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Abstract. In this paper, we consider the following critical Schrédinger equation
involving (2, ¢)-Laplacian:

—Au—Agu = u+ plu]"2u+ |[u? 2y inRY,
S~ |u|*dz = a?,

where Ayju = div(|Vu|?7"2Vu) is the ¢-Laplacian operator, g,a > 0, A € R,
v €(2,2%),q¢€ (]\2,7172, 2) and N > 3. The meaningful and interesting phenomenon is
the simultaneous occurrence of (2, ¢)-Laplacian and critical nonlinearity in the above
equation. In order to obtain existence of multiple normalized solutions for such equation,
we need to make a detailed estimate. More precisely, for the L?-subcritical case, we use
the truncation technique, concentration-compactness principle and the genus theory
to get the existence of multiple normalized solutions. For the L?-supercritical case,
we obtain a couple of normalized solution for the above equation by a fiber map and

concentration-compactness principle.

Keywords: Schrodinger equation, (2,¢)-Laplacian, variational methods, critical
growth, normalized solutions.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we are interested in the following critical Schrédinger equations involving

(2, g)-Laplacian:

—Au— Agu = u+ plu]2u+ |u 2w in RV,

9. o (1.1)
fRN lu|*dz = a?,

2N

where Agu = div(|Vu|?"?Vu) is ¢-Laplacian with ¢ € (335,

v e (2,2%),N >3.

), A € R, p,a > 0,
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At the beginning of this paper, we first give the features and novelties of equa-
tion (1.1) as follows:

(a) The appearance of two differential operators with different growth, which makes
a double phase associated energy occur.

(b) Equation (1.1) combines the effects generated by general nonlinearity, critical
nonlinearity and (2, ¢)-Laplacian.

(¢) Since the presence of critical nonlinearity and the unboundedness of the domain,
the loss of compactness for the Palais—Smale sequences shall occur, which makes the
research of such equation (1.1) more meaningful and interesting.

It is well known that equation (1.1) is derived from the general reaction-diffusion

system
Owu — Apu — Aqu = f(z,u), (1.2)

where the function u can be used to describe a concentration, (p, q)-Laplacian cor-
responds to the diffusion asdiv[(|Vu|P~2 4+ |Vu|?"?)Vu] = Ayu + Aju, whereas the
nonlinearity f(x,u) is the reaction and relates to sources and loss processes. Such
system also motivated by numerous models arising in physics and related sciences,
such as biophysics, chemical reaction an exhibits the Lavrentiev gap phenomenon,
which arises in the context of variational problems characterized by non-standard (p, q)
growth behavior, please refer to [13, 53] and reference. That is the reason why a great
number of scholars focus on the study of this topic.

The study of such operators was initially proposed by Zhikov [51], who introduced
these classes to model strongly anisotropic materials [52]. Please see the outstanding
work initiated by Marcellini [35-37], where the regularity and existence of solutions
to elliptic equations with non-uniform growth conditions were extensively analyzed.
These representative achievements have brought about a lot of inspirations and ideas
to the scholars who are engaged in the research of this topic. In general, there are two
methods to dealing with equation (1.1), depending on the properties of the frequency
parameter A. One common method treats A as a fixed constant and research for
nontrivial solutions by analyzing the associated energy functional Iy : X,qq(RY) = R
defined as follows:

1 1
I,\(u):§/|Vu|2dx+g/|Vu|qu—/)\|u|2dx

RN RN RN
1 x
fﬁ/|u|7dx72—*/\u|2 dz.
7RN RN

In this case, there are some interesting results, but we merely present some results
regarding this topic. For example, Ambrosio and Repovs [4] considered the following
Schrodinger equations involving (p, ¢)-Laplacian and the nonnegative potential:

—Apu — Agu+V(ex)(|ulP~2u + |u|7%u) = f(u) inRY, (1.3)

where ¢ > 0 is small, 1 < p < ¢ < N, the potential V € C(RM,R) satisfies the
global Rabinowitz condition and the nonlinearity f satisfies Sobolev subcritical growth.
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By the Ljusternik—Schnirelmann category theory, the authors obtained the existence,
multiplicity and concentration of solutions for equation (1.3). After that, Ambrosio [2]
extended the results of [4] to fractional Choquard equations. For the critcal case,
Ambrosio and Rédulescu [3] considered the following critical Schrodinger equations
involving (p, ¢)-Laplacian:

—Apu— Agu+ V(ex) (P~ +ut™) = f(u) +yu? ' inRV, (1.4)
u € WHP(RM) N WEI(RYN), u >0 in RY, .
where the parameter ¢ > 0 is small, ¢* = NN—_qq is the critical Sobolev exponent,

V() is the continuous potential and the continuous nonlinearity f satisfies Sobolev
subcritical growth. With the aid of minimax theorems, penalization technique and
Ljusternik—Schnirelmann category theory, the authors obtained the multiplicity of
concentrating solutions for equation (1.4). In addition, the multiplicity of solutions
for a supercritical version of equation (1.4) is obtained by a truncation argument
with a Moser-type iteration. By asymptotic estimates and the Mountain Pass Theorem,
Cui and Yang in [14] explored the existence of solutions for fractional (p, ¢)-Laplacian
equations involving critical Hardy potentials in the bounded domain. Very recently,
Zhang et al. [49] considered the existence and multiplicity of multi-bump solutions
for (N, g)-Lapalcian equations with exponential critical growth by the variational
methods and Morse iteration technique. For more interesting results, please refer
to [16, 17, 27, 29-31, 40]. Xiang, Ma and Yang in [46] studied the existence of
normalized solutions to the following nonlocal double phase problems driving by the
discrete fractional (p, ¢)-Laplacian:

(—Ap)gu(k) + p(=Ap)Pquk) + w(k)|u(k) [P~ >u(k)

= Nu(k) |7 2u(k) + h(k)|u(k)|"~2u(k) for |k| € Z, (15)
> kez (k)= p? >0,
u(k) =0 as |k| — oo,

where o, 8 € (0,1), w : Z = (0,00), 1 <p < g < oo, \,u €R, h € éﬁ(Z) if
l<r<gq hel>Z)ifr>qand (—Ap); (s = a or §,k = p or q) is the discrete
fractional k-Laplacian. They used variational techniques to investigate the existence
of non-negative normalized homoclinic solutions when the nonlinear term is subject to
sublinear or superlinear growth conditions. Notably, they established the compactness
of the relevant energy functional of the problem in the absence of weights. In [42],
Sanhaji, Dakkak and Moussaoui demonstrated the existence and uniqueness of the first
eigencurve for a homogeneous Neumann problem with singular weights corresponding
to the equation

(1.6)

u _ ) on 01,

{—Apu = ami(z)|u|P2u + Bma(z)|[ulP~2u in Q,
ov

in a bounded domain 2 C RY. Subsequently, they established numerous properties of
this eigencurve, including continuity, variational characterization, asymptotic behavior,
concavity, and differentiability.
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The other one is to regard the frequency A as an unknown quantity to eqaution (1.1).
In this situation, it is natural to prescribe the value of the mass so that A can be
interpreted as a Lagrange multiplier. From a physical perspective, the scholars focus
on the solutions satisfying

/ lu|?dz = a® fora >0

RN

for a priori given a. Such solutions can reveal more clearly the dynamical properties,
such as orbital stability or instability, and can describe attractive Bose—Einstein
condensates. In addition, this type of solution is usually called prescribed L2-norm
solutions or normalized solutions in mathematics.

In recent years, there are some scholars exploring equation (1.1), about the existence,
multiplicity, and asymptotic characteristics of normalized solutions under various
conditions through a range of methodologies. For example, as ¢ = 2, Jeanjean [18] first
considered the following nonlinear elliptic equations:

—Au = u+ f(u) in RN,
/ |u|*dz = a®. (1.7)
RN

By a minimax procedure, the author showed that for each a > 0, the existence of
multiple normalized solutions for equation (1.7). Cazenave and Lions [7] demonstrated
the orbital stability of certain standing wave solutions within nonlinear Schrédinger
equations, including those derived from models such as laser beams, time-dependent
Hartree equations and Pekar—-Choquard time-dependent equations. Soave [44] studied
critical Schrodinger equations as follows:

—Au = M+ plu|??u + |[u]* “2u in RV,

/ uPde = o, (18)
RN

where N > 3 and |u|?2u satisfies L?-mass supercritical growth. They proposed new
criteria for the existence of global solutions and finite time blow-up in the associated
dispersive equation to obtain the existence and properties of solutions for equation (1.8).
Jeanjean and Le [19] studied Schrédinger equations, and proved the existence of stand-
ing waves solutions that are not ground states but lie at a mountain-passlevel of the
energy functional. Moreover, these solutions are unstable in the sense that they blow
up in finite time. For further related results, refer [12, 28, 39].
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For ¢ # 2, Baldelli et al. [5] explored the following critical (p, ¢)-Laplacian equation:
—Apu— Agu = NV (2)|u*2u+ fu) + K(z)[ulP" 2w inRY. (1.9)

Using the variational methods and concentration compactness principle [33], they
obtained the existence of multiple solutions in the whole space. In particular, under
suitable conditions on f, they proved existence of infinitely many weak solutions with
negative energy when A belongs to a certain interval. Recently, Chen et al. [9] used
Ekeland’s variational principle to study the existence of multiple normalized solutions
for the following (2, ¢)-Laplacian equation:

—Au—Aju=Au+ h(ezx)f(u) inRY, (1.10)

Jan [ul?dz = a® in RV, '

where 2 < ¢ < N,e > 0,a > 0. The parameter A\ € R serves as an unknown
Lagrange multiplier, h is a continuous positive function and f is also continuous and
satisfies L? -subcritical growth. They divided the problem into autonomous case
and nonautonomous case, then they found that when ¢ is sufficiently small, the
number of normalized solutions is at least the number of global maximum points of
h. In [11], Chen and Qin studied the existence of ground state and mountain-pass
solutions for the quasilinear equation:

~Anu+V(z)|uN?u=f(u) nRY, N>2 (1.11)

they used variational methods to establish unified results for periodic, radial and
asymptotically constant potentials V'(x), with f(u) having critical exponential growth.
They obtained new compactness lemmas in W1V (RY) generalizing radial case results
and a path construction controlling mountain-pass levels to restore compactness.

When focusing on the study of normalized solutions for the critical Schrédinger
equation involving (2, ¢)-Laplacian in RY, we note that the existing results on this
problem remain relatively limited. Motivated by previous results, we proves the
existence of multiple normalized solutions for equation (1.1) in this paper. To some
extent, we generalize and supplement some previous results.

Now, we present the main results of this paper. For the L2-subcritical case, we es-
tablish the existence of multiple normalized solutions to equation (1.1).

Theorem 1.1. Assume that q € (%, 2) and v € (2,24 %) Then, for k € N, there
exists a constant o > 0 independent of k and py, = p(k) such that equation (1.1)

possesses at least k couples (u;, \;) € X X R of distinct weak solutions for pn > py and

2 2
0 < < min { (i{) 2N—~(N—-2) , (2fYK> 27— N~y 12N 61 2{’—7%77-:22% }
H I

with [ \ul\z dr=a? X <0 foralli=1,...,k. Here, the Sobolev space X is given
in Section 2, and the constant K is given in (3.1) of Section 3.
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Remark 1.2. In L2-subcritical case, as v € (2 + %, q-+ 2—[\?), the energy functional is
unbound from below on S(a) which leads to the non-existence of the (PS). sequence.
Therefore, the range 2 < v € (2,2 + +) is suitable.

For the L2-supercritical case, we establish the existence and multiplicity of normal-
ized solution for equation (1.1).

Theorem 1.3. Assume that q € (%,2) and v € (¢ + %,2*). Then there exists
w* = p*(a) > 0 such that equation (1.1) admits a couple (uq, Aa) € X X R of weak

radical solution with [, |ulP = a? and A, < 0.

Remark 1.4. The proofs of Theorems 1.1 and 1.3 are derived through the application
of appropriate variational methods. It is evident that we shall encounter the following
difficulties.

(i) We use a truncation methord for the L2-subcritical case to guarantee that
the truncated energy functional is bounded from below and coercive. For the
L2-supercritical case, due to the functional Z exhibits the mountain-pass struc-
ture on S(a), it ensures the existence of a Palais-Smale sequence. However, the
functional Z corresponding to equation (1.1) is unbounded below on

S(a) = {u € X,eq(RY) : |uly = a} (1.12)

which leads the Palais—Smale sequence is also unbounded. To address this chal-
lenge, we inspired by Jeanjean in [18], and introduce the auxiliary energy functional
defined by

7:8(a) xR =R, (u,?) — I(p(u,?)),
where o(u,9)(z) = e'2"u (e’z) . Both Z and 7 satisfies the mountain pass geom-
etry on the manifold S(a). Their mountain pass levels are equivalent.

(ii) Compared with Jeanjean [18], it is more difficult to prove compactness in the
entire space when the critical nonlinearity in equation (1.1) appears. To address
this issue, we employ the concentration-compactness principles from [8, 34].
Furthermore, the occurrence of a non-local term requires the development of new
methods to deal with.

(iii) The solution space is no more a Hilbert space since the (2, ¢)-Laplacian operator
is non-linear and different from the classical Laplacian —A. Consequently, the
standard tools relying on Hilbert space structure are not applicable. Motivated by
the work of Baldelli et al. [5] and consider a suitable concentration compactness
principle.

The structure of the paper is as follows: We provide the variational setting and
provide preliminary lemmas in Section 2. And the purpose of Section 3 is using
concentration-compactness principle, the truncation technique and the genus the-
ory to demonstrate Theorem 1.1. In Section 4, the auxiliary energy functional and
concentration compactness principle can be used to prove Theorem 1.3.

To some extent, the results of this paper extend those of Cai and R&dulescu [6],
Chen et al. [9], Li and Zou [26], and Xiao et al. [47].
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2. PRELIMINARIES

In this section, we briefly review the definitions and list some basic properties of the
workspace. Let X := H'(RY) N D% (RY), endowed with the standard norm:

ullx = llull g2 @~y + [|ull pra@gyy,

where D14 (RY) := {u € LY (RY) : Vu € L9(RY)} which is equipped with the
following semi-norm:

[ull pra@yy = [IVullg

and ||, is the usual norm on L¥(RY) for v € [1,+00). To research for the normalized
solutions of equation (1.1), we analyze the critical points of the following functional

1 1
I(U):5/\VU\2d$+g/|VU|qd$—/H(u)daz
RN RN RN

on the constraint manifold
rad

S(a) = {u € Xrqa = H},q RY) N D3 (RNY) : Jufy = a} ,

where

¥ teR.

I 1
H(t) = =|t|" + —|¢
0)="1 + 5]

It is well known that Z € C'(X,R) and the Fréchet derivative of Z is given by

<I/(u),u>:/|vu|2dx+/\W\qd%u/wd%/|u|2*dx
RN RN RN RN

on S(a). Then there exists the continuous embedding X < L¥(RY) for all v € [2,2*]
and the compact embedding X —»< LY(RY) for all v € (2,2*) and S denotes the
best Sobolev constant by

~ | Vul?d
S = inf —fR [Vulde

Jnf R (2.1)
u#0 (fRN |U‘| d{l?)

Lemma 2.1 ([9, Lemma 2.1]). Letl € (q,2*), a constant C > 0 exists such that for
allue X

] 1—-6
o] < C|Volgie o] § ),

_ Nq(l—2)
where el’q = m
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Lemma 2.2 ([25, Lemma 2.1]). Let 7 € (q,2*), there exists a constant
Cri= (7 /2||WT||72—72)1/T >0
such that, for each u € X, qq(RY)
a 1—a
lell - < C-IVol3lolls ™
where a = N (% - %) and W is the unique positive solution of

1 2
—AW + (_ — 1) W= = |W|"2W.
a TAQ

Lemma 2.3 ([34, Lemma I.1.]). Let {u,} be a weakly convergent sequence to u in X

such that \un|2* — v and |Vu,|* + |[Vu,|! = k in the sense of measures. Then, for
some at most countable index set I,

(1) v=|ul* + Y ier Oz Vis Vi >0;
(i) &> [Vul® +[Vul? + 3 cp 0o pis pi >0,
(i) ;> Sv2/%,
where S is the best Sobolev constant is given by (2.1), 6., are Dirac measures at x;,
and K;,v; are positive constants.

Lemma 2.4 ([5, Lemma 8]). Let the sequence {u,} weakly converge to u in X,
and define

Voo =

im limsup / |un|2*dx,

|
R—oo posoco
|z|>R

Koo = lim limsup / (|Vun‘2+|Vun|q)d$.
R—o00 nooo
|z|>R

The quantities Voo and koo exist and satisfy

(i) limsup, . [Jan lun|* da = Jan AV + Voo,
(i) limsup,,_, . fRN(|Vun|2 + |Vug|")de = [on dk + Koo,

(ifi) Koo > SV2L*

3. IN LP-SUBCRITICAL PERTURBATION

We first review the genus theory to obtain the existence and multiplicity of normalized
solutions for equation (1.1) in LP-subcritical case.

Let X be a Banach space and M be a subset of X, if u € M and —u € M, we call
M is symmetric. Then we can define the following set:

E:={M C X\{0} : M is closed and symmetric with respect to the origin}.
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Set
400 if is no such odd map exists,

y(M)=<0 if M =0,
inf {k € N : there exists an odd ¢ € C (M,RF\{0})},
where £, = {M € Z: (M) > k} and M € =.
In what follows, we need to make accurate analysis of the action functional Z(u).
If u € S(a), by Lemma 2.2, we can get

1 1 1 .
I@y:f/va%x+f/wvmwxfﬁ/WMfogi/WFdx
2 q ¥ 2%
RN RN RN RN
1 —2 NG-2) ] - . (3.1)
> Va2 - Lo K| V), T — =87 F |Vul2
2 ¥ 2%
=h (|Vu|2) y
where 1 1
ht) = 82 - B S50 KT - e
2 0 2%

Since 2 < v < 2+ %, we have w < 2, the following function

1 (v=2) 1 * o —2)
g@):§27N224—§S*%f2*M32, Vt € (0, 00)

attains a uniquely maximum point (tg, g(to)), where to > 0, g(to) > 0. Hence, if

Ny

—2)
=K < glto) == a,

B
S

then at to, the function h(t) also achieve a unique positive local maximum. In particular,
there exist two constants 0 < 0 < tg < 65 < +00 such that

h(t) >0 ifte (91,92),
h(t) <0 ift € (0,8,) U (8, +00).

Based on the above facts, we conclude that the energy functional Z is unbounded from
below on S(a). In order to guarantee that the energy functional Z is bounded and
coercive on S(a), we will introduce a truncated function. Let 7: Rt — [0, 1] be a C*
and non-increasing function that satisfies

if ¢t >
=47 L2
1 1ft§01.

Given u € S(a), the corresponding truncated functional as follows:

1 1 .
Z-(u) = B / |Vul|?dx + - / |Vu|tdr — K / |u|7dx — w / lu|? da.
RN qRN ’YRN RN
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From Lemma 2.2, we can get

o N(v—2) AV
Ny 2)K|Vu|2 L (|2 ul)

57*|Vu\2

where
h(t) = %t2 B R (¢ e wS—%tz*.
Y

2
Then, we derive h(t) > h(t) > —oc for a € <O, (MLK) 2N7(N2)> and each t € (0,6;).

We assume a € ( (%{) ) >, and for all ¢ € [f;, +00), we have

R() = 2 BN g NOD
2 v

Additionally, if we further assume the condition that
2
v 27— N~yF2N , A-Ny+2N
(0 () )
a QMK_ 1 Y—NY
Then we can conclude that

‘Ajlgf* 2
0<a< min{ (a}() R y (72 ’YK) e 01 24’v %77;122%}
% Iz

Under this assumption, for any ¢ > 6;, we have iL(t) > (. Therefore, we can choose
#1 > 0 small enough to ensure that

1 1 L
S~ 27*5—%75% >0 forallt; € [0,6] and 6; < S7. (3.2)

Lemma 3.1. The energy functional I, satisfies the following properties:

(a‘) IT e Cl (XTadaR)}
(b) Z, is coercive and bounded from below on S(a); furthermore, if I, <0, we have
Vuly + [Vulz < 01 and Z(u) = I, (u).

Proof. Taking the same arguments as Willem [45, Lemma 2.16], we can deduce that
T, € O (X,44,R), so we omit the proof here. We only prove (b). Fix u € S(a), the
definition of 7 gives that 7(|Vu|) — 0 as [Vu| — oo. Thus,

1
/|Vu|qdﬂc—|— /|Vu| dx—f/|u|7d:r
q Y

RN RN RN

Z-(u)

\ \/

v

1 1 a @
Vel + Vel - %caﬂ*aﬂuvuuav — +00
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since @y < 2, where @ is the constant introduced in Lemma 2.2, it follows that the
energy functional Z; is coercive. Since h has a maximum value from the definition
of h, we deduce that Z(u) is bounded from below on S(a). In addition, h(t) < 0 if
Z,(u) < 0. According to the definition of h(t), this further leads to [Vulg + [Vulz < 6.
Hence, we obtain 7 = 1 from the definition of 7, i.e. Z,(u) = Z(u). We finish the proof
of Lemma 3.1. O

Lemma 3.2. Let {u,} be a (PS). sequence at level ¢ < 0 for I, restricted to S(a),
then u # 0.

Proof. Assume for contradiction that u = 0. Let {u,} C S(a) be a (PS). sequence
at level ¢ < 0 for Z,. According to Lemma 3.1(b), we have |Vuy,|2 + |Vu,|, < 0; for
large n and {u,} is also a (PS). sequence of Z constrained to S(a) with ¢ < 0, i.e.
Z (up) = ¢ < 0and

— 0 asn — oo.

HIVS(a) (un)

We now observe that the sequence {u,} is bounded in X,.q, then there exists some
subsequence u, — u in X,,q4 and for every v € (2,2%), u, — u in L” (RN) and
un(z) — u(z) a.e. on RY. Then we have

lim / |un|" dox = / |u|"dx, (3.3)
n—oo
RN RN
since2<’y<2+%. And
lim / |un|" dz = 0.
n—oo
RN
By the definition of Z, and (3.2), it follows that

0>c= lim Z; (u,) = lim Z (uy,)

n—oo n—oo

1 1 1 x
lim </|Vun|2dx—|—/|Vun|qd:c—'u/un|”’dac—/un2 d:r)
RN RN RN RN

1 1 1 o .
> lim </|vun|2dx+/|vun|qz1x“/unwdaz522|wn|2)
RN RN RN

Vv

> 2 i /|un\'ydx =0
’y n—oQ
RN
which is absurd. This completes the proof of Lemma 3.2. O

We define the functional ¥(v) : X,4,q — R by

1
U(v) = B / lv|2da.
RN
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It follows that S(a) = ¥~ ({a?/2}). Thus, we can apply [45, Proposition 5.12], which
guarantees the existence of \,, € R fulfilling

17" (un) — An ¥’ (un)|| = 0 asn — oco.

Then, we obtain

2% -2

—Auy — Aguy, — |u”|7_2 U, — U] Up, = AUy + 0p(1)  in X! (3.4)

rad»

where X . represents the dual space of X,.q4.

The appearance of a critical term leads to a loss of compactness for the mini-
mizing sequence {u,} in the entire space. To address this challenge, we apply the
concentration-compactness principle developed in [34].

Lemma 3.3. There holds u,, — u in L? (RN).
Proof. We divide the proof into three steps.

Step 1. We prove that k ({z;}) = v;, where  ({z;}) is given in Lemma 2.3.
We first introduce a cut-off function ¢,(x) := ¢(*<*) which satisfies

1 ifIGBl,
0 ifze BS,

and |Vg| < 2.
Next, we note that {ungop} is bounded in X,.q and ¢, take values in R, then
(Z'(ppun), @pun) — 0 as n — co. Based on these facts, we can conclude that

/|Vun|2 <pp(x)dx+/unVunV<pp(x)dx
RN RN
+ [Vl gyla)de + [ un Va7~ Vu, Vg, (a)do (35)
RN RN
i [ unPp(@)dz + [ ual? @)z + 0,(0).
RN RN

In fact, since [Vuy|y + [Vuy|, < 61 as n — oo, then applying Lemmas 2.3 and 2.4
we deduce the existence of two positive measures v, k such that

Vtn|? + [Vua|? = & and  |up|® — v (3.6)

as n — 00.
Due to the boundedness of {u,, } in X,4q, together with (3.3) and Holder’s inequality,
it follows that

lim lim [ u,|Vu,|" 2Vu, Ve, (z)dz = 0

p—0n—o0
RN
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and
g%nlgrr;o/unVunV¢p(x)dx = 0.
RN
According to the definition of ¢, and v € (2,2 + %), we obtain
hm lim sup/ [un|Y@pdz = 0.

n—oo
From Lemma 2.3 and (3.6)

lim Em [ o, (|Vu,|” + |Vu,|?)dz = lim / 0odk =k ({z:}),
p—

p—+0n—o0
RN

. 2% _ ) — o,
lim lim ©p |tn] dx—fl)lg%/gopdu—y({xz}) vi.

p—0n—oo
RN RN

In summary, by letting n — oo in (3.5), and then taking the limit as p — 0, we arrive
at the conclusion that x ({z;}) = v;.

Step 2. We demonstrate that kKoo = Voo, Where ko, and v, are defined by Lemma 2.4.
We introduce a cut-off function, ngr(z) = n(z/R) € C* (RY), which satisfies

() 0 ifJ?ERN\BQ,
xTr) =
i 1 ifze B,

we observe that {u,nr} is bounded in X,,q(RY) and nr take values in R,
(Z'(nrun), NrUR) — 0 as n — oo. Based on the above, we can conclude that

/|Vun\2n3(m)dx+/unVunVnR(x)dx

RN RN

—|—/|Vun|q77R(1:)d:c—|—/un|Vun|q_2 Vu,Vngr(x)dx (3.7)
RN RN

:,u/|un|7nR(a?)dx+/\un\z*ng(x)dm—i—on(l).
RN RN

This implies that

lim lim /un\Vun|q_2VunV773(x)dx:O
R—00 n—00
RN

and

R—00 n—00
RN

lim lim /unVunVnR(x)dz:().
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From the definition of ng, it follows that

(Vun]? + [Vin|9)d < /nR(|Vun|2+|Vun\q)dx

{zeRN:|z|>R} RN

= / (IVun|* + [ Vun|*)da.

{zeRN:|z|>R/2}

Thus, by applying Lemma 2.4, we derive

lim lim [ 9p(|Vun|* + [V | dz = ke (3.8)

R— o0 n—o0
]RN

and

lim lim /nR \un|2 Az = Veo,

R—00 n—o0
RN

lim lim /nR|un|"’da:: lim /nR|u|'de: lim / nrlu|"dxz = 0.
R—o0 R—o0

R— 00 n—o0
RN RN |z|>R/2

As R — 00, (3.7) leads t0 Koo = Voo-

Step 8. We demonstrate that for every ig € Z, v; = 0 and v, = 0.
To prove this, we proceed by contradiction. Assume that there exists iy € Z, such

2 2
that v;, > 0 or v, > 0. Steps 1 and 2 imply that k; > Sk?" or ke > SkSS . It yields
that x; > S% or Koo = S% . If the former case is valid, then

— p—0n—oo n— o0
RN RN

0> lim tim [ (Va2 + [V Dz > lim lim /@p(|Vun|2+|Vun|q)d$
p—

N
=1lim [ p,de =K;, > S=2
o0 Pp io =

RN

which contradicts (3.2). The last case is the same as the first case, which also contra-
dicts (3.2). Consequently, we have

un —u in L? (RN /Bg(0)).

Thus, we conclude that
U, — u in L? (RY).

This completes the proof of Lemma 3.3. O
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Lemma 3.4. For all ¢ < 0, the functional Z, satisfies the (PS). condition on S(a).
Proof. According to (3.4), we infer that

—Au— Aglu|?2u — pul" % u = u* TEu = Aqu.

Therefore, we obtain that

|Vu|§+|Vu\g—,u/|u|7dx—/\u|2*dx:)\a/|u|2dx. (3.9)
RN RN RN

Next, we show that A\, < 0. Indeed, if u is a weak solution of equation (3.9), then
the Pohozaev identity [24] yields

N -2 N —
5 /|Vu|2dm+7q/|Vu|qu
RN ! RN

N N -2 . N,
:*M/|u|"ydgc—|—7/|u|2 x /|u|2d:r.
¥ 2 2
RN RN RN

Next, by u # 0,2 < v < 2+ %, we infer from (3.9) and (3.10) that

AQR[ |u|2da::—N;2 <N2_2 p +1)/|u|qd:p
57 o) [
)/Iulqdaz— (N—M) /|u|~da:

(3.10)

-(5

<0

then A\, < 0. Thus, we conclude that

. 2 2 .
Tim [Vl + [Fun? = Aa lunl3| = tim s fnl? + fun

;: + On(l)}
2: (3.11)

= |Vul3 + [Vul] — AaJul3.

— plul? + ul

Since A\, < 0, we get u, — u in X,4q and |u|a = a. We finish the proof of Lemma 3.4.
O

We consider the set
I7F={ucw, :Z:(u) < —e} C Xyqa fore>0.

The set Z-¢ is symmetric and closed since Z.(u) is even and continuous on X,qq. The
following lemma then holds; it is the same as Lemma 3.2 in [1].
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Lemma 3.5. Give k € N, for any u
and €y, = e(k) > 0 such that v (Z-°)

We define the set

> gk and 0 < e < ey, there exist pg := p(k) >0
> k

Ek = {M; C S(a) : M is symmetric and closed, v(M;) > k}

and
¢ = inf sup Z,(u) > —oco forany k€ N
Mi€Er ueM,

according to Lemma 3.1(b). We proceed to establish Theorem 1.1 by setting
K. ={u€w,:Z;(u) =c,I(u) =0}.

Lemma 3.6. If ¢ = ¢ = ¢gy1 = ... = Citr, then it follows that v(K.) > r + 1.
Specially, there are at least v + 1 nontrivial critical points of I (u).

Proof. 1t is clear that Z-¢ € = for € > 0. Then, Lemma 3.5 assures the existence of
pr = (k) > 0 and e := e(k) > 0 where k € N, such that if © > g and 0 < e < ¢y,
then v (Z-¢%) > k, and so Z; ¢ € . Furthermore, we get the following inequality:

e < sup Z.(u) = —e; < 0.
u€eZ; °F
If c=ck=cr41 =...= cpyr <0, we obtain that Z, (u) satisfies the (PS). condition
at the level ¢ < 0 by using Lemma 3.4. As a result, the set K. is a compact. Then,
we can conclude that Z,(u) which is restricted on S(a) has at least r + 1 nontrivial

critical points by applying Theorem 2.1 from [20]. O
Proof of Theorem 1.1. From Lemma 3.1(b), we obtain that Z,(u) in Lemma 3.6 and
have the same critical points, thus we complete the proof of Theorem 1.1. O

4. IN L?2-SUPERCRITICAL PERTURBATION

For L2-supercritical case, q —|— 1 <y < 575 Given that N(y—q) > 2q, we cannot use
truncation technique directly to c0n51der equatlon (1.1) cause the truncated functional
Z. is still unbounded from below on S(a). Inspired by the research of Jeanjean [18],
for any u € X,4q and ¥ € R, we define

T(u, ) (x) = e u (eﬁx) .
Then we obtain the auxiliary functional 7 : Xyaa — R as follows:

~ 1
Z(u,9) = 56219 / |Vu|*dx

RN

1 q q— P
+6 Hlattiemen) /\Vu|qd:cf W/H( gu(x)) dz,
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equivalent to

2
RN RN

T(u,9) = + / Vol2dz + é / Vol9ds — /H(v(m))dax:I(v)
A

for v = 7(u, 9)(x).

4.1. THE MINIMAX APPROACH
We will show that Z exhibits the mountain pass geometric structure on S(a) x R.
Lemma 4.1. For any fized u € S(a), we have:

(a) Z(u,¥) — 07 when 9 — —o0,

(b) Z(u,¥) — —oco when ¥ — +oo.

Proof. (a) Using 7(u,9)(z) = e 2 u (e"), for every o > 2, we have

/|T(u,q9)(x)\2 dz = a2, /|T(u,ﬂ)(x)|9dm=e”(%2>/|u|9da;, (4.2)
RN RN

]RN
/|v7(u,q9)<x)|2dx=e”/|w2d:c (4.3)
RN RN
and
/ V7 (u, ) (2)|9dz = =5 / Vu|?dz. (4.4)
]RN RN

From the above equation, by setting § > 2, we derive that
/ V7 (u, ) (z)|*dx — 0, / V7 (u,9)(z)|%dr -0 as v — —c0
RN RN
and
|7(u, )]s =0 as ¥ — —oc0. (4.5)

From this, as ¥ — —o0, it follows that

/|H(T(u,19))|d:£: % / I (u, 9 dz + 2i / 7 (u, 9)[2 dz — 0,
RN RN RN

then we can get
Z(r(u,9)) -0 as I — —oo,

proving (a).
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(b) From (4.3) and (4.4), passing the limit as J — 400, we obtain

/ VT (u,?)(z)|%dx — +oo0 and / |V (u, 9)(z)|*dz — +oo.

RN RN

Therefore, we have

Z(1(u, 1)) /\VT (u,9)(z)|*dz + = /|VT (u, ) (z)|dx

1 x
-2 / r(u, ) — o / fr(a, )2 de

6219 19(qN+2q 2N)
= — |Vu|2d:£+ /|Vu|qdac

2
NI (1F2)
e

— —00 asﬁ—>+oo,

due to vy > g+ %q, q € ([312,2) Therefore, the proof of Lemma 4.1 is complete. [

Lemma 4.2. There exists G(a) > 0 such that

0 < sup Z(u) < inf Z(u),

u€ u€lds
where
O =<uesSa /|Vu\ dm+/|Vu|qu<G() ,
RN RN
Q=<ueSa /|Vu\ dm+/|Vu|qu—NG( )

RN RN

Proof. Suppose u,v € S(a) are such that
/|Vu|2da:+ / |Vu|ldx < G(a)
RN RN

and

/|Vv\2dz+/|Vv|qu:NG(a),

RN RN



Normalized solutions for critical Schrédinger equations involving (2, q)-Laplacian 703

where G(a) is arbitrary but fixed. Then due to [|Z'(uy,) — A’ (uy)|| = 0 as n — oo,
we have

/|Vun\2da:+/|Vun|qu—u/|un|7dac—/\un\rdacz)\n/|un|2dﬂc. (4.6)
RN RN RN RN RN

Since v € (g + 22,2*) and ¢ € (2, 2), we obtain
N N+2

1 1 1 «
I(v) — I(u) > §/|Vv\2dx+f/|Vv\qu—ﬁ/|v|7dx—2—*/|v\2 d
q Y

RN RN RN RN
1 1
- = / |Vul*de — = / |Vu|ldx
2 q
RN RN
1 s 1 1 )
> 3 |Vol*dz + = [ |Vu|%dx — o | H [v|"dz + [ |v]® d=
RN qRN RN
1 o1
— = [ |Vul*de — = [ |Vu|%dz
2 q
RN RN
1 .1 1 )
> 3 |[Vol“de + — [ |Vu|%dx — o |Vol*dz + [ |Vu|ldz
RN qRN RN RN

1 1
)\n/|v|2dx) f§/|Vu|2dx77/|Vu|qu
RN RN qRN
1 2 1 2
> 3 [Vol*de + [ |Vu|ldz | — > |Vo|*dx + [ |Vv|idz
RN RN RN RN
1( /|Vu|2dx+/|Vu|qd:1:>
I RN RN

For any u € S(a), we have

/\Vu|2d:z:+/|Vu|qu§G(a).

RN RN
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Combining this with (4.6), we obtain

1 1 1 *
Z(u) > §/|Vu|2dx+6/wu\qu—2—* u/|u|’“da:+/|u|2 dz

RN RN RN
1 1
> 2( /|Vu|2dx+/|qudx) - 2( |Vu|2d:c+/|Vu|qd;v>
RN RN
> e - Law=o
-2 2% =
Thus, the proof of Lemma 4.2 is complete. O

Following [45], we define the tangent space S(a) at u as

T, := vede:/uvdx:O ,

RN

and the tangent space of S(a) x R at (u,t) as

th = (Ua k) € Xraa X R : /’U;’Ud$ =0,
RN
where a > 0.

Lemma 4.3. Assume G(a) > 0 given in Lemma 4.2, then there exist 4,4 € S(a)
such that:

(a) [Vaf +|Vals < €9,
(b) |Vﬂ|§ + |va|g > 2G(a),
(¢) Z(a) < 0 < Z(a).

Furthermore, we set
cu(a) = inf max Z(h(t))

hel', t€[0,1]
with
I, ={heC(0,1],S(a)) : h(0) =0, h(1) = a},
and
eu(a) = inf max Z(h(t))
with

r, = {71 € 0 ([0,1], S(a) x R) : h(0) = (a,0), h(1) = (12,0)}

then we have
0 < max{Z(a),Z(u)} < cu(a) = ¢,(a).
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Proof. For every ug € S(a), Lemmas 4.1 and 4.2 ensure that there exist two numbers
¥ << —1 and ¥ >> 1 such that 4 = ¢ (ug, V1) and @& = ¢ (ug, J2) satisfy (a)—(c).
We write each h € I, as

h(t) = (Bl(t),hg(t)) € S(a) x R.

If we define h(t) = ¢ (ﬁl(t), B (t)), then h(t) € T, and

< I = Z(h(t)).
cula) < Jnax, (h()) nax (h(t))
Due to the arbitrariness of h € Ty, it follows that &,(a) > c,(a).
Moreover, for every h € T, defining h(t) = (h(t),0), then h(t) € T, and

= 7(h > é (a).
e Z(h(t)) e Z(h(t)) = Eu(a)

Since h € T',, is arbitrary, we can conclude that é,(a) < c,(a). Therefore, é,(a) = ¢, (a),
and max{Z(a),Z(a)} < cu(a). O

By applying Proposition 2.2 in Jeanjean [18], pseudo-gradient flow and the standard
Ekeland variational principle, we can assert there exists (PS)z, (a) sequence for Z(u, 3).

Proposition 4.4. Let h, C T, satisfy

~ [ 1
7T <ec —.
tgl[g’)%] (hn(t)> < éula) + -

Then when n — oo there exists a sequence { (v, 9,)} C Sr(a) X R such that:

(a) Z (vn, Bn) — ula),

(b) II}S,‘(a)xR (vnvﬁn) — 0, i,e,,
9T (Un, ) = 0  and <8vf (v, %), 77[3> =0

for each

D ET 0, = 30 = (1,1) € Xraa (RY) xR /vn¢1 de =0
RN
Lemma 4.5. Let {(v,,9,)} C Sr(a) X R, where {(vy,,¥,)} C Sr(a) x R is from
Proposition 4.4, setting u, = ¢ (vn,¥,), then as n — oo, we have:
(a) Z(un) = cula),
(b) P(u,) — 0, where
RN q RN

N
-5 h(up)upde.

RN

RN
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Proof. For (a), since Z(u,) = Z (vn,9,) and c¢,(a) = &,(a), we obtain the conclusion.
For (b), by (4.1) we have

~ o20n
lim dyZ n)=li 2
19136819 (Vn, ) 1913})319{ 5 /|an| dx

RN

In(aN+2¢—2N)

e 2
TR R— / Vo |ide
q
RN
1 N9,
—W/H(e 2 vn)dx]
RN

= hm [6267L/|an|2d$+ N /H eNgnvn)d:c
RN

+ (gN +2q — 2N)eﬂn<qN+22q—zN> / (Von|tdz
2q
RN

Nn
eNﬁn h(e™2 wvy)e = * opda

N +2q—2N
:/|Vun|2dx+%/|Vun|qdm
RN 1 RN

= P(un).

Thus, P(uy,) — 0, as n — oo. O

Lemma 4.6. There holds lim,_,  c,(a) = 0.
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Proof. For every ug € X,qq and ¢ € [0,1], ho(t) = ¢ (ug, (1 — )91 + tJ2) is a path
in I'y. Then, we obtain that

cu(a) < max Z(ho(t))

te(0,1]

— max {162[(1—t)191+t192] / Vuo|2dz + }e[(14)«91+¢«922]<q1v+zq721v) /\Vuo|qdm
tefo,1] | 2 q

RN RN
N(O=2)rr1_
_ K NG t>191+“921/|u0|7dx

v
RN
B %ew[(ptwﬁmz] / g g*dx}
RN

o? 9 1 anv+2q-2n5 MUN(%?)
< max £ |[Vuo|*dx + —0~ 2 |Vug|de — ————]uo[]
RN ! RN K

a>0
1\ ¥oooa
o)
o
where o = e(17)"1+%2 Together with v € (g + 2Wq,Z*), we can conclude that
lim,, 00 ¢u(a) = 0. O

By utilizing the Lagrange multipliers rule for u,, given in Lemma 4.5, we can
identify a sequence {\,} C R satisfies

—Auy — Ay = huy) + Ay + o (1). (4.7)

We can demonstrate that {u,} is a bounded sequence on S(a) by using Lemmas 2.3
and 2.4 of Jeanjean et al. [18]. Consequently, we deduce that A,, must fulfill equality
as follows:

1

An = —5
|Un|2

/|Vun|2dx+/\Vun|qu—/h(un)undx +on(1)
RN RN RN

or equivalently,

1
)\nzﬁ /|Vun|2dac+/|Vun\qu—/h(un)undx + 0, (1). (4.8)
RN RN RN
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Lemma 4.7. There exists a constant D > 0 such that

hmbup/H uy)dz < Dey(a),

n—-+oo

lim sup/h(un)undx < Dcy(a),
n—-+oo .
R

lim sup /(\Vun|2 + |Vu,|?)dz < Dey(a).
n——+00
RN

Proof. From Lemma 4.5(a) and (b), we get

Ney(a)+o0n(1) = NZ(uy,) + P(up)

= ¥ /(|Vun|2 + [Vu,|?)dz — g / h(up, )undx

RN RN

=(N+2) |cula) + /H(un)dx—i—on(l)

_N h(un)undx+w/|Vun|qu.
2 2q
RN RN

Therefore, we conclude that

N
—(N—I—Q)/H(un dx—l——/hun Yupdz

RN
(4.9)
— 2, (a) + 0p(1) + N T2 =2) (N“ /|Vu 9dz.

Since H(t) := £t[" + =t for all t € RN and v € (g + 3¢,2%), we derive that for
every t € R

~H(t) < h(t)t. (4.10)
Combining with (4.9), we obtain that

(1\;7 — (N +2) )R[ H(uyp)dz < 2¢y(a) + o0,(1).
Thus,

lim sup / H(up)dz < Dcy(a).

n—-+4oo
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y (4.9), we also have

lim sup / h (up) updx < Dc,(a)

n—-+oo
RN

and
Jimm sup /(|vun\2 +[Vun|")de < Dey(a).
n——+o0o N
Therefore, we finish the proof of Lemma 4.7. O

Equation (4.9) reveals that the sequence { [pn H (uy) dx}n is not closed to 0.
In fact, if

/H(un)dﬂc—>0 as n — 400,
RN

then by H(t) > (t L' >0, for every t € R, we have

/h(un)undx—>0 as n — +oo.

RN

Together with (4.9), we can get ¢, (a) = 0, which is impossible. Then, we can choose
a subsequence and assume that

/H(un)dx—>D1 >0 as n— oo. (4.11)

RN

Lemma 4.8. The sequence {\,} is bounded in RN with

A=t (—)/|un|7dx /|Vun|qda:+0n( )

and

D
lim sup A, < cula)

n—-+4oo

for a suitable constant D > 0.

Proof. Since {u,} is bounded, it follows that {\,} is bounded. Indeed,

1
An = w2 /‘V’Um| d$+/|vun|qu_/h Up) UndT o + 0n(1). (4.12)

RN RN
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By Lemma 4.7, we obtain

1
An < —

RN

< Seua) +ou(1).

/\Vun|2dx+/|Vun|qd:c+/h(un)undz + 0,(1)
¢ RN RN

This guarantees the boundedness of {\,}. Moreover, we obtain that the second

inequality holds. For the first equality, it follows from Lemma 4.5(b) that

N +2q— 2N
/|Vun|2dx+%/|Vun\qd:ﬁ
RN I RN

:g/h(un)undx—N/H(un)d$+0n(1)~
RN RN

Substituting this equality into (4.11), we get

vy 2 2q

RN

RN

which completes the proof of Lemma 4.8.

O

In this section, we address the space X,..q. Since u,, — u in X,qq, and u,, — u

in L7 (RV) for v € (g + 2¢,2*), then we can get

lim /|un|7d:v:/|u|7dx.
n—-+o0o
RN RN

Lemma 4.9. There exists p* > 0 for each p > p* > 0, such that u # 0.

Proof. Assume by contradiction that u = 0. Therefore, we observe that

lim / |un|" dx =0

n—-+oo
RN
and by Lemma 4.8, we obtain
limsup A\, = 0.

n——+00

By (4.11), (4.14), (4.15) and the following equality

a2)\n:/|Vun|2dx—|—/|Vun|qu—/h(un)undx—i—an(l),

RN RN RN

we have

o
2+ = 0n(1).

/|Vun|2dx+/|Vun|qu—|un
RN RN

(4.13)

(4.14)

(4.15)

(4.16)
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Then we can assume that

2 = L+o,(1), (4.17)

/|Vun|2dx+/\Vun|qu:L+on(1)

RN RN

where L > 0. If L = 0, by the definition of Z(uy,), we can obtain that ¢,(a) = 0, which
is impossible. If L > 0, we can observe that

Jew Vuy,|*dx < Jew Vg *dz + Jew |Vun|qu
2 =
(f]RN Jun | da:) ’ ( > dx)

Together with (4.17) and passing the limit as n — oo in (4.18), we get that

S<

(4.18)

[\J‘Z

L>S

On the other hand, we obtain

2%

1 1
on(1) +cula) = 3 /\Vun|2dx+/|vun|qu _%\Unm |Un

RN RN

1 1 x
_ 1> 1g¥
NEzNo?

which is contradiction by Lemma 4.6. Therefore, we prove that u # 0 as p > 0 large
enough. Hence, the proof of Lemma 4.9 is complete. O

Lemma 4.10. Increasing if necessary p*, for any p > up*, we have u, — u
in L2 (RV).

Proof. Using the same arguments as in Lemma 3.3, we obtain the desired result.
Therefore, we omit the proof. O

4.2. PROOF OF THEOREM 1.2

From the above analysis, we obtain u,, — u, where u is nontrivial. Since p is large
enough and by Lemma 4.8, we have

N N-2 q—2
lim A, = lim (_> /|un|'vdx—7)/|vun|qu+on(1)

n—+4o0o n—-4o0o (12

|
|
L
[\v]
/‘\
I
\/
\
i
=

/ |Vulldz < 0.

Therefore, we can assume that

A=A <0 as n— +oo.
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Using (4.7), it follows that
—Au— Agu—h(u) = Au inRY. (4.19)
Thus,
[Vul3 + [Vuld — Xa|ul3 = / h(u)udz.

RN
On the other hand, we have that

|V, |2 + V| — At |3 = / h(up)undz + 0, (1).
]RN
By Lemma 4.10, it follows that
Uy — U in ¥ (RN).

Furthermore, we deduce that

n—-+4oo
RN

lim h (up) upde = /h Judzx.

Therefore, one has

n—-+

lim (\vun@ + V|2 = A, |un\§) — [Vul3 + [Vul2 — A ul2.

By A\, < 0, we obtain that
Up —> win Xpgq.

Thus, we conclude that |u|3 = a, which confirms the required result.

Acknowledgements

The authors were supported by the Young Outstanding Talents Project of Scientific
Innovation and entrepreneurship in Jilin (No. 20240601048RC'), the Research Foun-
dation of Department of Education of Jilin Province (No. JIJKH2025103/K.J).

REFERENCES

[1] C.O. Alves, C. Ji, O.H. Miyagaki, Normalized solutions for a Schrédinger equation with
critical growth in RY, Calc. Var. Partial Differential Equations 61 (2022), Article no. 18.

[2] V. Ambrosio, Multiple concentrating solutions for a fractional (p,q)-Choquard equation,
Adv. Nonlinear Stud. 24 (2024), 510-541.

[3] V. Ambrosio, V.D. Ra&dulescu, Multiplicity of concentrating solutions  for
(p, q)-Schriodinger equations with lack of compactness, Israel J. Math. 262 (2024),
399-447.



Normalized solutions for critical Schrédinger equations involving (2, q)-Laplacian 713

(4]

[5]

V. Ambrosio, D. Repovs, Multiplicity and concentration results for a (p,q)-Laplacian
problem in R, Z. Angew. Math. Phys. 72 (2021), 33.

L. Baldelli, Y. Brizi, R. Filippucci, Multiplicity results for (p, q)-Laplacian equations with
critical exponent in RY and negative energy, Calc. Var. Partial Differential Equations
60 (2021), 8.

L. Cai, V.D. Radulescu, Normalized solutions for (p, q)-Laplacian equations with mass
supercritical growth, J. Differential Equations, 391 (2024), 57-104.

T. Cazenave, P.L. Lions, Orbital stability of standing waves for some nonlinear
Schrodinger equations, Commun. Math. Phys. 85 (1982), 549-561.

J. Chabrowski, Concentration-compactness principle at infinity and semilinear ellip-
tic equations involving critical and subcritical Sobolev exponents, Calc. Var. Partial
Differential Equations 3 (1995), 493-512.

R. Chen, L. Wang, X. Song, Multiple normalized solutions for (2, q)-Laplacian equation
problems in whole RY, Electron. J. Qual. Theory Differ. Equ. 48 (2024), 1-19.

S. Chen, X. Tang, S. Yuan, Normalized solutions for Schrédinger—Poisson equations
with general nonlinearities, J. Math. Anal. Appl. 481 (2020), 123447.

S. Chen, D. Qin, V.D. Radulescu, X. Tang, Ground states for quasilinear equations of
N-Laplacian type with critical exponential growth and lack of compactness, Sci. China
Math. 68 (2025), no. 6, 1323-1354.

X. Cheng, C. Miao, L. Zhao, Global well-posedness and scattering for nonlinear
Schrédinger equations with combined nonlinearities in the radial case, J. Differential
Equations 261 (2016), 2881-2934.

M. Colombo, G. Mingione, Regularity for double phase wvariational problems, Arch.
Ration. Mech. Anal. 215 (2015), 443-496.

X. Cui, Y. Yang, Ezistence of solutions for fractional (p, q)-Laplacian problems involving
critical Hardy-Sobolev nonlinearities, Taiwanese J. Math. 28 (2024), 947-967.

Y. Du, J. Su, C. Wang, On the critical Schrédinger—Poisson system with p-Laplacian,
Comm. Pure Appl. Math. 21 (2022), 1329-1342.

Y. Duan, Y. Wei, Properties of the positive solutions of fractional p&q-Laplace equations
with a sign-changing potential, Acta Math. Sci. Ser. B (Engl. Ed.) 44 (2024), 2422-2442.

X. Han, Z. Naghizadeh, B. Zhang, Nonexistence and multiplicity results for a fractional
weighted (p, q)-Kirchhoff system, Complex Var. Elliptic Equ. 70 (2025), 512-524.

L. Jeanjean, Existence of solutions with prescribed norm for semilinear elliptic equations,
Nonlinear Anal. 28 (1997), 1633-16509.

L. Jeanjean, T.T. Le, Multiple normalized solutions for a Sobolev critical Schrodinger
equation, Math. Ann. 384 (2022), 101-134.

L. Jeanjean, S. Lu, Nonradial normalized solutions for nonlinear scalar field equations,
Nonlinearity 32 (2019), 4942-4966.

L. Jeanjean, T. Luo, Sharp nonezistence results of prescribed L?-norm solutions for class
of Schrodinger—Poisson and quasilinear equations, Z. Angew. Math. Phys. 64 (2013),
937-954.



714

Lulu Wei and Yueqiang Song

[22]

23]

[24]

[25]

[26]

[27]

[28]

[34]

[35]

[36]

[37]

[38]

J. Jiang, Y. Yang, Ezistence of solutions for the (p, N)-Laplacian equation with logarith-
mic and critical exponential nonlinearities, Topol. Methods Nonlinear Anal. 64 (2024),
243-256.

O. Kavian, Introduction d la théorie des points critiques et applications aux problémes
elliptiques, Springer, Berlin, 1993.

X. Li, S. Ma, Chogquard equations with critical nonlinearities, Commun. Contemp. Math.
22 (2020), 1950023.

X. Li, C. Song, Q. Xie, Multiplicity of normalized solutions for Schrédinger equation
with mized nonlinearity, Taiwanese J. Math. 28 (2024), 589-609.

Q. Li, W. Zou, The existence and multiplicity of the normalized solutions for frac-
tional Schrodinger equations involving Sobolev critical exponent in the L?-subcritical and
L?-supercritical cases, Adv. Nonlinear Anal. 11 (2022), 1531-1551.

S. Liang, S. Liang, S. Shi, T. Van Nguyen, On multiplicity and concentration of solutions
for fractional p-Laplace Choquard—Kirchhoff equations, Adv. Differential Equations 30
(2025), 35-68.

S. Liang, J. Ma, S. Shi, Y. Song, Multiple normalized solutions for Choquard equation
involving the biharmonic operator and competing potentials in RY | Bull. Math. Sci.
(2025), 2450017.

S. Liang, S. Shi, T. Van Nguyen, Multiplicity and concentration properties for fractional
Choquard equations with exponential growth, J. Geom. Anal. 34 (2024), 367.

S. Liang, Y. Song, S. Shi, Concentrating solutions for double critical fractional
Schridinger—Poisson system with p-Laplacian in R®, Adv. Nonlinear Anal. 14 (2025),
20240063.

S. Liang, M. Sun, S. Shi, S. Liang, On multi-bump solutions for the Choquard—Kirchhoff
equations in R™, Discrete Contin. Dyn. Syst. Ser. S 16 (2023), 3163-3193.

E. Lieb, M. Loss, Analysis, Grad. Stud. Math., 2001.

P.L. Lions, The concentration compactness principle in the calculus of variations. The
locally compact case, Part 2, Ann. Inst. Poincare Anal. Nonlin. 1 (1984), 109-145,
223-283.

P.L. Lions, The concentration-compactness principle in the calculus of variations. The
limit case, Part 1, Rev. Mat. Iberoam. 1 (1985), 145-201.

P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with
nonstandard growth conditions, Arch. Ration. Mech. Anal. 105 (1989), 267-284.

P. Marcellini, Regularity and ezistence of solutions of elliptic equations with (p, q)-growth
conditions, J. Differential Equations 90 (1991), 1-30.

P. Marcellini, Regularity for elliptic equations with general growth conditions,
J. Differential Equations 105 (1993), 296-333.

N. Mastorakis, H. Fathabadi, On the solution of p-Laplacian for non-Newtonian fluid
flow, WSEAS Trans. Math. 8 (2009), 238-45.



Normalized solutions for critical Schrédinger equations involving (2, q)-Laplacian 715

[39]

[40]

C. Miao, G.X. Xu, L.F. Zhao, The dynamics of the 3D radial NLS with the combined
terms, Comm. Math. Phys. 318 (2013), 767-808.

A. Razani, F. Safari, G.M. Figueiredo, Ezistence and multiplicity of solutions for
a weighted (p, q)-Laplacian problem on the Heisenberg Lie groups, Bull. Belg. Math. Soc.
Simon Stevin 30 (2023), 281-296.

S. Ren, H. Zhang, Z. Cheng, Y. Gao, Infinitely many sign-changing solutions for the
nonlinear Schrédinger—Poisson system with p-Laplacian, (2022), arXiv:2212.03138.

A. Sanhaji, A. Dakkak, M. Moussaoui, The first eigencurve for a Neumann boundary
problem involving p-Laplacian with essentially bounded weights, Opuscula Math. 43
(2023), no. 4, 559-574.

F. Sk, Remarks on the fractional Moser—Trudinger inequality, J. Anal. Math. 148 (2022),
447-470.

N. Soave, Normalized ground states for the NLS equation with combined nonlinearities,
J. Differential. Equations 269 (2020), 6941-6987.

M. Willem, Minimax Theorems, Birkhduser, Boston, (1996).

M. Xiang, Y. Ma, M. Yang, Normalized homoclinic solutions of discrete non local double
phase problems, Bull. Math. Sci. 14 (2024), no. 2, Paper No. 2450003, 18 pp.

D. Xiao, V.N. Thin, S. Liang, Normalized solutions for critical Schrédinger—Poisson
system involving p-Laplacian in R, Z. Angew. Math. Phys. 76 (2025), Paper no. 10.

J. Yang, J. Zhang, W. Li, G. Tian, Existence of multiple positive solutions for a class
of quasilinear Schriodinger—Poisson systems with p-Laplacian and singular nonlinearity
terms in RY, Ric. Mat. 74 (2023), 933-947.

X. Zhang, V.N. Thin, S. Liang, On multi-bump solutions for a class of (N, q)-Laplacian
equation with critical exponential growth in RY, J. Math. Anal. Appl. 543 (2025), Paper
No. 128941, 33 pp.

M. Zhen, B. Zhang, Normalized ground states for the critical fractional NLS equation
with a perturbation, Rev. Mat. Complut. 35 (2022), 89-132.

V.V. Zhikov, On Lavrentiev’s phenomenon, Russ. J. Math. Phys. 3 (1995), 249-269.

V.V. Zhikov, S.M. Kozlov, O.A. Oleinik, Homogenization of Differential Operators and
Integral Functionals, Springer, Berlin, 1994.

V.V. Zhikov, On variational problems and nonlinear elliptic equations with nonstandard
growth conditions, J. Math. Sci. (N.Y.) 173 (2011), 463-570.

Lulu Wei
17519137035@163.com
https://orcid.org/0009-0008-8100-2425

Changchun Normal University

College of Mathematics
Changchun, 130032, P.R. China



716

Lulu Wei and Yueqiang Song

Yueqiang Song (corresponding author)
songyq16@mails.jlu.edu.cn
https://orcid.org/0000-0003-3570-3956

Changchun Normal University
College of Mathematics
Changchun, 130032, P.R. China

Received: May 25, 2025.
Revised: August 12, 2025.
Accepted: August 21, 2025.



