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1. INTRODUCTION

Let Ω ⊆ RN be a bounded domain with a C2-boundary ∂Ω. In this paper we study
the following anisotropic Dirichlet problem:

{
−∆p(z)u(z) − ∆q(z)u(z) = λ

(
u(z)−η(z) + u(z)r(z)−1)

− f(z, u(z)) in Ω,
u|∂Ω = 0, u > 0, λ > 0.

(Pλ)

In this problem the reaction is singular, and the singular term is perturbed by
a logistic term x 7−→ λxr(z)−1 − f(z, x). Since q(z) < p(z) < r(z) for all z ∈ Ω
and f(z, ·) is (r(z) − 1)-superlinear, the logistic perturbation is of the superdif-
fusive type. Our aim is to prove existence and nonexistence of positive solutions
globally for the parameter λ > 0. Nonsingular anisotropic superdiffusive logistic
equations driven by the p(z)-Laplacian with Robin boundary condition, were studied
by Papageorgiou–Rădulescu–Tang [10], who proved existence and multiplicity of
positive solutions globally in λ > 0 (a bifurcation-type theorem). To the best of our
knowledge, there are no works on singular superdiffusive logistic equations driven
by the (p(z), q(z))-differential operator. For isotropic equations, the problem was
investigated by Papageorgiou–Winkert [7]. Our work extends to anisotropic equa-
tions that of [7] and in the process we relax some restrictive conditions imposed
on f(z, ·) in [7].
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2. MATHEMATICAL BACKGROUND – HYPOTHESES

The analysis of (Pλ) requires the use of Lebesgue and Sobolev spaces with
variable exponents. These are a particular case of generalized Orlicz spaces.
For a detailed treatment of variable exponent spaces, we refer to the book of
Diening–Harjulehto–Hästö–Růžička [1].

Let L0(Ω) denote the space of all measurable functions u : Ω → R. We identify two
such functions which differ on a Lebesgue-null set. If τ ∈ L∞(Ω), we set

τ− = ess inf
Ω

τ, τ+ = ess sup
Ω

τ.

We will consider variable exponents from the set

D = {τ ∈ L∞(Ω) : 1 < τ−}.

Given τ ∈ D, the variable exponent Lebesgue space Lτ(z)(Ω) is defined by

Lτ(z)(Ω) =
{
u ∈ L0(Ω) : ϱτ (u) =

∫

Ω

|u|τ(z) dz < +∞
}
.

The function ϱτ (·) is known as the modular function corresponding to the variable
exponent τ(·). We equip Lτ(z)(Ω) with the so-called “Luxemburg norm” defined by

∥u∥τ(z) = inf
{
λ > 0 :

∫

Ω

( |u(z)|
λ

)τ(z)
dz ≤ 1

}
.

With this norm Lτ(z)(Ω) becomes a Banach space which is separable and reflexive
(in fact uniformly convex).

Using Lτ(z)(Ω), we can define the corresponding variable exponent Sobolev space
W 1,τ(z)(Ω) by

W 1,τ(z)(Ω) =
{
u ∈ Lτ(z)(Ω) : |Du| ∈ Lτ(z)(Ω)

}
,

with Du denoting the weak gradient of u. We equip W 1,τ(z)(Ω) with the norm

∥u∥1,τ(z) = ∥u∥τ(z) + ∥Du∥τ(z),

where ∥Du∥τ(z) = ∥|Du|∥τ(z). Let

W
1,τ(z)
0 (Ω) = C∞

c (Ω)∥·∥1,τ(z)
.

Both W 1,τ(z)(Ω), W 1,τ(z)
0 (Ω) are separable and reflexive (in fact uniformly convex)

Banach spaces. Moreover, if τ ∈ D ∩ C(Ω), then the Poincaré inequality is valid
on W

1,τ(z)
0 (Ω), that is, there exists ĉ = ĉ(Ω) > 0 such that

∥u∥τ(z) ≤ ĉ∥Du∥τ(z) ∀u ∈ W
1,τ(z)
0 (Ω).
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So on W
1,τ(z)
0 (Ω) we can consider the equivalent norm defined by

∥u∥ = ∥Du∥τ(z) ∀u ∈ W
1,τ(z)
0 (Ω).

Let τ ∈ D ∩ C(Ω) and define

τ∗(z) =
{

Nτ(z)
N−τ(z) if τ(z) < N,

+∞ if N ≤ τ(z).

In what follows, ↪→ denotes continuous embedding. Let τ, q ∈ D ∩ C(Ω). Then

W
1,τ(z)
0 (Ω) ↪→ Lq(z)(Ω) if q(z) ≤ τ∗(z) for all z ∈ Ω,

W
1,τ(z)
0 (Ω) ↪→ Lq(z)(Ω) compactly if q(z) < τ∗(z) for all z ∈ Ω

(anisotropic Sobolev embedding theorem). There is a close relation between the modular
functions ϱp(·) and the norm ∥ · ∥.

Proposition 2.1. If τ ∈ D ∩ C(Ω), then

(a) ∥u∥ < 1 (= 1, > 0) ⇐⇒ ϱτ (Du) < 1 (= 1, > 0),

(b) ∥u∥ < 1 =⇒ ∥u∥τ+ ≤ ϱτ (Du) ≤ ∥u∥τ− ,

(c) ∥u∥ > 1 =⇒ ∥u∥τ− ≤ ϱτ (Du) ≤ ∥u∥τ+ ,

(d) ∥u∥ → 0 (resp. → +∞) ⇐⇒ ϱτ (Du) → 0 (resp. → +∞).

With τ ∈ D ∩ C(Ω), let Aτ : W 1,τ(z)
0 (Ω) → W 1,τ(z)(Ω)∗ = W−1,τ ′(z)(Ω) (with

τ ′(z) = τ(z)
τ(z)−1 for all z ∈ Ω) be the nonlinear operator defined by

⟨Aτ (u), h⟩ =
∫

Ω

|Du|τ(z)−2(Du,Dh)RN dz ∀u, h ∈ W
1,τ(z)
0 (Ω).

From Fan–Zhang [3], we know that this operator has the following properties.

Proposition 2.2. Aτ (·) is bounded (that is, maps bounded sets to bounded sets),
continuous, strictly monotone (thus maximal monotone as well) and of type (S)+,
that is, if un

w−→ u in W
1,τ(z)
0 (Ω) and lim sup

n→+∞
⟨Aτ (un), un − u⟩ ≤ 0, then un → u

in W
1,τ(z)
0 (Ω).

Let
C1

0 (Ω) =
{
u ∈ C1(Ω) : u|∂Ω = 0

}
.

This is an ordered Banach space with positive (order) cone

C+ = {u ∈ C1
0 (Ω) : u(z) ≥ 0 for all z ∈ Ω}.
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This cone has a nonempty interior given by

intC+ =
{
u ∈ C+ : u(z) > 0 for all z ∈ Ω, ∂u

∂n

∣∣
∂Ω < 0

}
,

with ∂u
∂n = (Du, n)RN , where n(·) is the outward unit normal on ∂Ω.

A set S ⊆ W
1,p(z)
0 (Ω) is said to be “downward directed”, if for any u, v ∈ S, we

can find y ∈ S such that y ≤ u, y ≤ v.
If u, v ∈ L0(Ω), then we write u ≺ v if and only if for all compact sets K ⊆ Ω, we

have 0 < cK ≤ v(z) −u(z) for a.a. z ∈ K. If u, v ∈ C(Ω) and u(z) < v(z) for all z ∈ Ω,
then u ≺ v.

If X is a Banach space and φ ∈ C1(X), then we define

Kφ = {u ∈ X : φ′(u) = 0}

(the critical set of φ).
If u ∈ L0(Ω), then we define

u+ = max{u, 0}, u− = max{−u, 0}.

We have u = u+ − u−, |u| = u+ + u− and if u ∈ W
1,τ(z)
0 (Ω), then u± ∈ W

1,τ(z)
0 (Ω).

If u, v ∈ L0(Ω) and v(z) ≤ u(z) for a.a. z ∈ Ω, then

[v, u] = {y ∈ W
1,τ(z)
0 (Ω) : v(z) ≤ y(z) ≤ u(z) for a.a. z ∈ Ω}.

Our hypotheses on the data of (Pλ) are the following.

(H0) p, q ∈ C0,1(Ω), η, r ∈ C(Ω) and 0 < η(z) < 1 < q(z) < p(z) < r− ≤ r+ < p∗
− for

all z ∈ Ω.
(H1) f : Ω × R −→ R is a Carathéodory function such that f(z, 0) = 0 for a.a. z ∈ Ω

and
(i) 0 ≤ f(z, x) ≤ c0(1 + xϑ(z)−1) for a.a. z ∈ Ω, all x ≥ 0 with ϑ ∈ C(Ω),

ϑ(z) < p∗(z) for all z ∈ Ω and c0 > 0,

(ii) lim
x→+∞

f(z, x)
xr(z)−1 = +∞ uniformly for a.a. z ∈ Ω,

(iii) there exists δ > 0 and µ ∈ C(Ω) such that µ+ < q− and

βx
µ(z)−1 ≤ f(z, x) for a.a. z ∈ Ω, all 0 ≤ x ≤ δ,

with β > 0,
(iv) for every λ > 0 and every ϱ > 0, there exists ξ̂λ

ϱ > 0 such that for a.a. z ∈ Ω
the function

x 7−→ λxr(z)−1 − f(z, x) + ξ̂λ
ϱx

p(z)−1

is nondecreasing on [0, ϱ].
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Remark 2.3. Since we look for positive solutions and the above hypotheses concern
the positive semiaxis R+ = [0,+∞), we may assume that f(z, x) = 0 for a.a. z ∈ Ω,
all x ≤ 0. Hypothesis H1(iii) classifies the logistic perturbation of the singular term, as
superdiffusive. In contrast to the isotropic work of Papageorgiou–Winkert [7], we do not
assume that f(z, ·) is nondecreasing. Moreover, the hypothesis near 0+ (see hypothesis
H1(iii)) is less restrictive than the one used in [7].

Example 2.4. We highlight that our assumptions are not equivalent to the ones of
Papageorgiou–Winkert [7]. In particular, consider the function

f(z, x) =





xµ(z)−1 if 0 ≤ x ≤ 1,
2 − x if 1 < x ≤ 2,
(x− 2)r(z) if x ≥ 2,

with µ, r ∈ C(Ω) such that µ+ < q− and p(z) < r− ≤ r+ < p∗
−. Clearly, f satis-

fies hypotheses (H1)(i),(ii),(iii). Hypothesis (H1)(iv) is satisfied with ξ̂λ
ρ > 0 large

enough in any [0, ρ]. However, f(z, ·) does not satisfies the monotonicity assumption
of Papageorgiou–Winkert [7, Assumption H].

3. AUXILIARY PROBLEM

In this section, we examine the following auxiliary nonsingular Dirichlet problem:
{

−∆p(z)u(z) − ∆q(z)u(z) = λu(z)r(z)−1 − f(z, u(z)) in Ω,
u|∂Ω = 0, u > 0, λ > 0.

(P̂λ)

The solutions of this problem, will be used to show the existence of admissible
parameters for problem (Pλ).

Let
L̂ =

{
λ > 0 : problem (P̂λ) has a solution

}

and let Ŝλ be the solution set of (P̂λ).

Proposition 3.1. If hypotheses H0 and H1 hold, then we can find λ̂∞ > 0 such that
for all λ > λ̂∞ we have

λ ∈ L̂ and ∅ ̸= Ŝλ ⊆ intC+.

Moreover, there exists û∗
λ ∈ Ŝλ such that

û∗
λ ≤ û ∀û ∈ Ŝλ.
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Proof. Let φ̂λ : W 1,p(z)
0 (Ω) −→ R be the C1-energy functional for problem (P̂λ)

defined by

φ̂λ(u) =
∫

Ω

1
p(z) |Du|p(z) dz +

∫

Ω

1
q(z) |Du|q(z) dz +

∫

Ω

F (z, u+) dz

−
∫

Ω

λ

r(z) (u+)r(z) dz ∀u ∈ W
1,p(z)
0 (Ω).

Hypotheses H1(i),(ii) imply that given M > λ, we can find c1 = c1(M) > 0 such that

F (z, x) ≥ M

r(z)x
r(z) − c1 for a.a. z ∈ Ω, all x ≥ 0. (3.1)

If u ∈ W
1,p(z)
0 (Ω) with ∥u∥ ≥ 1, then

φ̂λ(u) ≥ 1
p+

(
ϱp(Du) + ϱq(Du)

)
+

∫

Ω

M − λ

r(z) (u+)r(z) dz − c1|Ω|N

≥ 1
p+

∥u∥p− − c1|Ω|N

(see (3.1), Proposition 2.1 and recall that ∥u∥ ≥ 1), with | · |N denoting the Lebesgue
measure on RN , so φ̂λ is coercive.

Also, using the anisotropic Sobolev embedding theorem, we see that φ̂λ is sequen-
tially weakly lower semicontinuous. The Weierstrass–Tonelli theorem, implies that
we can find uλ ∈ W

1,p(z)
0 (Ω) such that

φ̂λ(uλ) = inf{φ̂λ(u) : u ∈ W
1,p(z)
0 (Ω)}. (3.2)

For u ∈ C1
0 (Ω) with u(z) > 0 for all z ∈ Ω, we have

φ̂λ(u) ≤ 1
q−

(
ϱp(Du) + ϱq(Du)

)
+

∫

Ω

F (z, u) dz −
∫

Ω

λ

r(z)u
r(z) dz

and so we see that we can find λ̂∞ > 0 such that if λ > λ̂∞, then

φ̂λ(u) < 0,

so
φ̂λ(uλ) < 0 = φ̂λ(0)

(see (3.2)), and thus uλ ̸= 0.
From (3.2), we have

⟨φ̂′
λ(uλ), h⟩ = 0 ∀h ∈ W

1,p(z)
0 (Ω),
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so
⟨V (uλ), h⟩ =

∫

Ω

(
λ(u+

λ )r(z)−1 − f(z, u+
λ )

)
h dz ∀h ∈ W

1,p(z)
0 (Ω),

with
V = Ap +Aq : W 1,p(z)

0 (Ω) → W−1,p′(z)(Ω).

We choose the test function h = −u−
λ ∈ W

1,p(z)
0 (Ω) and obtain

ϱp(Du−
λ ) ≤ 0,

so uλ ≥ 0, uλ ̸= 0 (see Proposition 2.1).
So, ûλ ∈ W

1,p(z)
0 (Ω) (for λ > λ̂∞) is a nontrivial solution of problem (P̂λ). From

Proposition A1 of Papageorgiou–Rădulescu–Zhang [11], we have uλ ∈ L∞(Ω). Then
the anisotropic global regularity theory of Fan [2] (extension of the corresponding
isotropic global regularity theory of Lieberman [6]), implies that ûλ ∈ C+ \ {0}. Let
ϱ = ∥ûλ∥∞ and let ξ̂λ

ϱ > 0 be as postulated by hypothesis H1(iv). We have

−∆p(z)ûλ − ∆q(z)ûλ + ξ̂λ
ϱ û

p(z)−1
λ ≥ 0 in Ω,

so ûλ ∈ intC+ (see Zhang [12] and Papageorgiou–Rădulescu–Zhang [11, Proposi-
tion A2]).

We have proved that if λ > λ̂∞, then

λ ∈ L̂ ̸= ∅ and ∅ ̸= Ŝλ ⊆ intC+.

From Filippakis–Papageorgiou [4], we know that Ŝλ is downward directed. So, invoking
Theorem 5.109 of Hu–Papageorgiou [5, p. 308], we can find a decreasing sequence
{ûn}n∈N ⊆ Ŝλ such that

inf Ŝλ = inf
n∈N

ûn.

We have

⟨V (ûn), h⟩ =
∫

Ω

(
λûr(z)−1

n − f(z, ûn)
)
dz ∀h ∈ W

1,p(z)
0 (Ω), n ∈ N, (3.3)

0 ≤ ûn ≤ û1, ûn ∈ intC+ ∀n ∈ N. (3.4)

In (3.3) we choose the test function h = ûn ∈ W
1,p(z)
0 (Ω). From (3.4) and hypothesis

H1(i) it follows that the sequence {ûn}n∈N ⊆ W
1,p(z)
0 (Ω) is bounded. So, passing to

a subsequence if necessary, we may assume that

ûn
w−→ û∗

λ in W
1,p(z)
0 (Ω), ûn −→ û∗

λ in Lr(z)(Ω). (3.5)

In (3.3) we choose the test function h = ûn − û∗
λ ∈ W

1,p(z)
0 (Ω), pass to the limit as

n → +∞ and use (3.5). Then

lim
n→+∞

⟨V (ûn), ûn − û∗
λ⟩ = 0,
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so we obtain
ûn −→ û∗

λ in W
1,p(z)
0 (Ω) (3.6)

(see (3.5) and Proposition 2.2).
Suppose that û∗

λ = 0. Then on account of (3.6), we can find n0 ∈ N such that
∥ûn∥ ≤ 1 for all n ≥ n0. In (3.3) we choose the test function h = un ∈ W

1,p(z)
0 (Ω) and

since f ≥ 0, we obtain

∥ûn∥p+ ≤ λc2∥ûn∥r− ∀n ≥ n0,

for some c2 > 0 (recall that ∥ûn∥ ≤ 1 for all n ≥ n0), so

1 ≤ λc2∥ûn∥r−−p+ −→ 0 as n → +∞,

a contradiction. Therefore, û∗
λ ̸= 0 and from (3.3) and (3.6), it follows that

⟨V (û∗
λ), h⟩ =

∫

Ω

(
λ(û∗

λ)r(z)−1 − f(z, û∗
λ)

)
h dz ∀h ∈ W

1,p(z)
0 (Ω),

so û∗
λ ∈ Ŝλ (λ > λ̂∞) and û∗

λ = inf Ŝλ.

For λ > 0 small the situation is different. We have nonexistence of solutions
for (P̂λ).

Proposition 3.2. If hypotheses H0 and H1 hold, then there exists λ̂0 > 0 such that
if λ ∈ (0, λ̂0), then problem (P̂λ) has no solution.
Proof. Arguing by contradiction, suppose that we can find sequences {λn}n∈N
and {un}n∈N such that λn → 0+ and un ∈ Ŝλn

for n ∈ N. We have

⟨V (un), h⟩ =
∫

Ω

(
λnu

r(z)−1
n − f(z, un)

)
h dz ∀h ∈ W

1,p(z)
0 (Ω), n ∈ N.

Choosing the test function h = un ∈ W
1,p(z)
0 (Ω), we obtain

ϱp(Dun) ≤
∫

Ω

(
λnu

r(z)
n − f(z, un)un

)
dz ∀n ∈ N. (3.7)

From hypothesis H1(ii), we see that given β > λ1, we can find M > 1 large such that

βxr(z) ≤ f(z, x)x for a.a. z ∈ Ω, all x ≥ M. (3.8)

Recalling that f ≥ 0 (see hypothesis H1(i)) and using (3.8), we have
∫

Ω

(
λnu

r(z)
n − f(z, un)un

)
dz ≤

∫

{0≤un≤M}

λnu
r(z)
n dz +

∫

{M<un}

(λn − β)ur(z)
n dz

≤
∫

{0≤un≤M}

λnu
r(z)
n dz

≤ λnM
r+ |Ω|N ∀n ∈ N

(3.9)
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(see (3.8) and since β > λ1 ≥ λn and M > 1). We return to (3.7) and use (3.9). Then

ϱp(Dun) ≤ λnM
r+ |Ω|N −→ 0 as n → +∞,

so
un −→ 0 in W

1,p(z)
0 (Ω) as n → +∞ (3.10)

(see Proposition 2.1). So, we may assume that ∥un∥ ≤ 1, ∥un∥r(z) ≤ 1 (recall that
W

1,p(z)
0 (Ω) ↪→ Lr(z)(Ω)). Then

∥un∥p+ ≤ λnϱr(un) ≤ λ1c3∥un∥r− ∀n ∈ N,

for some c3 > 0, so

1 ≤ λ1c3∥un∥r−−p+ −→ 0 as n → +∞

(see (3.10) and recall that p+ < r−), a contradiction. Therefore, there exists λ̂0 > 0
such that for all λ ∈ (0, λ̂0), problem (P̂λ) has no solution.

Remark 3.3. The above proposition implies that inf L̂ > 0.

4. POSITIVE SOLUTIONS

We introduce the following two sets related to problem (Pλ):

L = {λ > 0 : problem (Pλ) has solution},
Sλ = the set of solutions of (Pλ).

Proposition 4.1. If hypotheses H0 and H1 hold, then L ̸= ∅ and for every λ ∈ L,
Sλ ⊆ intC+.

Proof. Let λ > λ̂∞ and let û∗
λ ∈ intC+ be the minimal solution of problem (P̂λ) (see

Proposition 3.1). We introduce the Carathéodory function kλ(z, x) defined by

kλ(z, x) =
{
λû∗

λ(z)−η(z) + λû∗
λ(z)r(z)−1 − f(z, û∗

λ(z)) if x < û∗
λ(z),

λx−η(z) + λxr(z)−1 − f(z, x) if û∗
λ(z) ≤ x.

(4.1)

We set Kλ(z, x) =
∫ x

0 kλ(z, s) ds and consider the C1-functional ψλ : W 1,p(z)
0 (Ω) −→ R

defined by

ψλ(u) =
∫

Ω

1
p(z) |Du|p(z) dz +

∫

Ω

1
q(z) |Du|q(z) dz

−
∫

Ω

Kλ(z, u) dz ∀u ∈ W
1,p(z)
0 (Ω).
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For u ∈ W
1,p(z)
0 (Ω) with ∥u∥ ≥ 1, we have

ψλ(u) ≥ 1
p+

∥u∥p− − λϱr(û∗
λ) − λ

r−
ϱr(u+)

−
∫

{u<û∗
λ

}

(
λ(û∗

λ)−η(z) − f(z, u∗
λ)

)
û∗

λ dz

−
∫

{û∗
λ

≤u}

(
λ(û∗

λ)1−η(z) − f(z, û∗
λ)û∗

λ

)
dz

− λ

1 − η+

∫

{û∗
λ

≤u}

(
u1−η(z) − (û∗

λ)1−η(z)) dz

+
∫

{u∗
λ

≤u}

(
F (z, u) − F (z, û∗

λ)
)
dz

≥ 1
p+

∥u∥p− − λ

r−
ϱr(u+) − c4(1 + ∥u∥) +

∫

{û∗
λ

≤u}

F (z, u) dz,

(4.2)

for some c4 > 0 (see (4.1)).
Given ζ > r+

r−
λ, we can find M ≥ ∥û∗

λ∥∞ large such that

F (z, x) ≥ ζ

r+
xr(z) for a.a. z ∈ Ω, all x ≥ M. (4.3)

We have ∫

{û∗
λ

≤u}

F (z, u) dz =
∫

{M≤u}

F (z, u) dz +
∫

{û∗
λ

≤u<M}

F (z, u) dz

≥ ζ

r+

∫

{M≤u}

ur(x) dz − c5

≥ ζ

r+
ϱr(u+) − c6

(4.4)

for some c5, c6 > 0 (see (4.3) and hypothesis H1(i)). We return to (4.2) and use (4.4).
Then

ψλ(u) ≥ 1
p+

∥u∥p− +
(
ζ

r+
− λ

r−

)
ϱr(u+) − c4∥u∥ − c7

for some c7 > 0. Since ζ > r+
r−
λ, we infer that ψλ is coercive.

Also, using the anisotropic Sobolev embedding theorem, we have that ψλ is sequen-
tially weakly lower semicontinuous. So, by the Weierstrass–Tonelli theorem, we can
find uλ ∈ W

1,p(z)
0 (Ω) such that

ψλ(uλ) = inf{ψλ(u) : u ∈ W
1,p(z)
0 (Ω)},
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so
⟨ψ′

λ(uλ), h⟩ = 0 ∀h ∈ W
1,p(z)
0 (Ω)

and thus
⟨V (uλ), h⟩ =

∫

Ω

kλ(z, uλ)h dz ∀h ∈ W
1,p(z)
0 (Ω).

We choose the test function h = (û∗
λ − uλ)+ ∈ W

1,p(z)
0 (Ω). We have

⟨V (uλ), (û∗
λ − uλ)+⟩ =

∫

Ω

(
λ(u∗

λ)−η(z) + λ(û∗
λ)r(z)−1 − f(z, û∗

λ)
)
(û∗

λ − uλ)+ dz

≥
∫

Ω

(
λ(û∗

λ)r(z)−1 − f(z, û∗
λ)

)
(û∗

λ − uλ)+ dz

= ⟨V (û∗
λ), (û∗

λ − uλ)+⟩,

(see (4.1) and Proposition 3.1), thus

û∗
λ ≤ uλ.

So, from (4.1), it follows that uλ ∈ Sλ. We have proved that (λ̂∞,∞) ⊆ L and
so L ̸= ∅.

Now let u ∈ Sλ. From Proposition A1 of Papageorgiou–Rădulescu–Zhang [11], we
have that u ∈ L∞(Ω) and so the anisotropic regularity theory of Fan [2] implies that
u ∈ C+ \ {0}. Let ϱ = ∥u∥∞ and let ξ̂λ

ϱ > 0 be as postulated by hypothesis H1(iv).
Then

−∆p(z)u− ∆q(z)u+ ξ̂λ
ϱu

p(z)−1 − λu−η(z) ≥ 0 in Ω.
Then Theorem 5.9 of Hu–Papageorgiou [5, p. 311], implies that u ∈ intC+. So, we
conclude that for all λ ∈ L, ∅ ̸= Sλ ⊆ C+.

We show that L is a half-line in (0,+∞). Eventually we will show that L is a closed
half-line in (0,+∞).
Proposition 4.2. If hypotheses H0 and H1 hold, λ ∈ L and µ > λ, then µ ∈ L.
Proof. Since λ ∈ L, we can find uλ ∈ Sλ ⊆ intC+. We introduce the Carathéodory
function bµ(z, x) defined by

bµ(z, x) =
{
µuλ(z)−η(z) + µuλ(z)r(z)−1 − f(z, uλ(z)) if x < uλ(z),
µx−η(z) + λxr(z)−1 − f(z, x) if uλ(z) ≤ x.

(4.5)

We set Bµ(z, x) =
∫ x

0 bµ(z, s) ds and consider the C1-functional σµ : W 1,p(z)
0 (Ω) −→ R

defined by

σµ(u) =
∫

Ω

1
p(z) |Du|p(z) dz +

∫

Ω

1
q(z) |Du|q(z) dz −

∫

Ω

Bµ(z, u) dz ∀u ∈ W
1,p(z)
0 (Ω).

As before, hypothesis H1(ii) implies that σµ is coercive.
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Moreover, the anisotropic Sobolev embedding theory implies that σµ is sequentially
weakly lower semicontinuous. Therefore, we can find uµ ∈ W

1,p(z)
0 (Ω) such that

σµ(uµ) = inf
{
σµ(u) : u ∈ W

1,p(z)
0 (Ω)

}
,

so
⟨σ′

µ(uµ), h⟩ = 0 ∀h ∈ W
1,p(z)
0 (Ω)

and thus
⟨V (uµ), h⟩ =

∫

Ω

bµ(z, uµ)h dz ∀h ∈ W
1,p(z)
0 (Ω).

We choose the test function h = (uλ − uµ)+ ∈ W
1,p(z)
0 (Ω). We have

⟨V (uµ), (uλ − uµ)+⟩ =
∫

Ω

(
µu

−η(z)
λ + µu

r(z)−1
λ − f(z, uλ)

)
(uλ − uµ)+ dz

≥
∫

Ω

(
λu

−η(z)
λ + λu

r(z)−1
λ − f(z, uλ)

)
(uλ − uµ)+ dz

= ⟨V (uλ), (uλ − uµ)+⟩

(see (4.5) and since λ < µ, uλ ∈ Sλ). Thus, uλ ≤ uµ and so uµ ∈ Sµ (see (4.5)),
hence µ ∈ L.

Embedded in the above proof, is the following weak monotonicity property of the
solution multifunction λ 7−→ Sλ.
Corollary 4.3. If hypotheses H0 and H1 hold, λ ∈ L, uλ ∈ Sλ and µ > λ, then µ ∈ L
and we can find uµ ∈ Sµ such that uλ ≤ uµ.

In fact, we can improve this corollary and show that this monotonicity property is
strict.
Proposition 4.4. If hypotheses H0 and H1 hold, λ ∈ L, uλ ∈ Sλ and µ > λ, then
µ ∈ L and we can find uµ ∈ Sµ such that uλ − uµ ∈ intC+.
Proof. From Corollary 4.3, we know that µ ∈ L, and we can find uµ ∈ Sµ ⊆ intC+
such that uλ ≤ uµ.

Let ϱ = ∥uµ∥∞ and let ξ̂µ
ϱ > 0 be as postulated by hypothesis H1(iv). Then

−∆p(z)uλ − ∆q(z)uλ + ξ̂µ
ϱu

p(z)−1
λ − µu

−η(z)
λ

≤ λu
r(z)−1
λ − f(z, uλ) + ξ̂µ

ϱu
p(z)−1
λ

≤ µu
r(z)−1
λ − f(z, uλ) + ξ̂µ

ϱu
p(z)−1
λ

≤ µur(z)−1
µ − f(z, uµ) + ξ̂µ

ϱu
p(z)−1
µ

= −∆p(z)uµ − ∆q(z)uµ + ξ̂µ
ϱu

p(z)−1
µ − µu−η(z)

µ in Ω.

(4.6)

(since µ < λ, uλ ≤ uµ and see hypothesis H1(iv)).
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Note that since uλ ∈ intC+, we have that

0 ≺ (µ− λ)ur(z)−1
λ .

So, from (4.6) and Proposition 2.3 of Papageorgiou–Winkert [8], we have

uλ − uµ ∈ intC+.

Let
λ∗ = inf L ≥ 0.

Proposition 4.5. If hypotheses H0 and H1 hold, then λ∗ > 0.

Proof. Let λ̂0 > 0 be as postulated in Proposition 3.2 and consider λ ∈ (0, λ̂0). Suppose
that λ ∈ L. Then we can find uλ ∈ Sλ ⊆ intC+. We introduce the Carathéodory
function wλ(z, x) defined by

wλ(z, x) =
{
λ(x+)r(z)−1 − f(z, x+) if x ≤ uλ(z),
λuλ(z)r(z)−1 − f(z, uλ(z)) if uλ(z) < x.

(4.7)

We set Wλ(z, x) =
∫ x

0 wλ(z, s) ds and consider the C1-functional γ̂λ : W 1,p(z)
0 (Ω) −→ R

defined by

γ̂λ(u) =
∫

Ω

1
p(z) |Du|p(z) dz +

∫

Ω

1
q(z) |Du|q(z) dz −

∫

Ω

Wλ(z, u) dz ∀u ∈ W
1,p(z)
0 (Ω).

From (4.7), it is clear that γ̂λ is coercive. Also, γ̂λ is sequentially weakly lower
semicontinuous. So, we can find ũλ ∈ W

1,p(z)
0 (Ω) such that

γ̂λ(ũλ) = inf
{
γ̂λ(u) : u ∈ W

1,p(z)
0 (Ω)

}
. (4.8)

Let u ∈ intC+. Since uλ ∈ Sλ ⊆ intC+, using Proposition 2.86 of Hu–Papageorgiou
[5, p. 90], we can find t ∈ (0, 1) small such that

tu ≤ uλ and tu(z) ∈ [0, δ) ∀z ∈ Ω, (4.9)

with δ > 0 as in hypothesis H1(iii). We have

γ̂λ(tu) ≤ tq−

q−

(
ϱp(Du) + ϱq(Du)

)
− λtr+

r+ ϱr(u) − βtµ+

µ+
ϱµ(u)

(see hypothesis H1(iii) and recall that 0 < t < 1).
Since µ+ < q− < r+, if we choose t ∈ (0, 1) even smaller if necessary, then

γ̂λ(tu) < 0,

so
γ̂λ(ũλ) < 0 = γ̂λ(0)
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(see (4.8)) and thus
ũλ ̸= 0.

From (4.8), we have
⟨γ̂′

λ(ũλ), h⟩ = 0 ∀h ∈ W
1,p(z)
0 (Ω),

so
⟨V (ũλ), h⟩ =

∫

Ω

wλ(z, ũλ)h dz ∀h ∈ W
1,p(z)
0 (Ω).

We choose the test function h = (ũλ − uλ)+ ∈ W
1,p(z)
0 (Ω). Then

⟨V (ũλ), (ũλ − uλ)+⟩ =
∫

Ω

(
λu

r(z)−1
λ − f(z, uλ)

)
(ũλ − uλ)+ dz

≤
∫

Ω

(
λu

−η(z)
λ + λu

r(z)−1
λ − f(z, uλ)

)
(ũλ − uλ)+ dz

= ⟨V (uλ), (ũλ − uλ)+⟩

(see (4.7) and since uλ ∈ Sλ), so
ũλ ≤ uλ

(see Proposition 2.2).
Also, choosing the test function h = −ũ−

λ ∈ W
1,p(z)
0 (Ω), we obtain

0 ≤ ũλ, ũλ ̸= 0.

Therefore, from (4.7), we see that

ũλ ∈ Ŝλ,

a contradiction, since 0 < λ < λ̂0 (see Proposition 3.2). Therefore

0 < λ̂0 ≤ λ∗.

We want to check the admissibility of the critical parameter λ∗ > 0. To this end,
we will need the following auxiliary result.

Lemma 4.6. If hypotheses H0 and H1 hold, then the minimal solution map λ 7−→ û∗
λ

(see Proposition 3.1) is nondecreasing, û∗
λ ≤ u for all u ∈ Sλ and L ⊆ L̂.

Proof. Let µ, λ ∈ L with λ < µ. We introduce the Carathéodory function lλ(z, x)
defined by

lλ(z, x) =
{
λ(x+)r(z)−1 − f(z, x+) if x ≤ û∗

µ(z),
λû∗

µ(z)r(z)−1 − f(z, û∗
µ(z)) if û∗

µ(z) < x.
(4.10)
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We set Lλ(z, x) =
∫ x

0 lλ(z, s) ds and consider the C1-functional jλ : W 1,p(z)
0 (Ω) −→ R

defined by

jλ(u) =
∫

Ω

1
p(z) |Du|p(z) dz +

∫

Ω

1
q(z) |Du|q(z) dz −

∫

Ω

Lλ(z, u) dz ∀u ∈ W
1,p(z)
0 (Ω).

From (4.10), it is clear that jλ is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find ûλ ∈ W

1,p(z)
0 (Ω) such that

jλ(ûλ) = inf
{
jλ(u) : u ∈ W

1,p(z)
0 (Ω)

}
.

Moreover, as in the proof of Proposition 4.5, using hypothesis H1(iii), we show that

jλ(ûλ) < 0 = jλ(0),

so
ûλ ̸= 0.

In addition, on account of (4.10), we can see that

Kjλ
⊆ [0, û∗

µ]

and since ûλ ∈ Kjλ
, it follows that ûλ ∈ Ŝλ (see (4.10)). Then

û∗
λ ≤ ûλ ≤ û∗

µ,

so the map λ 7−→ û∗
λ is nondecreasing.

Let u ∈ Sλ. We have

−∆p(z)u− ∆q(z)u ≥ λur(z)−1 − f(z, u) in Ω. (4.11)

So, if in previous argument we replace û∗
µ by u, then we produce ûλ ∈ Ŝλ such that

ûλ ≤ u,

thus û∗
λ ≤ u for all u ∈ Sλ and L ⊆ L̂.

Now we can show the admissibility of the critical parameter λ∗ > 0.
Proposition 4.7. If hypotheses H0 and H1 hold, then λ∗ ∈ L.
Proof. Let {λn}n∈N ⊆ L be a sequence such that λn → λ+

∗ . Consider un ∈ Sλn ,
for n ∈ N. From Lemma 4.6, we have

û∗
λn

≤ un ∀n ∈ N. (4.12)

If at each step, we truncate the reaction at û∗
λn+1

(z) (from below) and at uλn
(z) (from

above) and use the Weierstrass–Tonelli theorem, we can have a sequence un ∈ Sλn
,

for n ∈ N, which is decreasing. We have

⟨V (un), h⟩ =
∫

Ω

(λnu
−η(z)
n + λnu

r(z)−1
n − f(z, un)

)
h dz ∀h ∈ W

1,p(z)
0 (Ω), n ∈ N.

(4.13)
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On account of hypotheses H1(i),(ii), we have

λnx
r(z)−1 − f(z, x) ≤ λ1x

r(z)−1 − f(z, x) ≤ c8 for a.a. z ∈ Ω, all x ≥ 0, (4.14)

for some c8 > 0. In (4.13), we choose the test function h = un ∈ W
1,p(z)
0 (Ω). Then

ϱp(Dun) ≤ c9∥un∥ ∀n ∈ N,

for some c9 > 0 (see (4.14)), so the sequence {un}n∈N ⊆ W
1,p(z)
0 (Ω) is bounded (see

Proposition 2.1). Passing to a subsequence if necessary, we may assume that

un
w−→ u∗ in W

1,p(z)
0 (Ω), un −→ u∗ in Lϑ(z)(Ω). (4.15)

Recall that 0 ≤ un ≤ u1 for all n ∈ N. Hence,

∥un∥∞ ≤ c10 ∀n ∈ N, (4.16)

for some c10 > 0.
In (4.13), we choose the test function h = un − u∗ ∈ W 1,p(z)(Ω). On account of

(4.15) and (4.16), we have

lim
n→+∞

∫

Ω

(
λnu

r(z)−1
n − f(z, un)

)
(un − u∗) dz = 0. (4.17)

We know that λ̂∗ = inf L̂ > 0 (see Proposition 3.2) and arguing as in Papageor-
giou–Rădulescu–Tang [10], we show that λ̂∗ ∈ L̂. From Lemma 4.6, we know that
L ⊆ L̂ and so λ̂∗ ≤ λ∗. Therefore, we can find û∗

λ∗ ∈ intC+, minimal solution of (P̂λ∗).
Using that û∗

λ∗ ∈ intC+, we can find c11 > 0 such that

c11d̂ ≤ û∗
λ∗ , (4.18)

where d̂(z) = d(z, ∂Ω) for all z ∈ Ω.
Let s ∈ (1, p−). We have

∫

Ω

(
un − u∗

u
η(z)
n

)s

dz =
∫

Ω

(
u1−η(z)

n

un − u∗
un

)s

dz

≤ c11

∫

Ω

(
un − u∗

d̂

)s

dz ≤ c12∥un − u∥s
W 1,s

0 (Ω),

for some c11, c12 > 0 (see (4.16), (4.12), use the fact that û∗
λ∗ ≤ û∗

λn
for all n ∈ N and

Hardy’s inequality; see Papageorgiou–Winkert [9, p. 682]). It follows that
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{
un − u∗

u
η(·)
n

}

n∈N
⊆ Ls(Ω) is bounded

(see (4.15)), thus
{
un − u∗

u
η(·)
n

}

n∈N
⊆ L1(Ω) is uniformly integrable.

From (4.15) and at least for a subsequence, we have

|(un − u∗)(z)|
un(z)η(z) ≤ |(un − u∗)(z)|

û∗
λ∗

(z)η(z) ≤ |(un − u∗)(z)|
(c11d̂)η(z)

−→ 0 as n → +∞

(see (4.12) and (4.18)). So, by Vitali’s convergence theorem (see Papageorgiou–Winkert
[9, p. 127]), we have ∫

Ω

λn
un − u∗

u
η(z)
n

dz −→ 0. (4.19)

In (4.13), we choose the test function h = un − u∗ ∈ W
1,p(z)
0 (Ω), pass to the limit as

n → +∞ and use (4.17) and (4.19). Then

lim
n→+∞

⟨V (un), un − u∗⟩ = 0,

so
un −→ u∗ in W

1,p(z)
0 (Ω) (4.20)

(see Proposition 2.2), with û∗
λ∗ ≤ u∗.

So, from (4.13) and (4.20) in the limit as n → +∞, we obtain

⟨V (u∗), h⟩ =
∫

Ω

(
λ∗u

−η(z)
∗ + λ∗u

r(z)−1
∗ − f(z, u∗)

)
h dz ∀h ∈ W

1,p(z)
0 (Ω),

so u∗ ∈ Sλ∗ and λ∗ ∈ L.

Summarizing, we can state the following exact existence and nonexistence theorem
for problem (Pλ).

Theorem 4.8. If hypotheses H0 and H1 hold, then there exists λ∗ > 0 such that

(a) for all λ ≥ λ∗ problem (Pλ) has at least one solution

uλ ∈ intC+,

(b) for all λ ∈ [0, λ∗) problem (Pλ) has no solution.
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Remark 4.9. It will be interesting to know if for λ > λ∗, we have multiplicity
solutions (at least two solutions; a bifurcation type theorem). If there is no singular
term, this can be done following the argument of Papageorgiou–Rădulescu–Tang [10].
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