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1. INTRODUCTION

The Schrodinger equation is one of the most important equations in quantum mechanics.
Since its introduction, the existence and various properties of its solutions have been
a central focus in both mathematics and physics. Due to its significant applications in
phenomena such as Bose-Einstein condensation, many mathematicians have conducted
extensive research over the past few decades on the following nonlinear Schrodinger
equation:

i%‘f — AU = g(|P))¥, 2zeRY, (1.1)

where N > 1, ¥ = ¥(z,t) denotes the wave function, and |¥(z,t)|? represents the
probability density of a single particle being at position z at time t. Therefore, it is
natural to impose the normalization condition:

/ |U(z,t)>dz = 1.
RN
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This applies to a single-particle system. For a multi-particle system, the wave
function is expressed as ¥(z,t) = v/n¥(z,t), and the corresponding normalization
condition is determined by the total number of particles n in the system:

/wmmﬁmzn
RN

However, in mathematical studies, the normalization condition is typically assumed to
be any positive real number ¢ € (0, +00). For further details, we refer the reader to [1]
and the references therein.

In the study of equation (1.1), solutions of the form W(z,t) = e~**u(z) are known
as standing wave solutions. Substituting this ansatz into equation (1.1) leads to the
following elliptic equation:

—Au+ = f(u), zcRY, (1.2)

where f(u) = g(Ju|)u. A typical example of the nonlinear term is given by

£ = ail

with 2 <p; <py < - <ppm <2anda; >0 fori=1,2,...,m. Here, 2* denotes the
Sobolev critical exponent: when N > 3, 2* = %; when N = 1,2, 2* = co.

There have been numerous studies on equation (1.2). One of the main approaches
involves analyzing the critical points of the following energy functional in a suitable
function space:

Pi*2t7

@A(u)zé/(\VuP—F/\\uF) dx—/F(u)dx,
RN RN

where F(t) = fot f(s)ds. In this setting, A is treated as a fixed parameter. However,
under the normalization constraint, if one aims to solve the constrained problem:

—Au+ M= f(u), xRN,
/u2 de =¢, (1.3)
RN
where N > 1, f € C(R,R), ¢ > 0 is a given mass, and A € R will arise as a Lagrange
multiplier depending on the solution v € H'(RY) and be considered as an unknown
in the problem, then the functional must be restricted to the L?-sphere:
Sei={ue H'RY): ||lul3 =c},

and the critical points of the functional
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on this constraint manifold S, are studied. In this case, A = A, becomes an unknown
Lagrange multiplier, and the resulting pair (u., A.) is referred to as a normalized
solution of equation (1.3). From a physical standpoint, such normalized solutions are
of particular interest and relevance.

2. SCHODINGER EQUATIONS

For the L2-constraint problem (1.3), if infs, ® > —oo for any ¢ > 0, then it is referred to
as the L?-subcritical case; if infs. ® = —oco for all ¢ € (0,+00), then it is referred
to as the L?-supercritical case; if there exists ¢* > 0 such that infs, ® > —oo for
all ¢ € (0,c¢*] and infg, ® = —oo for all ¢ € (¢*,+0), then it is referred to as the
L2-critical case.

In particular, if f(u) = [u[P~?u with 2 < p < 2*, we have F(u) = J|u[P. The cases
2<p<2+ %, p=2+ %, and 2 + % < p < 2* correspond to the L2-subcritical,
L2-critical, and L2-supercritical cases, respectively.

In view of Kwong [31], if 2 < p < 2*, the following equation

—Autu=uP"t, u>0 zxzeRV

has a unique positive solution wy ;. Let u(z) := a wy ,(bx) with a,b > 0. Substituting
u into (1.3), we obtain

—ab*Awy p(bx) + Aa wy p(bx) = apflwﬁ,jpl (bz), = €RVN,

a [ wi,(bz)dz =c.
RN

This equation holds if and only if

v [ wy,de=c (2.1)

Clearly, (2.1) implies that if p # 2+ %, then (1.3) admits a unique positive normalized
solution u(z) := a wy p(bz) for some a,b > 0 and A > 0; if p = 2+ %, then (1.3)
admits a normalized solution if and only if ¢ = ¢y := fRN w?\,’p dzx.

2.1. L2-SUBCRITICAL CASE

For the L2-subcritical case, we know that infs, ® > —oo for any ¢ > 0. Therefore,

m(c) = uiéléfc D (u)

is well defined. If m(c) is achieved, then (1.3) has at least one solution.
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This type of problem was first studied in the works of Stuart [41, 42] by em-
ploying the bifurcation method. Later, using the minimizing method, Shibata [38]
investigated the existence of solutions to (1.3) under the following assumptions:

(F1) f € C(R,R) and f(0) =0,
(F2) lim,_,o L2 =0,
(F3) hmlt\—)oo ‘ﬁtlflg)ﬁ =0,

(F4) there exists so > 0 such that F(sg) > 0.
It was proved that there exists ¢y > 0 such that

(i) if ¢ > cg, then m(c) is achieved and (1.3) has at least one solution,
(i) if 0 < ¢ < ¢g, then m(c) is not achieved.

In addition, if f also satisfies
(F5) f(=t)=—f(t) for all t € R,

then for any k € N, there exists ¢; > 0 such that for ¢ > ¢, (1.3) has at least k
solutions.
It is important to determine whether ¢y = 0. In fact, if

PO
im =400
lt|=0 [¢|2+ ™ ’
then ¢y = 05 if
F(t)
< +00,

|t\lin0 |t|2+%

then co > 0. See [28].

For the special case when f(u) = |u[P"2u with 2 < p < 2 + +, Cazenave
and Lions [10] proved that (1.3) admits a solution pair (u,\) € HL ;(R™) x (0, +00)
using the minimizing method.

Jeanjean and Lu [26, 28] extended the results obtained by Shibata [38] by weakening
condition (F3).

2.2. L2-SUPERCRITICAL CASE

The first paper addressing the L2-supercritical case is [24], where Jeanjean proved that
when N > 2, for any ¢ > 0, (1.3) admits a solution pair (uc, A.) € HL 4 (RY) x (0, +00)
under the following conditions:

(F6) feCR,R) and f is odd,

(F7) there exist «, 5 € R satisfying 2 + % < a < B < 2* such that

0 < aF(t) < f(t)t < BF(t), YteR\ {0}

When N > 1, it was also shown that a ground state solution of (1.3) exists for any
¢ > 0 if f satisfies additionally
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(F8) the function F(t) := f(t)t — 2F(t) is of class C' and

F'(t)t > (2 + ;) F(t), VteR\{0}.
As demonstrated in their work, it is relatively straightforward to verify that the
functional ® admits a (PS) sequence {u,} at the mountain pass level, owing to
the easily verified mountain pass geometry. However, establishing the boundedness of
such a sequence presents a significant challenge. To address this issue, Jeanjean [24] in-
troduced a specialized (PS) sequence that satisfies the additional convergence condition
P(un) — 0, where P denotes the Pohozaev-type functional defined by

PG =Vl - 5 [ [F(u)u = 2P (w))da.
RN

A key component of their approach involves the application of the Ekeland variational
principle to an auxiliary functional, specifically a fibering map ® : H*(RY) x R — R,
defined as

= et 2 1 Nt/2
d(v,t) = S IVoli - =5 [ F (e v) da.
]RN

Importantly, the mountain pass level of ® over S, x R corresponds precisely to that
of ® over S..
Later, Bartsch and de Valeriola [2] proved that (1.3) actually possesses an un-
bounded sequence of pairs of radial solutions (fuy, A,) provided (F6) and (F7) hold.
It is noteworthy that condition (F7) is regarded as the natural L2-constrained
counterpart to the classical (AR) condition in unconstrained problems. Recently, Chen
and Tang [13] weakened (F6) and (F7) to the following assumptions:

(F9) feCR,R) and

0 o @)

= = 0
=0 |¢[1+~ T oo [T ’
(F10) there holds
1m F(t) =400
lt|otoo [¢[2FH ’
(F11) 0 < (2+ %) F(t) < f(t)t < 25 F(¢) for all t € R\ {0},
(F12) there exists k£ > £ such that
t)t —2F(t))"
lim sup LF1) ®)] < +00.

lt|—+o0 LRIN ()t — (2N + 4)F(t)]
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By replacing (F12) with the following assumption:

(F12') there exist £ > & and Cy > 0 such that

[W] T <COINF(W)E - @N )R], Ve R\ {0},

Chen and Tang [13] proved that (1.3) admits a solution pair (., A.) € H}

rad(RN) X
(0,+00) such that ®(u.) = infx, &, where

Ke={ueS.NH,RY): &

5.(u) =0}

In a different direction, Jeanjean and Lu [27] addressed the existence of ground state
solutions of (1.3) and removed the requirement f € C! in (F8). They also relaxed (F7)
to the following hypotheses:

f®)t=2F(t)
(F13) R

(F14) 0 < f(t)t < 2ESF(t) for all t € R\ {0}.

is strictly decreasing on (—oo,0) and strictly increasing on (0, +00),

They proved that for any ¢ > 0,

(i) if f satisfies (F9), (F10), (F13), and (F14) for N > 3, then (1.3) admits a ground
state solution,

(i) if f is odd and satisfies (F9), (F10), (F13), and (F14) for N > 5, then (1.3)
admits a positive ground state solution.

Condition (F13) has become a fundamental analytical tool in the study of
L?-constrained elliptic problems, serving as the natural counterpart to the classical
Nehari-type strict monotonicity condition in unconstrained settings.

Bieganowski and Mederski [7] introduced a novel minimization scheme on the
intersection of closed L2-balls {u € H'(RY) : ||u||3 < ¢} and the Pohozaev manifold
in H'(RY), replacing the standard constraint sphere S.. This innovation allowed for
the relaxation of (F14) to the following condition:

(F15) 0 < (2+ &) F(t) = f(t)t = 25 F(¢) for all t € R\ {0},

where = denotes the asymptotic non-strict inequality: for given functions f1, fo : R — R,
f1(s) = fa(s) means that fi(s) < fa(s) for all s € R, and for any v > 0, there exists
|s| < v such that fi(s) < fa(s).

2.3. MIXED CASE

In this subsection, we consider the mixed case, which arises when the nonlinearity
f includes L2-subcritical, L2-critical and L?-supercritical growth terms. The specific
cases
—Au+ = plu|t%u+ |ulP~?u, xRN,
w?dx = ¢,

RN
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and
—Au+ Au = plu|?2u+ [ul? 2u, = €RY,
u?dz = c, (2.2)
RN
have been studied by Soave [39, 40] and Jeanjean, Jendrej, Le and Visciglia [30], where
2<q§2+%§p<2* and g > 0.
Solutions of (2.2) are critical points of the energy functional

1 1 b
() = 51Vl - ool - Sl vue HIEY), (23)

restricted to the constraint S., and ®, is unbounded from below on S, due to the
presence of the Sobolev critical exponent. Define the Pohozaev manifold

M,(e) ={ueS.:P,(u) =0},
where the functional P, is given by

Pulu) = |Vull3 = lul3: = wygllully, Vue H'(RY), (2.4)

where v, = %{1—2). Soave [40] first studied the existence and nonexistence of nor-
malized solutions for equations with mixed dispersion using the fibration method of
Pohozaev, based on the decomposition of the Pohozaev manifold

My(e) ={u eS8 :4,(0) =0} =M, (c) UM (c) UM, (c), (2.5)
where ¢, (t) = @, (eN*/?u(e'x)) for u € H'(RV) and t € R, and
Mi(e) == {u € My(c) : ,(0) 20}, M (c) :={ue€ My(c): ¢(0)=0}. (2.6)

Soave [40] proved that there exists a constant a(N,q) > 0 depending on N, ¢, and the
(1—g)a

best constant in the Gagliardo—Nirenberg inequality such that, if pc™ =2 — < a(N,q),
then (2.2) admits a ground state solution @. Moreover,
(ifz<g<2+ %, 4 corresponds to a local minimizer satisfying infM:(c) D, =
®N (a) < 0)
(i) if 2+ % < ¢ < 2*, 4 is a mountain-pass type solution with 0 < infM;(C) P, =

P, (a) < %S %, where S denotes the best constant in the Sobolev inequality.

In that paper, Soave proposed the following open problem: Does ®,|s, have
a critical point of mountain-pass type in the L?-subcritical case 2 < g < 2+ %?

Jeanjean and Le [25] (N > 4) and Wei and Wu [45] (N = 3) gave a complete
positive answer to this open problem.

By introducing the set

Vie):={u€eS::|Vul3 <po}
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with the property

my,(c) = ueir‘}f(c) Q,(u) <0< uei@n‘}c(c) D, (u),

where 9V (c) := {u € S; : |Vull3 = po }, and defining

_ . _ 2
e 2*111’0406?\7,(]82 /2‘| fareo aotirlaQ
po=|—— () )
qa2
) o
2*0[082*/2 qovs agtaz
cp = ,
0 ag+az  \ 2*pagCy 8% /2
with N(g—2) IN — g(N —2) 4
q— —qUNV —
=2 —— =_=— ="
(e7) 2 9 aq 2 9 Q2 N — 27

Jeanjean and Le [25] investigated the orbital stability of ground state solutions under
the condition 2 < ¢ < 2 + % for any ¢ € (0,¢p). This local minimizer structure
enables the search for a solution at a mountain-pass level. In addition to the decompo-
sition (2.5) similar to [40], Wei and Wu [45] complemented Soave’s results using new
energy estimates. Specifically:

(I—7q)a

Hif2<g<2+ % and pc— 2 < a(N,q), they obtained a second solution
u, . € M}, (c) such that ®,(u, ) = inf (- o) @ and 0 < Qu(u, ) < %S%,
(
(i) if g =2+ %, there are no ground state solutions for yc—=2 — > «a(N,q),
(1-7g)
(iii) if 2+ % < g < 2*, the existence range ,uc# < a(N, q) extends to all ¢ > 0.

1—vq)a

Instead of using the fibration argument of Pohozaev as in [40, 45], Jeanjean
and Le [25] introduced a new set related to the mountain-pass level based on the
decomposition

M,(c) = M () UM (¢),  with MiE(c) := {u € M,(c) : @,.(u) = 0},

and established its connection with V' (¢). They proved the existence of a second
solution v. € S. of mountain-pass type satisfying 0 < ®,(v.) < m,(c) + %S% for any
¢ € (0,¢0) and N > 4. This second solution is not a ground state solution.

Chen and Tang [13] established novel critical point theorems on manifolds to con-
struct bounded (PS) sequences in the context of mixed dispersion, offering a technically
simpler alternative to Hirata and Tanaka [23] and the Ghoussoub minimax princi-
ple [21], which relies on topological arguments. Specifically, for the case 2 < ¢ < 2+ %,
they introduced a new mountain-pass geometry rooted in the local minimizer and
constructed a sequence of test functions applicable across all spatial dimensions
N > 3, thereby obtaining the strict upper bound through refined energy estimates.
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For the remaining cases namely 2 + % <qg<2and q¢q =2+ %, they presented
a unified framework that applies consistently to both L?-subcritical and L?-critical
settings, as well as to dimensions N =3 and N > 4.

The following two theorems were obtained in Chen and Tang [13].

Theorem 2.1. Let N >3,2<q<2+ 4, >0, and c € (0,c9). Then (2.2) has
a second solution pair (uc, ) € HL ;(RY) x (0,+00) such that

N
2

1
0<®,(uc) <mulc)+ ﬁS
Theorem 2.2. Let N >3, ¢ >0, and 2+ + < q < 2*. Then (2.2) has a solution pair
(e, Ae) € HY(RN) x (0, 4+00) such that

D, (uc) = ./\/iln{c) P,

(i) foranyu>0if2+%<q<2*,
(ll) forany0<,u§mzfq:(j:2+%

Chen and Tang [12] studied the following nonlinear Schrédinger equation with
mixed dispersion and critical exponential growth:

—Au+ Au = plulP~2u + <6“2 —-1- u2> u, x€R2
/u2 dx = ¢, (27)
R2

where ¢ > 0 is a given constant, and A € R is a Lagrange multiplier depending on
the solution v € H'(R?), not given a priori. By the Trudinger-Moser inequality, the
functional

1 1 4
O(u) := §/|Vu|2d:c— %/|u|pdx— 5/ <6"2 —1—u?— u2> dz
R2 R2 R2
is of class C!' on H1(R?). A critical point of ® restricted to the mass constraint
S.:={ue H'(R?) : |ul3 =c}

corresponds to a normalized solution of (2.7).
Define the L2-Pohozaev functional

-2 2 4
Plu) == | Vul2 - %nuug —/ [(uz —1) e 41— % dr, Yue HY(R?),

R2
and the L2-Pohozaev manifold

M(e) :={ueS.:Pu)=0}.
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Chen and Tang [12] proved the following three theorems.

Theorem 2.3. Let 2 < p < 4. Then for any u > 0, there exist co = co(u) > 0 and
so = so(u) € (07 g] such that, for any c € (0,cp), the following statements hold:
(i) (2.7) has a ground state solution which is a minimizer of ® in the set S.N A
where

S0

Ay ={ue€ H'(R?) : [|[Vul3 < so} .

Moreover, any ground state to (2.7) is a minimizer of ® on S, N As,, that is

ue€ K(c) and ®(u) = lér(lf)@ = ueS.NA;, and ®(u) = s 1mn£ ® :=m(c),
c c s0

where

K(e) := {u eS.: @‘;c(u) = O} .
(i) (2.7) has a second solution u. € S, which satisfies
0 < ®(uc) < m(c) + 2. (2.8)

Theorem 2.4. Let p =4 and ¢ > 0. Then for any 0 < p < %;, (2.7) has a ground
4
state i, € HY(R?) with some A, > 0, satisfying

d(u.) = /\1/1n(£) b= uléléc max D(tuy), (2.9)

where us(z) = u(tr) fort > 0 and x € R? and C4 > 0 is a Gagliardo—Nirenberg
constant.

Theorem 2.5. Let 4 < p < oo and ¢ > 0. Then for any u > 0, (2.7) has a ground
state . € H'(R?) with some \. > 0, satisfying (2.9).

3. SCHODINGER-POISSON EQUATIONS
Consider the following nonlinear Schrédinger—Poisson equation

—Au+ A+ p (o)t xu?)u = [uP~?u, z€R3,
/u2 dz =¢, (3.1)
R3

where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution u € H!(R?), and is not given a priori.

If p € (2,3), Bellazzini and Siciliano [5] proved that minimizers exist provided ¢ > 0
is sufficiently small, by establishing a strong subadditive inequality. Specifically, using
techniques introduced in [8], the existence of minimizers for p = § was proved in [37]
for ¢ € (0,¢p) with some suitable ¢y > 0. The case p € (3,10/3) was considered

in [6], where a minimizer was obtained for ¢ > 0 sufficiently large. When p € [3, %],



A comprehensive review on the existence of normalized solutions. . . 749

Jeanjean and Luo [29] established a threshold value of ¢ > 0 separating existence and
nonexistence of minimizers. Based on whether ®|s, is bounded from below, the value
p= % is referred to as the L2-critical exponent for the Schrédinger—Poisson equa-
tion (3.1). If p € (1,—30, 6), ® is unbounded from below on S.. By constructing a bounded
Palais—Smale sequence via a mountain-pass argument on S., Bellazzini, Jeanjean, and
Luo [4] found critical points of the functional ® for ¢ > 0 sufficiently small.

Later, Chen, Tang, and Yuan [17] considered the existence of solutions for the

following nonlinear Schréodinger—Poisson equation with a general nonlinearity:

—Au+ M+ p (Jo] 7t xu?)u = flu), z€R3,
/u2 dz = ¢, (3.2)
R3
where 1 > 0, f € C(R,R), and the case f(u) = |u[P~2u with p € (3,%) U ($,6) is
included. Wang and Qian [43] proved that if f satisfies (F6)-(F8) with N = 3, then
there exists ¢g > 0 such that for any ¢ € (0, cg), (3.2) admits a positive ground state
u € S, and the associated Lagrange multiplier \ is positive.
Xie, Chen, and Shi [46] proved that if f satisfies (F9), (F10), (F13), and (F14) with
N = 3, then there exists ¢op > 0 such that for any ¢ € (0,¢p), (3.2) admits a ground
state u € S..
Cingolani and Jeanjean [18] considered the following nonlinear Schrédinger—Poisson
equation
—Au+ Au+ p (log |z * v?) u = alulP~u, =€ R?,
/u2 dz = ¢, (3.3)
R2
where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution u € X, and is not given a priori. Here

X =que HY(R?): /[1 +1In(1 + |z))]u? dz < oo
R
is equipped with the norm
1/2
lullx = /[|Vu|2 4o 4 In(1 + [ef)u?] de
R2

Normalized solutions to (3.3) can be obtained as critical points of the energy
functional ® : X — R defined by

1
D(u) = 3 / |Vu|? dz + %//log |z — y|u?(x)u?(y) dz dy — %/|u|p dr. (34)
R2 R2

R2 R2
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For a prescribed ¢ > 0, a solution of (3.3) can be obtained as a critical point of ®
constrained to the sphere

Sc={ueX:||ulj=c}.

Define the Pohozaev functional

2
pe”a(p—2)
Plu) = Va3 - = - 2=y
Let
Me = uiggc D(u). (3.5)

Cingolani and Jeanjean [18] proved that for any ¢ > 0 and g > 0, the infimum m,
defined in (3.5) is achieved if one of the following three conditions holds:

(i) a<0and p > 2,

(ii) @ > 0 and p < 4,

_ 2

(iii) @ > 0, p = 4, and ¢ < ol
Gagliardo—Nirenberg inequality.

where Kgn is the best constant in the

Set .
pp— 902 17
For any u € S, define g, : (0,400) = R by

Co =2

12 W uc? atP—?2
0u(t) = IVl + L) — P togt — “ .
Clearly, g, is C2 on (0,+00), and we have
11, 5  pc® atP—? 1
9., (t) = n = Vullz — T Tllullﬁ = ;P(tut% vt > 0.
Define
Ac):={ue 8. :Pu)=0} ={ueS.:g,(1) =0}
Let
At(e) ={u€Sc:g,(1) =0, g;(1) > 0},
A (c) ={u€eS.:g,01) =0, g,(1) <0}
and

A%c):=={ueS.:g.(1)=0, g’(1) = 0}.

When g > 0, a > 0, and p > 4, Cingolani and Jeanjean [18] proved that for any
¢ < cg, A(c) = 0, and there exist ut € AT (c) and u~ € A~ (c) such that

O(ut) = inf &, P(u")= inf .
At (c) A= (c)

Moreover, vt and u~ are critical points of ® restricted to S..
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Chen and Tang [11] and Chen, Shi and Tang [16] introduced the natural constraint

E,.:=XnNnH

as’

where
H), ={ue H'(R?) :u(z) = u(|z1], |22|), Vz € R?*}

is endowed with the norm
1/2
lullx = / [IVaf? + 4+ In(2 + |2])a?] do
R2

They demonstrated that the critical points of ® constrained to F,s correspond to
genuine critical points in X.

Chen, Ridulescu, and Tang [15] considered the following nonlinear Schrodinger
equation with critical exponential growth

fAu+)\u+u(log|x|*u2)u: (e“2flfu2)u, r € R%

w?dz =, (3.6)
RQ

where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution v € X, and is not given a priori.
The energy functional is

O(u) == /|Vu|2d:c+ //log\xfy\u z)u’(y) dz dy

R2 R2

and the constraint sphere is
S.={u€Eq: ||lull3=c}.

The Pohozaev functional is

2 2 u? u
\Vu\ dx——— (u—l)e +1—? dz.

Let ¢; = ¢1(p) > 0 be the unique root of

1 _pr? Wi (k +2) [45+2(k 4+ 1) + 1] \"
72 4 3\/37( (k+1)(k +3)! V 37
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Let ¢o = co(p) > 0 be the unique root of

c= \/EH(C),

where 7(c¢) > 0 is the unique root of

=1

2c 2 (k—1)? [4F (k- 2) + 1] <T2\/E>k2 N 72 (4% = 3772 4+ 74)

3
(et (k —2)k! 2r (1 — 72)
Chen, Rédulescu, and Tang [15] established the following two theorems.

Theorem 3.1. For any p > 0 and any ¢ € (0,¢1), (3.1) has a solution pair (uc, A.) €
S, X R such that

Ue € SeNAryz,  ue >0, P(uc) =m(c) := s riwr}lf .
c /3

Theorem 3.2. Let ¢ = min{cy,ca}. For any p > 0 and any ¢ € (0,¢p), (3.1) has
a second solution pair (uc, Ac) € Se X R such that

0 < ®(uc) < m(c) + 2.

4. KIRCHHOFF EQUATIONS
Consider the following nonlinear Kirchhoff equation:

—(a+0b [zn [Vul?dz) Au+ Au = [u[P~2u, x€RY,
w?dr = ¢, (4.1)
RN
where N = 1,2,3, a,b > 0, and ¢ > 0 are given constants, A € R arises as
a Lagrange multiplier depending on the solution u € H'(R"), and is not given a priori,
with 2 < p < 2%,
Normalized solutions to (4.1) can be obtained as critical points of the energy
functional ® : H'(RY) — R defined by

a b 1 ,
®u) = 5IVulf + F1Vull} - -l (42)
restricted to the constraint sphere
S, = {u € Hl(RN) : ||u||§ = c} . (4.3)

To the best of our knowledge, the first work on normalized solutions for equa-
tion (4.1) was conducted by Ye [48-50], who systematically investigated this problem
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across a series of papers. Specifically, in [48], the author analyzed minimizers of the
following minimization problem:
m(c) := ulél‘gc D (u). (4.4)

By employing a scaling technique combined with the concentration-compactness
principle, it was established that there exists a threshold value cj > 0 such that m(c)
is achieved if and only if: ¢ > ¢} f01r0<p§2—|—%,orczc;k7 for2+% <p<2—|—%.
Furthermore, no minimizers exist for (4.4) when p > 2+ £, and in fact, m(c) = —oo
holds for 2+ % < p < 2*. Nevertheless, a mountain pass critical point for ¢ constrained
on S, was identified in this regime. In [49], Ye considered the case p = 2 + % and
proved the existence of a mountain pass critical point on S. when ¢ > ¢*. Moreover, for
0 < ¢ < c*, the existence of minimizers was demonstrated by introducing a perturbation
functional to ®. In [50], the asymptotic behavior of critical points of ® on S, was
examined for p = 2 4 %. Similar perturbation techniques for p = 2 + % were also
explored in [52]. Utilizing refined scaling techniques and energy estimates, Zeng and
Zhang [53] improved upon the results of [48], proving the existence and uniqueness of
minimizers for 0 < p < 2+ %, as well as the existence and uniqueness of mountain pass
type critical points on the L2-normalized manifold for 2 + % <p<2orp=2+ %
with ¢ > ¢*. Luo and Wang [35] further investigated the multiplicity of normalized
solutions of (4.1) in dimension N =3 for 1! < p <6.

Cazenave [9] considered the number of positive normalized solutions to the following
Schrédinger equation:

—Au+ = [uP2u, zeRVN,

/ u?de =c. (4.5)

RN
It was proved that if 2 < p < 2* and p # 2 + %, then up to translations, there exists
a unique positive normalized solution to (4.5) for any ¢ > 0; and if p =2 + %, there
exists cg > 0 such that (4.5) admits a positive normalized solution if and only if ¢ = ¢g.

A key ingredient in this result is the uniqueness of positive solutions for fixed frequency,
established in [31]. Setting

ki=a + b/ |Vul|? d,
RN
then (4.1) is equivalent to the following Schrodinger equation:
—Av+ k7w =|vP2v, zeRY,
/v2 dzr = kﬁc, (4.6)
RN

where k satisfies an algebraic equation. Based on this observation and the results
in [9], Qi and Zou [36] investigated the exact number of positive normalized solutions
for (4.1) and proved the following:
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(1) For 2+ 4+ < p=min{2+ £,2*}, define

4 N(p—2)—4
. l: 16 :| 2N-p(N-2) |: b :l 2N-p(N-2)
= | —_
N(p-2) N(p—2)—4
8—N(p—2)
a 2N-p(N-2) 2N4—<£(715)—2)
o ey 1Qpll2 ;
8—N(p—2)
where @), is the unique positive solution of
N(p—-2 2N — p(N —2
o (p4 )Au—l— pi )'LL _ |u‘p—2u

satisfying u(0) = maxgn~ u. Then:

(i) if ¢ > ¢4, (4.1) admits exactly two positive normalized solutions,
(ii) if ¢ = ¢4, (4.1) admits a unique positive normalized solution,
(iii) if ¢ < ¢4, (4.1) has no positive normalized solution.

(2) If 2 < p < 2+ 4+, then (4.1) admits a unique positive normalized solution.

For the case 2 + % < p < 2%, they proved the following:
(1) For p =2+ £, define

b\ .
Cx i = (2) HQ2+%||2 ‘

Then:

(i) if 0 < ¢ < ¢4, (4.1) has no positive normalized solution,
(ii) if ¢ > ¢4, (4.1) admits a unique positive normalized solution.

(2) If 2+ & < p < 2%, then (4.1) admits a unique positive normalized solution.
For the case p =2+ %, define

N
c. i= ¥ [ Quy 1 I2
Then:

(i) if 0 < ¢ < ¢y, (4.1) has no positive normalized solution,
(ii) if ¢ > ¢4, (4.1) admits a unique positive normalized solution.

Based on the above works, He, Lv, Zhang, and Zhong [22] investigated the existence
of normalized solutions for the following Kirchhoff equation with general nonlinearity:
—(a+b [zn [Vu]?dz) Au+ Au = f(u), zeRN,

u?dr = ¢, (4.7)
RN

where N = 1,2,3, a,b > 0, and ¢ > 0 are given constants, and A € R arises
as a Lagrange multiplier depending on the solution u € H'(RY), and is not given
a priori.
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The energy functional ® : H*(RY) — R is defined by

a b
bu) = 5IVulf + F1Vul - [ Fu)de.
RN
Under assumptions (F6), (F8), and the following condition:

(F16) there exist «, 5 € R satisfying
{2+§<a§5<2ﬂ=ﬁg N =3,

2+ § <a<p< oo, N=1,2,
such that
0<aF(t) < f(t)t <BF(t), VteR\{0},
He et al. [22] proved that (4.7) admits a ground state solution (u., \.) € HL j(RY) x

(0, 4-00).
Wang and Qian [44] proved that (4.7) admits a ground state solution for any ¢ > 0,
if f € C(R,R) satisfies the following conditions:

F17) lim_,0 28 =0,

o+ ¥

F18) limjy— 400 "tﬂ;‘ =0 for N =3, and lim;|, 4 o0 I ( =0forall vy >0 for N =2,

R
) f)t=2F(t) .
2+ 5

(=]

F2 " is strictly decreasing on (—oo,0) and strictly increasing on (0, +00),
F21) f(t)t <6F(t) for all t € R\ {0} when N = 3.

In particular, if f is odd, then (4.7) admits a positive ground state solution for any
¢ > 0, and the associated Lagrange multiplier X is positive.
Consider the following nonlinear Kirchhoff equation with Sobolev critical growth:

—(a+0b [gs [Vul?dz) Au+ Au = u® + plu|i™?u, = €R3,

(
(
(F19> 11m|t‘*>+oo lef +00,
(
(

(4.8)

w?dr =c,
R3
where ¢ > 0 and g > 0 are given constants, and A € R arises as a Lagrange multiplier
depending on the solution v € H'(R?), and is not given a priori.

The energy functional ® : H*(R?) — R is defined by
2

b 1
= %/\Vu\zderZ /|Vu|2dz 76/u6dxfﬁ/|u|qu, (4.9)
R3 R3 R3 qRS

and the Pohozaev functional P : H*(R3) — R is defined by
P(u) = a||Vull3 + bl Vaullz — [[ullg — pygllullg- (4.10)

When 1 < ¢ < 6, Zhang and Han [51] proved that for any ¢ > 0, (4.8) admits

a solution u such that
0 < ®(a) = inf P,

M(c)
where M(c) :={u € S, : P(u) = 0}.
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When 2 < ¢ < ? or 1?4 < ¢ < 6, Li, Luo and Yang [32] proved that for any ¢ > 0,

(i) if 2 < ¢ < £, then for u € (0, ), (4.8) admits a ground state solution @, and
4 corresponds to a local minimizer satisfying

inf  ®=®(@) <0
IV ull3<Ro(e.p)

for some Ro(c, ) > 0,
(ii) if % < q <6, for p € (0,4+00), (4.8) admits a solution of mountain-pass type @
with
abS? PSS (4aS +1b251)?
4 + 24 + 24 '

0<®(a) <O =
Define an auxiliary functional

b:S3
4

(0°S* + 4aS)?
24

U(u) = + IVul3 + @ (u),

3
4b 2

1 Vul|?) -1
(1+ g IV ul3)

and introduce the following constants:

(10 — 3¢q)aS3 5
= | 4.11
S0 |: 6 — q ) ( )
4 4 =k
ag q 56~
= 4.12
“ [3(6 —q)uCq (3(10 - 3q)u0333> ’ 12
4 b28%  bS\/b2S8% + 4(a + bsg)S | 1o=3a
Cl = 7(](1 g + + \/ (a SO) 50 4
(6 —q)Cq 3 6 12
4 (4.13)
N i 1423q 6-a
1270 ’
5a ’
Co = W 5 (414)
3MC10/3
ot ]
cg = | ———— L
1(6 — q)Cq 3(3¢ — 10) (4.15)

4 2 Q3 6—q
-[ (“+—b8 %—hsmﬁﬁs4+4a8>} .

14 —3g \ 3 6 12

Let
A, ={ue H'(R®) : ||Vul3 < p}.

Chen and Tang [14] established the following theorems.
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Theorem 4.1. Let 2 < q¢ < 2 and ¢ € (0,¢0). Then (4.8) has a couple solution

(s Ae) € (Se N HL 4 (R3)) x (0,400) such that

I

Ue € ScNAsy, ue >0, O(:) =m(c) = s 1%11‘{ ¢ <0. (4.16)
cNAsg

Theorem 4.2. Let 2 < ¢ < & and ¢ € (0,c,) with ¢, := min{co,c1}. Then (4.8) has
a second couple solution (e, \.) € (Se N HL 4(R?)) x (0, +00) such that

rad

0< () < inf T+O* (4.17)
S.NAy,

Theorem 4.3. Let & < ¢ < & and ¢ € (0,min{cz,c3}). Then (4.8) has a couple
solution (e, \e) € (Se N HL 4(R3)) x(0,+400).

Theorem 4.4. Let &} < q < 6 and c € (0,+00). Then (4.8) has a couple solution
(e, Ae) € HY(R3) x (0, +00) such that

@() = inf @ (4.18)

5. CHOQUARD EQUATIONS

Li and Ye [33] studied the following semilinear Choquard equation:

—Au+ M= (I + F(u) f(u), = €RN,
/u2 dz = ¢, (5.1)
RN
where N >3, a € (0,N), ¢ >0, and I, : RY — R is the Riesz potential defined by
r(452)

2

= , xeRV\{0}.
2075 (&) |z|N—«

Ia(w)

Here, f = F’ satisfies the following assumptions:

F22) f(t) =0 for t <0, and there exists p € ( X+at2 Nta) quch that
N N—2

M _y e FO

1tl—0 [tP=2t 7 jt|Stoo [t[P

= —"—OO’

(F23) iy 10—l = 400,
It‘ N-—-2

(F24) there exists 6, > 1 such that 0, F(t) > F(st) for all s € [0,1] and ¢ € R, where

. N+4+a+2

F(t) = f(t)t =~ F (),
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(F25) for all t € R,

N+a ! _N+a+2 N+a

F =SR] 2 ST - =R

(F26) there exist 6 > 1 and sy > 0 such that

N4a+2

F(st) < ofs| ¥ F(t), V|s| <so, t R,

(F27) f(t)t < JESF(t) for all t > 0.

Under the above assumptions, they demonstrated that (5.1) admits a solution pair
(Uey Ae) € Se X (0, +00) with u. > 0.
Under the following assumptions:

(F28) there exist 31, 82 € R satisfying 2242 < ) < 8, < T2 such that

0<BLF(t) < f(t)t < BoF (1), VieR\{0},

_ N+tao
(F29) the function w is nonincreasing on (—oo,0) and nondecreasing
[t

on (0, +00),

Bartsch, Liu, and Liu [3] proved that (5.1) admits a solution (., A.) € HY(RY) x
(0, +00) satisfying
O(u.) = inf {P(u) : u € S¢, P(u) = 0},

where the energy functional ® : H'(R™) — R is defined by

O(u) = % / |Vu|? dz — % / (Io x F(u)) F(u) dz,

RN RN

and the Pohozaev-type functional P : H'(RY) — R is given by

1 1
Pl) = / Vuf e~ / (L # F(u)) [N f(uw)u — (N + a) F(u)] da.
RN RN
Cingolani and Tanaka [19] proved that there exists ¢g > 0 such that for any ¢ > ¢y,

the problem (5.1) admits a radially symmetric solution if f satisfies the following
assumptions:

(F30) f €C(R,R),
(F31) there exists C' > 0 such that for every t € R,

PO < € (5 4 1075,
(F32)
. F@) _F@)
1 =0, lim ——2 =0,
tg% tN+a |t|l—>oo m%
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(F33) there exists sp > 0 such that F(sg) > 0.
Moreover, if

(F34) fis odd and f > 0 on (0, +00),

then the solution is positive.

Cingolani and Tanaka [19] also proved that the above constant cg = 0 if the
following condition holds:
(1)
1m T Ntat2 =
[t=0 |¢|—~
When F(t) = [t|P with 252 < p < N¥Ee+2 Ye [47] obtained the same results as
above. In [47], the case p = W was also addressed using scaling invariance; the
analysis is delicate, and we refer to [47] for details.
Li [34] generalized the results obtained in [39] to the following Choquard equation
with upper critical exponent and a local nonlinear perturbation:

—Au+ u = (Ia * \u|%> [ul N+ pwlul2u, xRN,
/u2 dz =c¢, (5:2)
RN
where ¢ > 0, N > 3, u > 0, a« € (0,N), and g € (2,2*). The energy functional
@, : H'(RY) — R associated with (5.2) is defined by

1 N -2 Nia Nia I
B(0) = 5190l ~ 5oy [ (Lot 1) [0 ¥5 do = L, (53

(N + «)
RN
and the Pohozaev functional is
Nto Nto w(qg—2)N
Pulu) = IVl = [ (T ul 3% ) a5 o = 292D

RN
Define the Pohozaev manifold
M, (c) ={ueS.:Pu(u)=0}.

Based on the fibration method of Pohozaev and the decomposition of the Pohozaev
manifold

Myu(e) = {u € 8. : ¢,(0) =0} = M, (¢) UMY (c) UM (c),
where ¢, (t) := ®,(eN"/?u(etz)) for u € H'(RV) and ¢ € R, and
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q—

Li [34] proved that for 2 < g < 2+ % and pc 7 < K, where K depends on N, ¢,
and the best constant in the Gagliardo—Nirenberg inequality, the following hold:

(i) there exists a local minimizer ul of ®, on the set {u € S, : ||Vul|3 < po} such
that
inf @, =2,(ul) <0

Mii(e)
(ii) there exists a second solution u_ € M, (c) to (5.2) such that

O, (u;) = inf P,.
M ()

Gao and He [20] generalized the results obtained in [39] to the following Choquard
equation with a local nonlinear perturbation:

—Au+ du= (Ia * m%) | V5 2y + f(u), zE€RY,
/ w?de =,
RN

where f satisfies (F6)—(F8).
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