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Abstract. In this paper, we investigate some classes of Neumann fractional p-Laplacian
problems. We prove the existence and multiplicity of nontrivial solutions for several
different nonlinearities, by using variational methods and critical point theory based
on cohomological linking.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the following problem

{(—A);u = MuP~2u + f(x,u) in Q,

_ 1.1
Nepu =0 in RV \ Q, (1.1)

where p > 1,0 < s < 1, A € R, Q ¢ R" is a bounded domain with Lipschitz
boundary 99, f: Q x R — R is a Carathéodory function and

(~B)juta) = . [ M=) ),
RN

|z —y|NHes

while

N pu(T) = / |u(z) — u(y) P~ (u(z) — U(y))dy
o

|z —y|Nes
for all z € RY \ Q. This kind of condition is called nonlocal Neumann boundary
condition, see [12] for the case p = 2 and [4, 25, 26] for the general case. In order to

find solutions for problem (1.1), we will work with the function space

X = {u : RN — R : u is measurable and such that |lul| < oo},
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1

_ (L [ |ux) = u@)” v

||| == (2/ o — g dmdy+/|u|17dm ,
Q Q

and Q@ = R?V\ (C0Q)?,CQ = RN \ Q.Y For the convenience of use, we also denote the
fractional Gagliardo seminorm for a measurable function u by

Q

see [13]. Finally, we denote by || - ||, the standard L”-norm, v € [1,00), that is

ol =/ |u<t>|”dt)i
Q

By the Sobolev embedding theorem, it is well known that the embedding mapping
X < L”(Q) is continuous for all 1 < v < p¥ and compact for all 1 < v < pi,
see [11, Theorems 6.5, 6.7, 7.1], where p? is the fractional Sobolev critical exponent of
order s, defined as

where

N
= Nj;s ps < N,
® 00 ps > N.

Hence, for 1 < v < p¥, there is a positive constant My such that

lully < Mollu]| for all u € X. (1.2)

From [25] we take the following definition.
Definition 1.1. Let u € X. If

// |x = )|)15f,ljr(pxs) - v(y))dxdy = )\/ |U\p_2uvd$+/f(x7u)vdx

Q

for any v € X, we say that u is a weak solution of problem (1.1), where

Tp(u(@) = u(y)) = |u(z) — u(y)P~*(u(z) - u(y)).

The corresponding functional ® on X is defined by

@(u);pé |‘|L:(Cz IN(ﬂ” dwdy — /|u|pd:1:—/F( w)dz,

1 The constant 1/2 multiplying the double integral is used just for useful normalization in the proofs
of the main results.
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where F(z,t) fo x, s)ds. At least formally, finding weak solutions of problem (1.1)
is equivalent to looking for critical points of ®, and the equivalence depends on different
regularity and growth assumptions on f, which we introduce below.
Before giving our results, we need to recall some concepts about the eigenvalues of
the fractional p-Laplacian, see [25]: consider the nonlinear eigenvalue problem
{(—A);u = AulP~2u %n Q, B (13)
N pt =0 in RV \ Q,

where A € R. If (1.3) has a nontrivial weak solution v € X, that is

// |x - y)l)f\(li(zf) - U(y))dﬂcdy = AQ/ |u[P~2uvda

for all v € X, we say that A is an eigenvalue of (—A); with p-Neumann boundary
condition and w is an associated eigenfunction. We denote the set of all the eigenvalues
of (—=A), in X by o(s,p). As in [25] (the definitions therein were slightly different),
there is a sequence of eigenvalues defined by

1 _ p
Am = inf < sup = / dedy : A C X, A is symmetric,
u€A 2 |.’II - y|N+ps

(1.4)
nonempty, closed and i(A) > m},

where i is the Za-cohomological index of Fadell and Rabinowitz, see [14], and

Y= {ueX:/uV’dazzl}.
Q

It should be pointed out that A\; = 0 is the first (simple) eigenvalue, see [25], with
associated eigenspace made of constant functions. Finally, as in [24], for every m € N,
we introduce the following two cones

Cr 1= {u ex: L [[e vl g, <, / |u|pdx} (15)

2 |$_ ‘N+
Q

L[ Ju(z) —uy)”
+ . .
C = {u cX: 3 Wd rdy = Am1 / |ulPdz . (1.6)

Q

In recent years, fractional problems have been widely investigated, mainly under
Dirichlet, but also with Neumann or Robin boundary conditions, see, for instance,
[1-4, 6-8, 10, 11, 13, 16-18, 22-25, 27-31], in which the authors studied regularity
issues, as well as existence and multiplicity results. In particular, if A < 0, by using the
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Mountain Pass Theorem, in [25] the existence of nontrivial solutions for problem (1.1)
is found. On the other hand, if A = 0, problem (1.1) is simplified as

(=A)su = f(z,u) inQ,
{J{WU =0 in RV \ Q, (1.7)

and by applying the Weierstrass Theorem, in [24, Theorem 4.1] the following result
was proved:

Theorem 1.2. Suppose that f(x,t) satisfies the following conditions.
(Ho) There exist aq € L%(Q) and b € R such that

|f(z,t)] < ai(z) + by |t|P?

for allt € R and a.e. x € ().
(H1)

. flz,t)
y(z) := limsup *——
( ) [t]—o0 |t|p *t

<A =0.

Then problem (1.7) admits a weak solution.

In addition, in [24, Theorem 3.4] the existence of a nontrivial weak solution for
problem (1.1) is given under the Ambrosetti-Rabinowitz condition (AR) generalized
with the one introduced in [20]:

(H2) there exist y > p and Ry > 0 such that
0 < uF(w,1) < f(w, )t (1.8)

for every |[t| > Ry and a.e. x € Q, and there exist ji > p,by > 0 and ap € L'(Q)
such that i
F(x,t) > bolt|* — az(x) (1.9)

for every t € R and a.e. x € ().

When the (AR) condition is not satisfied, by applying linking over cones introduced
in [9], in [24, Theorem 3.7] the existence of nontrivial solutions for problem (1.1)
is proved under (Hs)—(H7) below and the following quasi-monotonocity condition
introduced in [25] as a slight improvement of the one given in [21]:

(Hs) there exist ¥ > 1 and B* € L*(Q), 8* > 0 such that
F(z,t1) < OF(z,t2) + B*(2)
for a.e. z € Q and all 0 <ty <ty or ty < t; <0, where
F(x,t) := f(z, )t — pF(x,1t). (1.10)

Here, motivated by [24, 25], we are interested in the existence of multiple nontrivial
solutions for problem (1.1) by more general conditions. Now, we state our main results.
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Theorem 1.3. If hypotheses (Hp), (Hy) and
(Hy) there exists p > 0 such that

F(z,t) >0 for every |t| < p and a.e. x € Q,

are satisfied, then problem (1.7) admits at least two nontrivial solutions in RN, one
being nonnegative and the other being nonpositive.

Remark 1.4. Without further assumptions, we do not know whether the weak
solution obtained by Theorem 1.2 is nontrivial. However, by adding condition (Hy),
we get at least two nontrivial solutions in R for problem (1.7). So, Theorem 1.3 is
a remarkable improvement of Theorem 1.2. Moreover, we have the following result.

Theorem 1.5. Suppose that the following conditions hold:
(Hs) f(x,0) =0 and there exist constants bz, by > 0 and q € (p,p:) such that

|f(2,t)] < b3+ by|t|??

for everyt € R and a.e. x € Q;

(Hs) .1
o Fla,t) : .
tilrinoo W =400 uniformly for a.e. x € €
(H7) P
x,t _ . ]
0 T 0 wuniformly for a.e. x € Q;
(Hs)

1
F(x,t) > —|t|’ forallt € R and a.e. x € Q;
p

(Hy) there exist positive constants Ry and 6 > 0, k > max {1, %} and a nonnegative
function W (x) € L'(Q) such that

(35) <o

for all |t| > Ry and a.e. x € Q, where F is the function defined in (1.10).
Then problem (1.1) admits one nontrivial solution for every A € R.

Remark 1.6. We anticipate that in Section 2 we prove that under assumption (Hs),
condition (Hz) implies (Hg) and (Hg), while under assumptions (Hs) and (Hg), condi-
tion (H3) implies (Hy). Hence, Theorem 1.5 extends the setting of both Theorem 3.4
and Theorem 3.7 in [24].

There are functions that satisfy our conditions but they do not satisfy (Hs) and (Hs).
For example, let N = p?,

ple?=2e [ g(rydrieg(le) 102 [ g(rydr
fla,t) = (10 e+1) 7 p(injt+1)" ">
|t|P—2t, [t| <1,z € Q,

+HtP72%, 2 1,2€Q,
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where g : (—o0, —1] U [1,+00) — R is defined by

g(t) = {

Then, f(x,t) satisfies conditions of Theorem 1.5. As a matter of fact, by straightforward
calculation, we have

3(#—||t\—n|)+%, n—L<|t|<n+ 5 n=23/4,...,
, tf<n—Lor|t|>n+ 5 n=234,....

= 3

1 1 1
= ) )= 1> :27374a"'7
9(n) n+n g(n+n2> n—&-# "

It]
t|? d
M08 e, > 1,0 e 0,

F(z,t) = (1n|1t\+1)E
St it <1,zeq,
and
It]

P t|P T)dT
|t] Hg(‘tl); o fl g( 1)+L’ > 1,2 € Q,

f(l‘,t) = f(xvt)t —pF(x,t) = (1n|t\+1) P p(ln\t|+1) P
0, [t <1,z € Q.

It is obvious that f(x,t) satisfies conditions (Hs)—(Hg). Now, we only verify that (Hg)
holds for any x € (p,p+ 1). On the one hand, for [t| > Ri(> n + -3), we have

Fx,t)\ In [¢] )"
< £l ) _<(1n|t+1)i+p>
(In|t|+ 1)»
<< njt+1 lnt|+1l>ﬂ
(Inlt|+ 1) (In|t|+1)7

1

bt
< 2P+1(1n It] -+ 1) ’

for k € (p,p+ 1). On the other hand, we obtain

+11
9F(a:,t)—|—W(ac) —9 |t‘p [t] _ |t|pln|t|1 . —|—W(1‘)
(Inft|+1)7 p(nlt]+1)'F%

e( t__ ) W)
(Int|+1)»  p(nlft|+1)»

> e(p; L n e + 1)?%) + W (x).

Y
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Hence, we can easily get that

1 - 1 1
2P (In [t] + 1)P7% < 9<p . (In [¢] + 1)”p> +W(x)

2P+1
for 0 = B
p—1

However, f(x,t) does not satisfy condition (H3). Actually, for ¢; :=n, to := n+ n%,
we have

> 0 and a nonnegative function W (z) = 2% € L(Q).

F(x,t1) = F(z,n)

_ nPtig(n) n? [{" g(r)dr
- PO 1+1
(lnn—i—l)p p(lnn+1 g
W ] g(r)dr

(lnn+1)% p(lnn+1>1+%
and
0700t =07 (s
o(n+ #)pﬂg(n + &) o(nt ) S gy
(m(n+2)+1)"  p((ns&)+1)"
o(n+ &) (nt ) [ grydr
(ln(n—l—n%)—kl)% p(ln(n—l—n%)—kl)yr% |

Then, it is easy to get that

S| 3
M‘H

F(z,t1) — OF (x,t2) — +00  as n — oo.

Hence, we can not find constants ¥ > 1, 8*(z) > 0 such that (H3) holds. f(z,t) does
not satisfy condition (Hz) as well.

2. PRELIMINARY RESULTS

we recall an abstract critical point theorem which is based on the deformation lemma
and a general linking structure. The deformation lemma is guaranteed by a compactness
condition, the Palais-Smale condition or the Cerami condition — (PS) or (C) condition
for short, while the geometrical structure is obtained by the notion of linking sets
through the Alexander—Spanier cohomology, see [9, 15].
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Definition 2.1. Let D, S, A, B be four subsets of a metric space X with S C D and
B C A. We say that (D, S) links (4, B) if SNA = BND = {) and, for every deformation
n:D x[0,1] = X \ B with n(S x [0,1]) N A = 0, we have that n(D x 1) N A # 0.
If B =0, we simply say that (D, S) links A.

Definition 2.2. Let ® : X — R be a C! functional defined on a Banach space X.
We say that ® satisfies:

— the Palais-Smale condition at level ¢ € R (PS),, if for every {u,}, such that
®(uy,) — ¢ and ®'(u,) — 0 in X', then, up to a subsequence, u,, converges
strongly in X,

— the Cerami condition at level ¢ € R (C).., if for every {uy, },, such that ®(u,,) — cand
(1+ [Jun|)®’(ur) — 0 in X', then, up to a subsequence, u,, converges strongly in X.

Theorem 2.3. Let X be a complete Finsler manifold of class C* and let ® : X — R
be a function of class C'. Let D, S, A, B be four subsets of X, with S C D and B C A,
such that (D, S) links (A, B) and

sup® < inf®, sup® <infd
S A D B
(with sup® = —oo and inf ) = +00). Define
¢= Inf sup (n(D x {1})),

where N is the set of deformations n: D x [0,1] — X \ B with n(S x [0,1]) N A = 0.
Then we have

inf® < c<sup®.
A D

Moreover, if ® satisfies (PS). (or (C).), then c is a critical value of ®.

Theorem 2.4 (Mountain Pass Lemma). Let (X,|-||) be a Banach space, and let
® € CH(X,R) satisfy the (PS) condition. Suppose that ®(0) = 0 and:

(Py) there exist positive constants ¢ and « such that ®(u) > a > 0 for all u € X with
[ull = o,
(P2) there exists e € X with |le|| > o such that ®(e) < 0.

Then ® possesses a critical value ¢ > a given by

c:=inf sup ®({(s)),
il swp (€(s))

where
[':={¢ € C([0,1], X) = ¢(0) = 0,{(1) = e}.

As shown in [5], the deformation lemma holds also replacing the usual (P.S) condi-
tion with the weaker (C) condition. So, Theorem 2.3 holds with the (PS),. condition
(as in the original [9, Theorem 2.2]), but also with the (C'). condition, for instance
see [19, Theorem 5.40].
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Definition 2.5. Let D, S, A, B be four subsets of a metric space X with S C D and
B C A; let m be a nonnegative integer and K be a field. We say that (D, S) links
(A, B) cohomologically in dimension m over K if SN A = BN D = () and the restriction
homomorphism H™(X \ B, X \ 4;K) — H™(D, S;K) is not identically zero. If B = {J,
we simply say that (D, S) links A cohomologically in dimension m over K.

Theorem 2.6 (Theorem 2.8, [9]). Let X be a real normed space and let C~,CT be
two cones such that C* is closed in X, C~ NC* = {0} and (X,C~ \ {0}) links C*
cohomologically in dimension m over K. Let r_,r, > 0 and let

D_={ueC :|u|<r_}, S-={ueC :|u|=r_},
Dy={uwelCt:|u<ri}, Si={uelh:|ul=ry}.

Then the following facts hold:

(dy) (D_,S_) links C* cohomologically in dimension m over K.
(d2) (D—,S-) links (D4, S4) cohomologically in dimension m over K.
Moreover, let e € X with —e ¢ C~, r_ > r and

Q={u+te:uecC ,t>0,|lutte] <r_},
H={u+te:ueC ,t>0,|lu+tte]=r_},

then the following facts hold:
(d3) (Q,D—UH) links Sy cohomologically in dimension m + 1 over K.
(ds) D_UH links (D, S4) cohomologically in dimension m over K.

Corollary 2.7 ([9, Corollary 2.9]). Let X be a real normed space and C~,Ct be two
symmetric cones in X such that C* is closed in X,C~ NC* = {0} and such that

i(C\ {0}) = i(X \ ) < oo.
Then the facts (d1)—~(ds) of Theorem 2.6 hold for m =i(C~ \ {0}) and K = Z,.

Proposition 2.8 ([9, Proposition 2.4]). If (D,S) links (A, B) cohomologically (in
some dimension), then (D, S) links (A, B).

According to (1.5) and (1.6), we know that C,,, C;l, are two cones and satisfy the
following identity.

Lemma 2.9 ([24, Theorem 2.6]). Let m > 1 be such that Ay, < Ap41, then we have

i(C, \ {0}) =i(X\ C) = m.

We are now ready to prove that our assumptions are more general than the ones
in [24].

Lemma 2.10. Under condition (Hs), condition (Hs) implies conditions (Hg)
and (Hy).
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Proof. Tt is obvious that (Hg) holds due to (1.9) in (Hz). Besides, since ¢ € (p, p%),

N _g ) by straightforward

; - N N _q
one can easily get that g Then for any k € (ps, 7 )

calculation, we obtain

pK

< . 2.1

4 k—1 (21)
By integrating (Hs), we get that
F(xz,t

(xp’n ) =0 uniformly for a.e. z € Q. (2.2)

[t]—o0 ‘t|r§71
From (1.8) and (2.2), there exists a constant Ry > Ry such that

F@b) et (2.3)

for |t| > Ry and a.e. z € . By taking the power £ — 1 in (2.3) and using (1.8),
we immediately find that

(F(x,t)

[t|P

)ng—MH%ﬂSﬂ%W—pﬂ%ﬂszﬁ-

for |t| > Ry and a.e. z € Q. So, condition (Hg) holds with § = 1 and W = 0. O

Lemma 2.11. Under conditions (Hs)—(Hsg), condition (Hs) implies condition (Hy).

Proof. From assumptions (Hjs) and (Hg), it follows that there exists a positive constant
R3 > 1 such that

F(I,t) b4
< —+41 2.4
|| q @4)
and
F(x,t
(@.t) (2.5)
[t

for all |[t| > Rs and a.e. z € . By (2.1), we obtain p > ¢(x — 1)/k, and since

k < q/(q — p), we finally get p > (k — 1)(q —p). Setting £ = p — (k — 1)(¢ — p), then
one has £ > 0. Now, let us consider the case of t > Rj3, the case of t < —Rj3 being
analogous. In view of (2.4) and (Hs3), it turns out that

() - () = Ll ]
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:/H(Ff;f)yl};gf)ds

R3
k—1 1

(VF(z,t) + 5*)51%?7

(5+1)
< m<b4 + 1>K_1(19]-'(x,t) +B*)/S€%ds
(5+1)

that is

F(z,t)\" _ (b okl by g F(z,R3)\"

for all t > R3 and a.e. z € ). Then, we have

<F(;’ t))ﬁ < OF(z,t) + W (x) (2.6)

for all t > R3 and a.e. z € ), where
k—1
9 — <b4 + 1) Lﬁg,
q ¢Rs
by >’“ KB <F(x7R3)>“
Wz)=|—+1 +
(@) (q ERs* R3”

is a nonnegative function according to (2.5). Analogously, it is easy to verify that
inequality (2.6) holds for t < —Rj3 and a.e. z € Q. Hence, condition (Hy) holds. [

and

In order to obtain multiple solutions for problem (1.7), we consider a truncated
problem, that is

{(A);u = f(z,uF) inQ, (2.7)

Nepu =0 in RV \ Q.
Signed solutions of (2.7) are the critical points of the C! functional I on X defined by

1/ |u(z) — u(y)|”

T2 |z — y|Ntes

Q
1
—f/’uﬂpdsc—/F(m,ui)da:,
P2 Q

1
Ii(u) dmdy+§/\u|pdx
Q

(2.8)
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where F(z,t*) = fot f(z,st)ds, ut := max{u,0}, u~ := max{—u,0}, u = ut —u~
and |u| = ut +u~. From (2.8) we get that

<I:/|:(u),v> _ %// Ip(un () — un(y))(v(x) — U(y))dxdy + / |U|p_2uvdx
Q Q

|z —y|NHes
—/|ui|p72uivdx—/f(x,ui)vdx
Q Q

for all u,v € X. We will prove that I, admits a nonnegative critical point, which
is a nonnegative solution of (2.7), and so of (1.7), as well. In the same way, I_ admits
a nonpositive solution, which provides the second nontrivial solution to (1.7). In the
following, we only consider I, the approach for I_ being similar. We also recall
the following fact, to be used later on:

Lemma 2.12 ([24, Equation (15)]). For any x,y € R, the following inequality holds:

2 —y [P <=yl e —y)(y —a7). (2.9)
Now, we are ready to prove our results.

3. PROOF OF THEOREM 1.3

We will divide the proof into three steps.

Step 1. Under conditions (Hp) and (Hy), we prove that I is coercive, i.e., I (u) = oo
as ||lu|| — oo.
By (Hy), for every € > 0, there exists M7 > 0 such that

f(a,t)
=2t

<~v(z)+e
for all |t| > M; and a.e. x € Q. By simple calculations, one has
F(z,t%) < W;fg(w — MyP) + max{F(z, My), F(z, — M)}

for all |t| > M; and a.e. z € Q. Hence, it holds that

F +
1imsupM < M (3.1)
oo [EP D
Next, we show that
I
liminf 22 S o (3.2)

lull—oo ||ul[P
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For this, let us choose any unbounded sequence {u,}; by setting z, := -, then

T luall?

{2zn}n is bounded and there exists a z € X such that, up to a subsequence,

Zn — 2 in X,
zn — 2z in LY(Q), wve|[l,pl), (3.3)

Zp — z a.e. in (.
By (Hp), we immediately find that

b
F + a(x)|u +*lu P b

(x,uh) (@) ] + 5 [un] — —|z[P ae. in Q,
b

lunll? — [[un P

as n — 0o. It turns out from the Generalized Fatou Lemma that

+ +
limsup/de < /limsup Mdm.

n—00 [[n [P n—oo  lun?
If x is such that {|u,(z)|} is bounded, so that z(z) = 0, one has

F +
lim sup 7(30’ ) =0.

n—oo un|l?

If {|un(x)|} is unbounded, one deduces from (3.1) that

F N F + p
lim sup Fla,ui) = lim sup (@, uyy) fun| < 7(33)| P
n—oo ”unHP N0 |un|:D ||Un||p p

In conclusion, considering the points where {|u, (x)|} is bounded or unbounded, we have

+
limsup/de S/’Y;$)|Z|p <0. (3.4)
Q

Notice that

alta) 1L [l [P,

lunl? p ) l[un P l[wn P
So, we find
I 1 1 P F +
lim inf +(un) > lim inf ( - = [tn] — Md )
B Tualr =5 5 ) Taal P ) Tl

By (3.4), we get

1- / (v(z) + 1)|2[Pdz
I (Un) > Q

n=oo [lunl|P p
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If z = 0, the liminf is at least 11;. If z # 0, then the measure of the set where z #£ 0
has positive measure. Thus, since y(z) < 0 for a.e. € Q, by the weak semicontinuity
of the norm in X, we find that

- / P 2P - / P do
liminfl+(un

_ P
=00 |[un|[? p p

> 0.

This fact being true for any diverging sequence {u,}, we get that (3.2) is satisfied,
and so I is coercive.
Step 2. I, has a minimum point u.

Indeed, I is sequentially lower semicontinuous with respect to the weak conver-
gence, since the norm is sequentially lower semicontinuous with respect to the weak
convergence, while [, [u*|Pdz and [, F(x,u)dz are continuous.

Thus, by the Weierstrass Theorem I has a minimum point «.

Step 3. u is nonnegative and nontrivial.

Let us start showing that, under conditions (Hy) and (Hy), 0 is not an isolated

minimizer of I . Indeed, from assumption (Hy), for t € (0, p), one has

F(z,t") = F(x,t) > 0.

Choose ¢1 > 0 in © be a Aj-eigenfunction, that is ¢; is a constant (see [25]), for
instance let us fix ¢; = 1. Hence, taking 7 € (0, p), it holds that

Ii(r)=11(1¢1) = %/ dedy+ /|T¢>1|pdx
Q Q

—%/|T¢ﬂpdx—/F(m,T¢i")dx
Q Q

—/F(m,wf)dm <0=1,(0).

Therefore, 0 is not an isolated minimizer of I .

Conclusion. Finally, assume that u is a critical point of Iy, so that, in particular,
(I' (u),—u~) = 0, that is

[y
Q

/|u+|p 2utu~ dx—|—/fxu u~dz

/ / xzi»('z;w(i) — 0@ gy + /(u,)p oo,

Q




Nontrivial solutions for Neumann fractional p-Laplacian problems 637

since f(z,u™)u” =0 in Q. By (2.9), we find

s [[ P s [ o
Q

Q

So, v~ =0 in X. Being u > 0 a critical point of I, then it is also a critical point of I.
By Step 2, I, has a nonnegative minimizer u € X, that is

Ii(a) = inf Iy (w).
By Step 3, 0 is not an isolated minimizer of .. So, if u is an isolated critical point
of I, we have @ # 0. Therefore, @ is a nonzero critical point of I, and thus a nontrivial
nonnegative solution of (1.7). On the other hand, if u is not an isolated critical point
of I, then I already has infinitely many nontrivial critical points; in any case we find
a nontrivial solution. By applying the same reasoning to I_, one can find a nonpositive

critical point of I, say u # 0. Hence, u and u are two nontrivial signed solutions of
problem (1.7).

4. PROOF OF THEOREM 1.5

In order to get a nontrivial solution to (1.1), we introduce the related functional

O

(b = — _— — p

(u) > / I dxdy + » |ulPdz
Q

“1/||Pd /( wds
— Hp—ﬂ/upd /( w)de.

We will divide the proof into two steps.

Step 1. We show that ® satisfies the (C). condition for every ¢ € R. Let {u,} C X be
a (C). sequence for @, that is

(1 + [Jun D’ (un) = 0, (4.1)

and
D(up,) > c€R as n— oo. (4.2)

We want to prove that {u,} admits a strongly convergent subsequence. By standard
argument due to the reflexivity of X and the compact embedding of X into Lebesgue
spaces of order less than p*, in order to prove that {u,} admits a strongly convergent
subsequence, it is enough to prove that {u,} is bounded.
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Now, assume by contradiction that {u,} is unbounded. Up to a subsequence,
we can assume that ||u,| — 400 as n — oo and that there exists w € X such that,

set wy, we have

U
llunll”

wy, = w in X,
w, —w in LY(Q), v e[l ph),

w, — w a.e.in .

Define the set
Ay = {x € Q:w(z) #0}.
If Q2| > 0, then one has

lun(z)| = +o00 forae. z€Qx as n— oco.

Therefore, by (Hg), we have

lim M = lim

p =
A T A |wy|P = +o0  for a.e. € Q.

Again by (Hg) we can invoke Fatou’s Lemma, obtaining

/lim inf ———= F(z, un) dr < liminf Fw, un)

n=oo [lug P B2 Tl ?

which leads to
. F(xu un)
lim _
n—oo ”un”p
Q

dz = +o0. (4.3)

From (4.2), one knows that there exists My € R such that

1
_ _,/|un|1’da;+ + /\un\pdx—i-/F(m,un)dngg for all n € N.
p
Q

So there exists some M3 = M3()\) > 0 such that

/F(a:,un)dx < My + Msuy||P.
Q

The above inequality implies that

F :
limsup/ Mdm < Ms,

n—ro0 [[wnl?

which contradicts with (4.3). Hence, || = 0, namely w = 0 a.e. in . Thus, we have
that
wy, — 0in LY(Q)  for all v € [1,p7). (4.4)
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From (Hjs) we know that if My > Ry, then
@, )] < by + baM{ ™!

for all (x,t) € Q x [-My, My]. So it is easy to get that

|F(z,t)] < M5 (4.5)

for all (z,t) € Q x [—My, My] and M5 = bg My + %MZ, which implies that there exists

Mg > 0 such that

|]:('T7t)| = |f(x’t)t —pF(.’L‘,t)| < Mg (4-6)

for all (x,t) € Q x [—My, My]. Set
Q= {x € Q:|uy(x)] > My}
Then, from (4.2), (4.5), the Holder inequality and (Hy), we find that

(
1 ®u,) 1 c+o(l)
p

Pl ([t [P
[Py, 241 [
[[un P p [[un P
Q
F(x, up F(x,up, A+1
Z/Mdmﬂ—/ (xu)dm++/|w|pdx
flwn ||P [lwn ||P
Flz.u, Ms|Q| A+ 1
S/M|wn|pdx+ 5 | + /| wy|Pdx
|un|? Tl
-1
F n v Ms|Q
S[/((wu) }[/|wn|1drﬂ] 4 5|92
PHE l[un P
A+1
+ ——Jwallp
p
" M;5|Q A+1
< | [+ W] ol + T2+ 2 o,
AT [P
Q'Vl
Writing fQ = [o— fQ\Q , by (4.6) we can estimate the previous quantity with

< (60w — @, + 0001020 + 17| P,

M;5|Q2 A+1
s A L,
Tunl? ¥

Since {uy} is a Cerami sequence, we have that

_|_

{®(uy)} is bounded and (®'(uy), u,) — 0 as n — oo.
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Hence, from the previous inequalities we are finally led to

1 c¢+o(1)

P Juall?

< CnHwn”pP%l +o(1),

where ¢, is a bounded sequence of real numbers and o(1) — 0 as n — oco. Since
k > max{1l, %}, one has 2% € (1,p}) and so from (4.4), by letting n — oo in the
inequality above, we finally have

1

p

This is an obvious contradiction. So, {u, } is bounded and ® satisfies the (C), condition.
Step 2. Let {\,,} be the sequence defined in (1.4), then either A +1 < Ay = 0 or there
exists m > 1 such that

<0.

Am SA+1< Amnga (4.7)

First case: A+ 1 < A;. By assumptions (Hs) and (Hr7), for a fixed € > 0, there exists
M, > 0 such that
€
|F(z,t)] < ]glflp + M|t

for a.e. z €  and all ¢t € R. Let us choose ¢ such that A + 1 + ¢ < 0. Then, for any
u € X, we get by (1.2) that

1 A+1
B(u) > Sfur — 2L /|u|pdx— 5/|U\de _ —M€/|u|’1dx
p p p
Q Q Q
1

A+1
> Ll - 2F2EE / lulPdz — — MM [Jul]*
p p 2

1 1
> —[lull? — Mg Mc||ul|? = [lull? | = — Mg Mc[Jul| 777 ).
p 0 p

Since ¢ > p, we set
1

1 =
= — 0
¢ <2pM3M5> -
and o
=—>0,
« R

so that ®(u) > « for ||ul| = o.
Now, take u # 0 and ¢ > 0; by (Hg) we have

P 1
B(tu) = %nunp— A; tp/|u|pda:—/F(x,tu)dx
Q

Q

1 F(z,t P
> ulp (5 - [ ds) o o
b
Q

tPlulPful[P

as t — +o00.
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Hence, there exists t > g such that
d(tu) < 0.
Hence, by Theorem 2.4, there exists a critical point @ of ® such that ®(u) > 0,

so that u # 0.

Second case: (4.7) holds.

By assumptions (Hs) and (Hy), fixed € > 0 with A + 1 + & < Aj,41, there exists
M, > 0 such that

&
[F(z,t)] < ];Itlp + M|t

for a.e. z € Q and all ¢ € R. Now, let C,, and C,}, be as in (1.5) and (1.6). So, for each
u € C}l, we get by (1.2) that

1
B(u) > *u ||P—i / fufpdz — / fufPdz — — M. / fultdz

p
1
> L - A+ 14 2)[u]” — —M. /|u\qu
p PAm1
1 A+1+¢
> 2 (1= 20 Y e - —pgall
P m—+1

Since ¢ > p, we set

PN I S AR R L
T 2pMI M, Amat ’

e [1(1_A+1+5)]q%< 1 )qpp>0
' 2p Am+1 MgMa ’

so that ®(u) > « for ||ul| = r4.
From (Hg) and (4.7), for all u € C,,, we have

B(u) < — / [u@) = ww)” ) 4, +1/\u|de

~ 2 |z — y|Nt+ps

f—/\ |pdx77/|u|pd:£<0

Now, take e € X \ C,,, so that for each u € C,, and ¢t > 0, by (Hg) we have

and

D(u+te) = $||u+te||p - %/|u+t6|pd:p7 /F(x,u+te)d:c
Q
Fa: u+te) |u+ te?
e i)

I N

—||u + te|? (1 —
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as t — 4o00. Thus, for every u € C,, with |lu|]| = 1, there is 7, such that ®(tu) < 0 for
all £ > r,. On the other hand, being C,, N 512 a compact set, in which all norms are
equivalent, it is easy to prove that r, depends continuously on u, so that there exists
r_ > ry such that

O(u+te) <0 (4.9)

forallueC, NSy and all t > r_.
Now, choose

D =f{uecCy:|ul <r},
St ={ueCy: |lull =7},

Q={ut+te:uelC,,t>0,|u+tel| <r_},
H={u+te:ueC,,t>0,|u+te]| =r_}

By the definitions of C;, and C;}, it follows from Lemma 2.9 that

i(Cn \{0}) = i(X\ C)
By Corollary 2.7, we know that point (d3) of Theorem 2.6 holds, namely, (Q, D_ U H)
links S cohomologically in dimension m+1 over Zs. In particular, (Q, D_UH ) links S

thanks to Proposition 2.8. Moreover, by (4.8) and (4.9), together with the fact that @
is compact, one has

m.

sup ¢ <inf®, sup® < +oo.
D_UH St Q

Furthermore, by Step 1, the (C).. condition holds. Setting D = Q, S = D_UH, B = 0,
A =S4, by Theorem 2.3, we have that ® has a critical value ¢ > «. Hence, ® has
a nontrivial critical point u, such that ®(u,) > 0.
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