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Abstract. We provide a linear time algorithm for determining the sets of vertices
that belong to all, some and no minimum dominating sets of a tree, respectively, thus
improving the quadratic time algorithm of Benecke and Mynhardt in 2008 [S. Benecke,
C.M. Mynhardt, Trees with domination subdivision number one, Australas. J. Comb.
42 (2008), 201–209]. Some algorithmic consequences are also discussed.
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1. INTRODUCTION

The reader is referred to [4, 35] for definitions and notations in graph theory. A subset
D of VG is said to be a dominating set of a graphG = (VG, EG) if each vertex belonging
to the set VG \ D has a neighbour in D. A set X ⊆ VG is called an independent set
in G if any pairwise distinct vertices in X are not adjacent. If a set D ⊆ VG is both
a dominating set and an independent set, then it is an independent dominating set
of G. The (independent) domination number of G, denoted by γ(G) (resp., by γi(G)),
is defined to be the minimum cardinality of a (independent) dominating set D of G,
and any minimum (independent) dominating set of G is referred to as a γ-set (resp.,
as a γi-set).

Next, we define the sets Aγ(G),Sγ(G) and Nγ(G), respectively, by setting

Aγ(G) = {v ∈ VG : v is in every γ(G)-set},
Sγ(G) = {v ∈ VG : v is in some but not every γ(G)-set},

and

Nγ(G) = {v ∈ VG : v is in no γ(G)-set}.
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The concept of sets Aγ(·) and Nγ(·) was introduced by Mynhard in [33], see also [9],
who characterized these sets for trees. Since then the analogous sets has been defined
and studied for several graph domination parameters, see for example [5, 6, 14, 15,
25, 26, 32, 39], to mention just a few.

In this paper, the set Nγ(·) is of our particular interest (although we do not lose
sight of the set Sγ(·) – since Sγ(T ) = ∅ implies the uniqueness of a γ-set – as well as
of the set Aγ(·) since Aγ(T ) = ∅ is a necessary condition for a tree T to satisfy the
m-eternal eviction number e∞

m (T ) = γ(T ), see [27]). The reason is that all the trees
with the set Nγ(·) being empty constitutes the class of γ-excellent trees [20] (equivalent
to the class of critically dominated trees or dot-critical trees, see Theorem 3.8 in [11]
for more details, in particular, for tree classes equivalent to the class of γ-excellent
trees), which have been used to obtain a constructive characterization of trees with
equal domination and secure domination numbers [34]. Next, the concept of sets Nγ(·)
has been also utilized in order to characterize the class of trees with sdγ = 1 [3] and
the class of trees with sdγi

= 1 [2]. Recall that for a given graph parameter µ, the
µ-subdivision number sdµ is defined to be the minimum number of edges that must
be subdivided, where each edge may be subdivided at most once, to change µ.

Taking into account the aforementioned applications (and probably many more)
of sets Nγ(·), an algorithmic point of view is desirable. In 2008, Benecke and Myn-
hardt [3] (explicitly) considered the problem of determining the set Nγ(T ) for a given
tree T , and provided a quadratic time algorithm based upon the structural character-
ization of vertices that belongs to no minimum dominating set of a tree [33]. Next,
in 2021, Bouquet et al. [9] established that the problem of verifying whether either
v ∈ Aγ(G) or v ∈ Sγ(G), or v ∈ Nγ(G) can be solved in time O(|VG| + |EG|) for
any interval graph G = (VG, EG), which immediately (although not discussed by the
authors) resulted in a quadratic time algorithm for the problem of determining the
sets Aγ(·),Sγ(·) and Nγ(·) in that class of graphs. To the best of our knowledge, these
are the only two algorithmic results on the topic, and for a graph G = (VG, EG) and
a vertex v ∈ VG, the complexity status of the problem of deciding whether either
v ∈ Aγ(G) or v ∈ Sγ(G), or v ∈ Nγ(G) remains open in general. The only general
(positive) result we are aware of is Property 2.7 in [9]: Let C be a class of graphs such
that the minimum dominating set problem is polynomial time solvable for the graphs
G and Gv +u. Then, given a graph G = (VG, EG) ∈ C and vertex v ∈ VG, the problem
of deciding whether either v ∈ Aγ(G) or v ∈ Sγ(G), or v ∈ Nγ(G) is in P . The
aforementioned class C includes trees and interval graphs [9].

It should be emphasized that the standard dynamic programming-based algorithm
for determining the domination number, described in [13], also allows to determine
this set in quadratic time. Herein, based upon this algorithm, using the concept of
re-rooting (see the paragraph below), we provide a linear time algorithm for deter-
mining the sets Aγ(T ),Sγ(T ) and Nγ(T ) for a given tree T .

Theorem 1.1. For any tree T , the sets Aγ(T ),Sγ(T ) and Nγ(T ) can be determined
in linear time and space.

Our result immediately implies the following corollary.
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Corollary 1.2. For any tree T , the following problems are solvable in linear time
and space.

(a) The problem of verifying whether T is γ-excellent.
(b) The problem of verifying whether sdγ(T ) = 1.
(c) The problem of verifying whether sdγi

(T ) = 1.

As already observed, if Sγ(T ) = ∅ then a tree T has a unique minimum dominat-
ing set. So our result also allows to identify the class of trees with unique dominating
sets in linear time. However, as pointed by Gunther et al. [23], this problem can be
solved efficiently much simpler: just by computing any γ-set D of a tree in linear
time [13], and then checking whether each element in D has at least two external
private neighbours (which can be done in linear time either).

The re-rooting technique is a common method exploited to efficiently compute
values for every possible root r of a (rooted) tree T . It involves two main steps: first,
computing a value for an initial arbitrary root, and second, using that information
to efficiently calculate the values for all other nodes by effectively “re-rooting” the
tree. To the best of our knowledge, there is no formal general description of this
approach except several specific examples in some coding tutorials/competitions, see
for example [42–44]. Therefore, we finalize our paper with slightly generalizing and
briefly formalizing the method as well as illustrating it with three examples – in
particular, we improve the quadratic algorithmic result in [40].

2. LINEAR TIME ALGORITHM

Let G = (VG, EG) be a graph and consider a vertex v ∈ VG. Define

γ1(G, v) = min{|D| : D is a dominating set of G and v ∈ D}

and

γ0(G, v) = min{|D| : D is a dominating set of G and v /∈ D}.

One can observe that for any graph G = (VG, EG), we have

γ(G) = min(γ1(G, v), γ0(G, v))

for any vertex v ∈ VG. Next, define

γ00(G, v) = min{|D| : D is a dominating set of G− {v}}.

(Recall that for a graph G = (VG, EG) and a vertex subset X ⊆ VG, G − X denotes
the graph resulting from G by deleting all the vertices in X, together with all their
incident edges.) Note that γ00(G, v) ≤ γ0(G, v), since a dominating set D of G with
v /∈ D is also a dominating set of G− v. We have the following theorem (see Figure 1
for an illustration).



844 Radosław Ziemann and Paweł Żyliński

v

graph F

u

graph H

Fig. 1. Illustration for Theorem 2.1

Theorem 2.1 ([13]). Suppose F = (VF , EF ) and H = (VH , EH) are graphs with
specified vertices v ∈ VF and u ∈ VH , respectively (VF ∩ VH = ∅). Let G = (VG, EG)
be the graph with the specified vertex v, which is obtained from the disjoint union of
F and H by adding the new edge {v, u}. Then the following statements hold:
(1) γ1(G, v) = γ1(F, v) + min{γ1(H,u), γ00(H,u)},
(2) γ0(G, v) = min{γ0(F, v) + γ0(H,u), γ00(F, v) + γ1(H,u)},
(3) γ00(G, v) = γ00(F, v) + γ(H) = γ00(F, v) + min{γ1(H,u), γ0(H,u)}.

Theorem 2.1 gives rise to a simple – based upon dynamic programming method [17]
– algorithm for the problem of determining the domination number of a tree T [13]:
root the input tree T = (VT , ET ) at any vertex v ∈ VT and, in a bottom-up fashion,
compute the relevant values γ1, γ0 and γ00 for all the roots of all relevant rooted
subtrees, starting with the base case γ1(l) = 1, γ0(l) = ∞ and γ00(l) = 0 for any leaf
l of T ; in a moment, we shall exploit this idea in detail.

Observe now that for any vertex v ∈ VT of a tree T = (VT , ET ), we have:
(i) v ∈ Aγ(T ) if and only if γ(T ) 6= γ0(T, v),
(ii) v ∈ Sγ(T ) if and only if γ1(T, v) = γ0(T, v),
(iii) v ∈ Nγ(T ) if and only if γ(T ) 6= γ1(T, v),
and therefore, we can simply determine the sets Aγ(T ),Sγ(T ) and Nγ(T ) in quadratic
time, using the aforementioned dynamic programming-based algorithm. However, by
exchanging the roles of graphs F and H in Theorem 2.1, one can observe that there
is some local correlation between the relevant values of γ1(T, v) and γ1(T, u), and
γ0(T, v) and γ0(T, u), respectively, for any two adjacent vertices in T , which imme-
diately allows us to improve the running time up to linear time, which the next
subsection is devoted to.

2.1. PRE-PROCESSING

Let T = (VT , ET ) be a tree and consider a vertex r ∈ VT . Let Tr denote the tree T
rooted at r, let Cr(v) denote the (arbitrarily) ordered set of all children of a vertex
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v ∈ VT , and let vi ∈ Cr(v) denote the i-th child of v for i ∈ {1, . . . , cr(v)}, where cr(v)
denotes the cardinality of Cr(v). Next, let Tr,v denote the subtree in Tr, rooted at v,
containing v and all its descendants in Tr (and so Tr,r = Tr). Now – see Figure 2 for
an illustration – if v is non-leaf vertex in T , we define the following partial subtrees
for i ∈ {1, . . . , cr(v)}:

T ⊲ir,v = Tr,v −
cr(v)⋃

j=i
VTr,vj

(called the i-prefix subtree),

T i⊳r,v = Tr,v −
i⋃

j=1
VTr,vj

(called the i-suffix subtree),

T ir,v = Tr,v − VTr,vi
(called the i-orphaned tree).

r

v

v1 · · ·
vi−1 vi+1 vcr(v)vi

T ⊲i
r,v T i⊳

r,v

T i
r,v← →

Fig. 2. Trees T ⊲ir,v, T i⊳r,v and T ir,v

It follows from Theorem 2.1 that we can recursively compute all the values γ1, γ0

and γ00 for all the aforementioned subtrees: the prefix, suffix and orphaned ones.
Namely, if v is a leaf, then – following [13] – we set

γ1(Tr,v, v) = 1, γ0(Tr,v, v) = ∞ and γ00(Tr,v, v) = 1

(notice that in this case, no partial subtree exists). Otherwise, if v is a non-leaf vertex,
assuming that all the relevant values have been computed for all v’s children in Cr(v),
then the following formulas apply.

Tree T ⊲1
r,v – the base case (i = 1). We set (by the definition):

γ1(T ⊲1
r,v, v) = 1, γ0(T ⊲1

r,v, v) = ∞, γ00(T ⊲1
r,v, v) = 0.
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Trees T ⊲ir,v – recursion (i > 1). We set (by Theorem 2.1):

γ1(T ⊲ir,v, v) = γ1(T ⊲i−1
r,v , v) + min{γ1(Tr,vi−1 , vi−1), γ00(Tr,vi−1 , vi−1)},

γ0(T ⊲ir,v, v) = min{γ0(T ⊲i−1
r,v , v) + γ0(Tr,vi−1 , vi−1), γ00(T ⊲i−1

r,v , v) + γ1(Tr,vi−1 , vi−1)},
γ00(T ⊲ir,v, v) = γ00(T ⊲i−1

r,v , v) + min{γ1(Tr,vi−1 , vi−1), γ0(Tr,vi−1 , vi−1)}.

Tree T
cr(v)⊳
r,v – the base case (i = cr(v)). We set (by the definition):

γ1(T cr(v)⊳
r,v , v) = 1, γ0(T cr(v)⊳

r,v , v) = ∞, γ00(T cr(v)⊳
r,v , v) = 0.

Trees T i⊳r,v – recursion. We set (by Theorem 2.1):

γ1(T i⊳r,v, v) = γ1(T i+1⊳
r,v , v) + min{γ1(Tr,vi+1 , vi+1), γ00(Tr,vi+1 , vi+1)},

γ0(T i⊳r,v, v) = min{γ0(T i+1⊳
r,v , v) + γ0(Tr,vi+1 , vi+1), γ00(T i+1⊳

r,v , v) + γ1(Tr,vi+1 , vi+1)},
γ00(T i⊳r,v, v) = γ00(T i+1⊳

r,v , v) + min{γ1(Tr,vi+1 , vi+1), γ0(Tr,vi+1 , vi+1)}.

Trees T 1
r,v and T

cr(v)
r,v – the base case (i = 1 or i = cr(v)). We set (by the defini-

tion):

γ1(T 1
r,v, v) = γ1(T 1⊳

r,v, v),
γ1(T cr(v)

r,v , v) = γ1(T ⊲cr(v)
r,v , v),

γ0(T 1
r,v, v) = γ0(T 1⊳

r,v, v),
γ0(T cr(v)

r,v , v) = γ0(T ⊲cr(v)
r,v , v),

γ00(T 1
r,v, v) = γ00(T 1⊳

r,v, v),
γ00(T cr(v)

r,v , v) = γ00(T ⊲cr(v)
r,v , v).

Trees T ir,v – recursion (i /∈ {1, cr(v)}). We set:

(1) γ1(T ir,v, v) = γ1(T ⊲ir,v, v) + γ1(T i⊳r,v, v) − 1.
(2) γ0(T ir,v, v) = min{γ0(T ⊲ir,v, v) + γ00(T i⊳r,v, v), γ00(T ⊲ir,v, v) + γ0(T i⊳r,v, v)}.
(3) γ00(T ir,v, v) =

∑cr(v)
j=1,j 6=i min{γ1(Tr,vj

, vj), γ0(Tr,vj
, vj)}.

Formulas (1)–(3) require formal (elementary) proofs – for clarity of presentation, they
are postponed to Section 3.

Tree Tv – recursion (v is not a leaf). We set (by Theorem 2.1):

γ1(Tr,v, v) = γ1(T ⊲cr(v)
r,v , v) + min{γ1(Tr,vcr(v) , vcr(v)), γ00(Tr,vcr(v) , vcr(v))},

γ0(Tv, v) = min{γ0(T ⊲cr(v)
r,v , v) + γ0(Tr,vcr(v) , vcr(v)),

γ00(T ⊲cr(v)
r,v , v) + γ1(Tr,vcr(v) , vcr(v))},

γ00(Tv, v) = γ00(T ⊲cr(v)
r,v , v) + min{γ1(Tr,vcr(v) , vcr(v)), γ0(Tr,vcr(v) , vcr(v))}.
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As regards computing time, it follows immediately from the construction that all
but the value described by Formula (3) can be computed in time O(deg(v)), assuming
that all relevant data for v’s children in Cr(v) has been already computed and stored.
Consider now Formula (3). It follows from the definition that

γ00(T i+1
r,v , v) = γ00(T ir,v, v)

− min{γ1(Tr,vi+1 , vi+1), γ0(Tr,vi+1 , vi+1)}
+ min{γ1(Tr,vi

, vi), γ0(Tr,vi
, vi)},

which allows us to compute all γ00(T ir,v, v)’s in total time O(deg(v)).
Consequently, given an n-vertex tree T = (VT , ET ) and a vertex r ∈ VT , all

the relevant data in the rooted tree Tr, for each of its vertices, can be computed in
total

∑
v∈VT

O(deg(v)) = O(n) time and space, using a bottom-up approach (again
see [13]); in the following, we shall refer to this step as pre-processing step.

2.2. COMPUTING THE SETS Aγ(·), Sγ(·) AND Nγ(·)

Let r be a fixed vertex of a non-trivial n-vertex tree T = (VT , ET ), assume that the
pre-processing step for the rooted tree Tr has already been done, and recall equivalence
Tu = Tu,u in notion for any u ∈ VT . Consider now a vertex x ∈ VT (initially, we take
x = r), with non-empty set Cr(x), such that the values γ1(T, x), γ0(T, x) and γ00(T, x)
as well as all the values γ1(T ix,x, x), γ0(T ix,x, x) and γ00(T ix,x, x), i = 1, . . . , cr(x),
have been already determined. It follows from Theorem 2.1 that (see Figure 3 for an
illustration):

γ1(T, xi) = γ1(Tr,xi
, xi) + min{γ1(T ix,x, x), γ00(T ix,x, x)},

γ0(T, xi) = min{γ0(Tr,xi
, xi) + γ0(T ix,x, x), γ00(Tr,xi

, xi) + γ1(T ix,x, x)},
γ00(T, xi) = γ00(Tr,xi

, xi) + min{γ1(T ix,x, x), γ0(T ix,x, x)}.

Furthermore, if Cr(xi) is non-empty, then, for any j ∈ {1, . . . , cr(xi)} we obtain:

γ1(T jxi,xi
, xi) = γ1(T jr,xi

, xi) + min{γ1(T ix,x, x), γ00(T ix,x, x)},
γ0(T jxi,xi

, xi) = min{γ0(T jr,xi
, xi) + γ0(T ix,x, x), γ00(T jr,xi

, xi) + γ1(T ix,x, x)},
γ00(T jxi,xi

, xi) = γ00(T jr,xi
, xi) + min{γ1(T ix,x, x), γ0(T ix,x, x)}.

Clearly, after pre-processing step (done only once for the rooted tree Tr), all the
aforementioned data can be computed in O(deg(xi)) time for each vertex xi ∈ Cr(x).
Consequently, combining the above construction with a BFS-like approach, we can
compute γ1(T, v) and γ0(T, v) for each vertex v ∈ VT in total O(n) time and space,
and so identify all vertices in the sets Aγ(T ),Sγ(T ) and Nγ(T ), respectively, which
completes the proof of Theorem 1.1.
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r

z

x

x1 · · · · · ·
xi−1 xi+1 xcr(x)xi

Tr,x

Tr,r

x

zx1 · · · · · ·
xi−1 xi+1 xcr(x)xi

Tx,x

xi

(xi)1
· · ·

(xi)j

· · ·
(xi)cr(xi) x

z
x1 · · · · · ·

xi−1 xi+1
xcr(x)

Txi,xi

Fig. 3. Computing Nγ(T ) using a BFS-like approach
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3. PROOFS OF FORMULAS (1)–(3)

Let us recall Formulas (1)–(3) to be proved.

(1) γ1(T ir,v, v) = γ1(T ⊲ir,v, v) + γ1(T i⊳r,v, v) − 1.
(2) γ0(T ir,v, v) = min{γ0(T ⊲ir,v, v) + γ00(T i⊳r,v, v), γ00(T ⊲ir,v, v) + γ0(T i⊳r,v, v)}.
(3) γ00(T ir,v, v) =

∑cr(v)
j=1,j 6=i min{γ1(Tr,vj

, vj), γ0(Tr,vj
, vj)}.

In order to prove Formulas (1)–(3), all we need is to establish a counterpart of Theo-
rem 2.1 in case of identifying vertices v and u. Namely, we have the following theorem
(see Figure 4 for an illustration).

v

graph F

u

graph H

v = u

graph G

Fig. 4. Illustration for Theorem 3.1

Theorem 3.1. Let F = (VF , EF ) and H = (VH , EH) be two vertex disjoint
graphs with specified vertices v ∈ VF and u ∈ VH , respectively. Let G = (VG, EG) be
the graph with the specified vertex v, which is obtained from F and H by identifying
vertex u with v. Then:

(1) γ1(G, v) = γ1(F, v) + γ1(H,u) − 1.
(2) γ0(G, v) = min{γ0(F, v) + γ00(H,u), γ00(F, v) + γ0(H,u)}.
(3) γ00(G, v) = γ00(F, v) + γ00(H,u).

Proof. Formulas (1) and (3) follow straightforward from the definitions of domination,
the two parameters γ1(·) and γ00(·), and the graph G. As regards Formula (2), we
first observe that

γ0(G, v) ≤ min{γ0(F, v) + min{γ0(H,u), γ00(H,u)},
min{γ0(F, v), γ00(F, v)} + γ0(H,u)}

= min{γ0(F, v) + γ00(H,u), γ00(F, v) + γ0(H,u)},

since we have γ00(F, v) ≤ γ0(F, v) and γ00(H,u) ≤ γ0(H,u). On the other hand, let
D0 be a minimum dominating set of G such that v /∈ D0. Let DF

0 = D0 ∩ VF and
DH

0 = D0 ∩ VH . We can distinguish two cases.
Case 1. Vertex v is dominated by a vertex vF ∈ VF . Then, we obtain

γ0(G) = |DF
0 | + |DH

0 | ≥ γ0(F, v) + min{γ0(H,u), γ00(H,u)}.
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Case 2. Vertex v is dominated by a vertex vH ∈ VH . Then, we obtain

γ0(G) = |DF
0 | + |DH

0 | ≥ min{γ0(F, v), γ00(F, v)} + γ0(H,u).

Therefore,

γ0(G, v) ≥ min{γ0(F, v) + min{γ0(H,u), γ00(H,u)},
min{γ0(F, v), γ00(F, v)} + γ0(H,u)}

as required, which finishes the proof.

4. GENERAL APPROACH

For a given n-vertex graph G = (VG, EG), let Π be some vertex property. We are
interested in determining the subset Π(G) of all vertices in VG that satisfy Property Π
in G.

Assume now that the (True/False)-property “v ∈ Π(G)” is expressible as a func-
tion fΠ(Π1(G, v), . . . ,Πc(G, v)) of some c vertex parameters Π1(G, v), . . . ,Πc(G, v) in
a given graph G = (VG, EG). Next, assume that one can prove the following two
properties.

1. Let F = (VF , EF ) and H = (VH , EH) be two vertex disjoint graphs with specified
vertices v ∈ VF and u ∈ VH , respectively. Let G = (VG, EG) be the graph with
the specified vertex v, which is obtained from the disjoint union of F and H by
adding the new edge {v, u}. Then for each i = 1, . . . , c, we have:

Πi(G, v) = f i(Π1(F, v),Π1(H,u), . . . ,Πc(F, v),Πc(H,u)),

where each f i(·) is a function of 2c vertex parameters.
2. Let F = (VF , EF ) and H = (VH , EH) be two vertex disjoint graphs with specified

vertices v ∈ VF and u ∈ VH , respectively. Let G = (VG, EG) be the graph with the
specified vertex v, which is obtained from F and H by identifying vertex u with v.
Then for each i = 1, . . . , c, we have

Πi(G, v) = gi(Π1(F, v),Π1(H,u), . . . ,Πc(F, v),Πc(H,u)),

where each gi(·) is a function of 2c vertex parameters.

Finally, assume that each of the functions f, f1, · · · , fc, g1, · · · , gc is computable
in time O(c). Then, based upon Properties 1–2, by exploiting dynamic programming
approach enriched with the concept of the rooted prefix, suffix and orphaned subtree
(the relevant subtrees T ⊲ir,v, T ⊳ir,v and T ir,v in Section 2, respectively), one can conclude
that for any tree T = (VT , ET ), the problem of determining the set Π(T ) can be
solved in time ∑

u∈vT

O(degT (u)) ·O(c) = O(n · c),
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which, if c is a constant number, immediately results in time O(n) as required. In be-
low, we briefly discuss three exemplary problems which this method can be successfully
applied to.

Maximum independent set. Recall that a set X ⊆ VG is called an independent
set in a graph G = (VG, EG) if any pairwise distinct vertices in X are not adjacent;
the size of a maximum independent set in G is denoted by α(G) and we refer to
any maximum independent set of G as α(G)-set. Define the sets Aα(G), Sα(G) and
Nα(G), respectively, by setting

Aα(G) = {v ∈ VG : v is in every α(G)-set} (the core of G),
Sα(G) = {v ∈ VG : v is in some but not every α(G)-set} (the corona of G),

and

Nα(G) = {v ∈ VG : v is in no α(G)-set} (the anti-core of G).

The idea of characterizing the sets Aα(·) and Nα(·) has been widely studied in
the literature, see for example [8, 24, 30, 31]. For a given graph G, the problem of
deciding whether there are vertices in G belonging to core(G) is NP-hard; on the other
hand, it has been noticed that for hereditary families of graphs, where computing the
independence number α(G) is polynomial, the problem can be solved in polynomial
time either [8]. As regards the class of trees, the two general properties: (a) v ∈ Aα(G)
if and only if α(G−v) < α(G) and (b) v ∈ Nα(G) if and only if α(G−NG[v]) = α(G)−1
for any graph G – see Lemma 4 and 6 in [8] – allows us to compute Aα(T ), Sα(T )
and Nα(T ) in linear time for any tree T , also by using the aforementioned re-rooting
technique. However, here, due to a much simpler nature of the problem, there is no
need to exploit the concept of prefix and suffix subtrees.

Minimum vertex cover. Recall that a set X ⊂ VG is called a vertex cover
in a graph G = (VG, EG) if every edge in EG is incident to some element in X;
the size of a minimum vertex cover in G is denoted by τ(G) and we refer to any
maximum independent set of G as τ(G)-set. Define the sets Aτ (G), Sτ (G) and Nτ (G),
respectively, by setting

Aτ (G) = {v ∈ VG : v is in every τ(G)-set},
Sτ (G) = {v ∈ VG : v is in some but not every τ(G)-set},

and

Nτ (G) = {v ∈ VG : v is in no τ(G)-set}.

To the best of our knowledge, the idea of characterizing as well as computing the sets
Aτ (·), Sτ (·) and Nτ (·) has not been studied in the literature. The aforementioned
approach allows us to compute Aτ (T ), Sτ (T ) and Nτ (T ) in linear time for any tree T ;
here again, due to a much simpler nature of the problem, there is no need to exploit
the concept of prefix and suffix subtrees.
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Maximum dissociation set. A dissociation set in a graph G = (VG, EG) is
a subset of vertices X ⊆ VG such that the induced subgraph G[X] has maximum de-
gree at most 1. The dissociation number ψ(G) of G – also known as the 1-dependence
number [19] – is the cardinality of a maximum dissociation set of G. The concept of
dissociation sets was introduced by Yannakakis [41] and is a natural generalization
of independent set. The problem of finding a maximum dissociation set in a graph
has been extensively studied on various sub-classes of graphs [1, 10, 12, 36] and is
NP-hard for bipartite graphs [41].

Define the sets Aψ(G), Sψ(G) and Nψ(G), respectively, by setting

Aψ(G) = {v ∈ VG : v is in every ψ(G)-set},
Sψ(G) = {v ∈ VG : v is in some but not every ψ(G)-set},

and
Nψ(G) = {v ∈ VG : v is in no ψ(G)-set}.

In 2022, Tu et al. [40] proposed a quadratic time algortihm for computing the sets
Aψ(T ), Sψ(T ) and Nψ(T ) in a tree T = (VT , ET ). Simliarly as the authors in [3],
they first propose the algortihm to identify whether a vertex v ∈ VT belongs to the
set Aψ(T ) (resp. Nψ(T )), and then run that algorithm as a subroutine, which results
in total quadratic time (recall Sψ(T ) = VT − (Aψ(T ) ∪ Nψ(T ))). However, one can
use the re-rooting technique, now supported with the concept of by prefix and suffix
trees, to determine Aψ(T ), Sψ(T ) and Nψ(T ) in linear time.

5. CONCLUSIONS

We believe that the results presented here may be extended to tree-like graph classes,
such as graphs of bounded treewidth [7] or bounded clique-width [16]. Nevertheless,
the existing recursive formulations – unless ingeniously reformulated – likely become
even more intricate. Therefore, we leave this direction as a worthwhile challenge.

Enumerating all minimum dominating sets. Clearly, one can design (a folk
result) a simple algorithm for enumerating all minimum dominating sets directly
based on the standard dynamic programming-based algorithm for determining the
domination number [13] (the one we exploited in the paper). It is natural to inquire
whether knowledge of the sets Aγ(·), Sγ(·) and Nγ(·) may assist in enumerating all
minimum dominating sets (see, for example, [18, 21, 37]). As already observed, if the
set Sγ(·) is empty, then the minimum dominating set is unique. What, then, happens
in the opposite case? A complete answer to this question lies beyond the scope of the
present study, and in what follows, we address only one specific aspect of this problem.
(Recall that the problem of enumerating all minimum dominating sets in a tree differs
substantially from that of enumerating all minimal dominating sets [22, 28, 38].)

Let T = (VT , ET ) be a tree and assume that we have already computed the sets
Aγ(T ), Fγ(T ) and Nγ(T ) in linear time. Consider now the forest F = T [Fγ(T )]
induced by the (non-empty) set Fγ(T ). Assume now that F consists of k stars
S1 = (VS1 , ES1), . . . , Sk = (VSk

, ESk
) (which is checkable in linear time). Following
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the proof of Lemma 4 in [29], one can observe that for any γ-set D of T , we have
|D ∩ VSi

| = 1, for each i = 1, . . . , k. Consequently, keeping in mind the definition of
the set Fγ(T ), if a star Si has at least three vertices, then each leaf of Si is adjacent to
an element of Aγ(T ). Therefore, if any vertex x ∈ Nγ(T ) has a neighbour y ∈ Aγ(T ),
then each γ-set D of T is of, and only of, the form Aγ(T )∪{s1, . . . , sk}, where si ∈ VSi

,
i = 1, . . . , k, which immediately implies that the number of γ-sets of T is equal to
Πk
i=1|VSi

|, and hence all of them, in that specific case, can be enumerated in total
time O(|VT | + Πk

i=1|VSi
|).
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