp, Er) and H = (Vg, Ey) be two vertex disjoint graphs with specified
vertices v € Vi and u € Vi, respectively. Let G = (Vig, Eg) be the graph with the
specified vertex v, which is obtained from F' and H by identifying vertex u with v.
Then for each i = 1,..., ¢, we have

IIi(C;av) = gi(III(ll v),IIl(f{,u),...,116(17,0),116(f{,u)),

where each ¢*(+) is a function of 2¢ vertex parameters.

Finally, assume that each of the functions f, f*,---, f¢ g%, --- , ¢° is computable
in time O(c). Then, based upon Properties 1-2, by exploiting dynamic programming
approach enriched with the concept of the rooted prefix, suffix and orphaned subtree
(the relevant subtrees T3, T and T}, in Section 2, respectively), one can conclude
that for any tree T = (Vp, Er), the problem of determining the set II(T") can be
solved in time

3" Ofdegr(w) - O(c) = On - ),

uevr
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which, if ¢ is a constant number, immediately results in time O(n) as required. In be-
low, we briefly discuss three exemplary problems which this method can be successfully
applied to.

Maximum independent set. Recall that a set X C V is called an independent
set in a graph G = (V, E¢) if any pairwise distinct vertices in X are not adjacent;
the size of a maximum independent set in G is denoted by a(G) and we refer to
any maximum independent set of G as a(G)-set. Define the sets A, (G), So(G) and
No(G), respectively, by setting

Ao (G) ={v € Vi : v is in every a(G)-set} (the core of G),
Sa(G) = {v € Vg : v is in some but not every a(G)-set} (the corona of G),

and
N, (G) ={v € Vg :visinno a(G)-set} (the anti-core of G).

The idea of characterizing the sets A, () and N, (-) has been widely studied in
the literature, see for example [8, 24, 30, 31]. For a given graph G, the problem of
deciding whether there are vertices in G belonging to core(G) is NP-hard; on the other
hand, it has been noticed that for hereditary families of graphs, where computing the
independence number (@) is polynomial, the problem can be solved in polynomial
time either [8]. As regards the class of trees, the two general properties: (a) v € A, (G)
if and only if a(G—v) < a(G) and (b) v € N, (G) if and only if «(G—Ng[v]) = a(G)—1
for any graph G — see Lemma 4 and 6 in [8] — allows us to compute A, (T"), So(T)
and N, (T) in linear time for any tree T', also by using the aforementioned re-rooting
technique. However, here, due to a much simpler nature of the problem, there is no
need to exploit the concept of prefix and suffix subtrees.

Minimum vertex cover. Recall that a set X C Vg is called a vertex cover
in a graph G = (Vg, Eg) if every edge in Eg is incident to some element in X;
the size of a minimum vertex cover in G is denoted by 7(G) and we refer to any
maximum independent set of G as 7(G)-set. Define the sets A, (G), S;(G) and N, (G),
respectively, by setting

A-(G) ={v € Vg : vis in every 7(G)-set},
S-(G) = {v € Vi : v is in some but not every 7(G)-set},

and
N (G) = {v € Vg : v is in no 7(G)-set}.

To the best of our knowledge, the idea of characterizing as well as computing the sets
A-(+), 8;(-) and N, (-) has not been studied in the literature. The aforementioned
approach allows us to compute A, (T), S;(T) and N (T) in linear time for any tree T’;
here again, due to a much simpler nature of the problem, there is no need to exploit
the concept of prefix and suffix subtrees.
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Maximum dissociation set. A dissociation set in a graph G = (Vg, Eg) is
a subset of vertices X C Vg such that the induced subgraph G[X] has maximum de-
gree at most 1. The dissociation number ¥(G) of G — also known as the 1-dependence
number [19] — is the cardinality of a maximum dissociation set of G. The concept of
dissociation sets was introduced by Yannakakis [41] and is a natural generalization
of independent set. The problem of finding a maximum dissociation set in a graph
has been extensively studied on various sub-classes of graphs [1, 10, 12, 36] and is
NP-hard for bipartite graphs [41].

Define the sets Ay (G), Sy (G) and Ny, (G), respectively, by setting

Ay(G) = {v € Vi : v is in every ¢(G)-set},
Sy(G) = {v € Vz : v is in some but not every ¢(G)-set},

and
Ny(G) = {v € Vi : v is in no ¢(G)-set}.

In 2022, Tu et al. [40] proposed a quadratic time algortihm for computing the sets
Ay(T), Sy(T) and Ny(T) in a tree T = (Vp, Er). Simliarly as the authors in [3],
they first propose the algortihm to identify whether a vertex v € Vi belongs to the
set Ay (T) (resp. Ny (T)), and then run that algorithm as a subroutine, which results
in total quadratic time (recall Sy (T") = Vp — (Ay(T) UN(T))). However, one can
use the re-rooting technique, now supported with the concept of by prefix and suffix
trees, to determine Ay (T), Sy (T') and Ny (T) in linear time.

5. CONCLUSIONS

We believe that the results presented here may be extended to tree-like graph classes,
such as graphs of bounded treewidth [7] or bounded clique-width [16]. Nevertheless,
the existing recursive formulations — unless ingeniously reformulated — likely become
even more intricate. Therefore, we leave this direction as a worthwhile challenge.

Enumerating all minimum dominating sets. Clearly, one can design (a folk
result) a simple algorithm for enumerating all minimum dominating sets directly
based on the standard dynamic programming-based algorithm for determining the
domination number [13] (the one we exploited in the paper). It is natural to inquire
whether knowledge of the sets A, (), Sy(-) and N, (-) may assist in enumerating all
minimum dominating sets (see, for example, [18, 21, 37]). As already observed, if the
set Sy(+) is empty, then the minimum dominating set is unique. What, then, happens
in the opposite case? A complete answer to this question lies beyond the scope of the
present study, and in what follows, we address only one specific aspect of this problem.
(Recall that the problem of enumerating all minimum dominating sets in a tree differs
substantially from that of enumerating all minimal dominating sets [22, 28, 38].)

Let T = (Vp, E7) be a tree and assume that we have already computed the sets
A (T), Fy(T) and N,(T) in linear time. Consider now the forest F' = T[F,(T)]
induced by the (non-empty) set F,(T'). Assume now that F' consists of k stars
S1 = (Vs,, Esy), -, Sk = (Vs,, Es,) (which is checkable in linear time). Following
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the proof of Lemma 4 in [29], one can observe that for any y-set D of T, we have
|[DNVg,| =1, for each i = 1,..., k. Consequently, keeping in mind the definition of
the set F (1), if a star S; has at least three vertices, then each leaf of S; is adjacent to
an element of A, (T'). Therefore, if any vertex x € N, (T) has a neighbour y € A, (T),
then each y-set D of T is of, and only of, the form A, (T)U{s1,..., sy}, where s; € Vg,,
i =1,...,k, which immediately implies that the number of ~y-sets of T is equal to
%, |Vs,|, and hence all of them, in that specific case, can be enumerated in total
time O(|Vp| + ITIF_, | Vs, ).
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