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Abstract. In this paper, we show that the bifurcation points for a discrete
Kirchhoff-type problem with only local conditions, and we investigate the existence
of positive and negative solutions for the problem when the nonlinear term f is
asymptotically linear at zero and is asymptotically 3-linear at infinity. By using
bifurcation techniques and the idea of taking limits of connected branches, under the
assumption that f has some non-zero zeros, some results are also obtained.
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1. INTRODUCTION

In the current paper, we will establish the existence of at least two constant-sign
solutions for the discrete Kirchhoff-type problem with Dirichlet boundary condition

- (a + bi Au(t)2> AZu(t — 1) = Mf(tu(t), te1,T)z,
u(0) =u(T +1) =0,

(1.1)

where a,b > 0, \ # 0 is a parameter, T' > 3 is a fixed positive integer, Z is the set of
integers, for i,j € Z with i < j, [i,j]z denotes the discrete interval {i,i +1,...,j},
Au(t — 1) := u(t) — u(t — 1) is the forward difference operator, f € C([1,T]z x R,R)
and there exist fo, foo € (0, +00) such that

fo=lim 7f(t,s)’ foo = lim

|s|>0+ s |s|—+oo 83

uniformly with respect to t € [1,7T]z.
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Problem (1.1) can be regarded as the discrete counterpart of the following
Kirchhoff-type problem

- (a +b ) |u’\2d:z;> W' = Mf(z,u), z € (0,1), 12)
w(0) = u(1) =0, '
which is the stationary case of a nonlinear wave equation
1
Upe — | @+ b/ [/ |de | u”’ = \f(x,u) (1.3)
0

proposed by Kirchhoff [14] in 1883. (1.3) is an extension of the classical D’Alembert’s
wave equation, which takes into account the effects of string length variation during
vibration. Due to its strong physical background, (1.2) has aroused great interest and
has been extensively studied by various methods. For example, [19, 24] and [2, 5, 25]
obtained nontrivial solutions via the Yang index, local linking theory and bifurcation
theory, respectively. By variational methods, [6-8] gave existence of nontrivial solutions
involving the p(z)-Laplacian. Recently, there have been very meaningful articles
studying the existence, asymptotic behavior, uniqueness and other properties of
non-local problems [4, 10, 21, 26].

We know that mathematical modeling involved in many fields, such as computer
science, mechanical engineering, biological neural networks, control systems, etc., leads
to the consideration of nonlinear discrete problems. When b = 0, there are many articles
about the properties of solutions to the problem (1.1). In contrast, the research on
nonlocal discrete problems is relatively few. In [23], thanks to variational methods and
the computations of critical groups, Yang and Liu obtained the existence of nontrivial
solutions for problem (1.1) depends on the local properties of f near zero and near
infinity. Superlinear discrete Kirchhoff type equations involving functions with two
discrete variables are investigated in [16, 17] by minimax methods and invariant sets
of descending flow. Based on variational methods, Chakrone et al. [3] and Heidarkhani
et al. [12] studied the existence and multiplicity solutions for a discrete boundary value
problem of p-Kirchhoff type. We refer the reader to [11, 15, 27] for more information.

The results mentioned above do not take into account the effects on the existence
of nontrivial solutions when the nonlinear terms have nonzero zeros. In addition, as far
as we know, there are no studies on nonlocal discrete problems using bifurcation theory.
Since the bifurcation theory can support us to obtain the results of global structure
from local conditions, so it is very necessary to establish a bifurcation theory for
discrete Kirchhoff problems. Due to the large differences between differential equation
and difference equation, the results that are true in differential case may not be true
in the difference case. Therefore, we will face some new challenges when establishing
the bifurcation theory of discrete nonlocal problems.

We know from [13] that the linear eigenvalue problem

—A%u(t—1) = du(t), te1,T]z,
u(0)=uT+1)=0
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has T distinct eigenvalues A\ < A2 < ... < Ap, where the eigenfunction ¢, correspond-
ing to A1 does not change its sign in [1,T]z. It can be seen from [17, p. 5] that the
following problem

— <§:1 |Au(t)2> A%y(t —1) = pud(t), te(1,T)z,
u(0)=u(T+1)=0

has eigenvalues 0 < pq < pe < ... < up, it is obvious that pq is simple.
Let || - || denote the norm

[ull = <Z|AU(t)|2>

t=1
of the Banach space
E={u:[0,T+1]z = R|u(0) =u(T +1) =0}.

In order to obtain the existence of constant-sign solutions by bifurcation technique,
we must need to show the Dancer-type bifurcation theorem for the following discrete
Kirchhoff-type problem

{— (a + bl|ul|?) A%u(t — 1) = Mu(t) + g(t,u(t), ), te[1,T]z, a4

w(0) =u(T +1) =0,
where g € C([1,T]z x R% R) satisfies

lim g(t,s,\)

|s|—0+ S

=0

uniformly for all ¢ € [1,T]z and in every bounded interval of A. Since the equation
contains a nonlocal norm, then classical bifurcation theorem cannot be used directly,
and even some bifurcation theories are only applicable to difference equations. We ben-
efit from the inspiration of [5], by means of a transformation, we can transform the
problem (1.4) into the desired form. For the original Dancer-type bifurcation theorem
(for linear operator), refer to [9, Theorem 2].

The following Dancer-type unilateral global bifurcation theorem of problem (1.4)
is established as follows.

Theorem 1.1. (a)1,0) is a bifurcation point of the positive solutions sets of prob-
lem (1.4), and there exists two unbounded continuums in R x E, CT and C~, bifurcating

from (aA1,0) such that C° C (R x P? U{(aA1,0)}), where 0 =+ or —.

Remark 1.2. We note that when A = 0, (1.4) has only trivial solution. Therefore,
C* and C~ are separated by the hyperplane A = 0.

As an application of Theorem 1.1, we give the existence of constant-sign solutions
of the problem (1.1) for sf(¢,s) > 0.
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Theorem 1.3. If fo, foo € (0,00), then problem (1.1) has at least one positive solution
um and one negative solution u~ for \ € (min{“f—?, l}’“ }, max{ a)‘l, l}’“ })

From the proof of Theorem 1.3, it is easy to get the following conclusion:

Corollary 1.4. Suppose that there exists a positive constant M such that

f(t,s)

S

>M

forallt € [1,T]z and any s # 0. Then there exists A > 0 such that problem (1.1) has
no positive or negative solution for any A € (A, +00).

Further, we can provide more details about the connected components of
constant-sign solutions under the assumptions that f has some nonzero zeros.

(G1) There exist two functions s1,s9 : [1,T]z — (0, +00) with s1(t) < s2(¢) such that
f(£,0)=0= f(t,s1(t)) = f(t,s2(t)), and f(¢,s) > 0 for s € (0, 1) U (52, +00),
f(t,s) <0 for s € (s1,82).

(G2) There exist two functions ss3,s4 : [1,T]z — (—00,0) with s3(t) < s4(¢) such that
F(1,0) = 0 = f(t,55(t)) = £(t,54(t)), and f(t,5) < 0 for s € (—00,53) U (s4,0),
f(t,s) >0 for s € (s3, 54).

(G3) There exist two constants o > 0 and 3 < 0 such that

lim M =a and lim M—

s—rs| S1— S s—)sz S — 84

uniformly for ¢ € [1,7T]z
Now we are ready to give the existence conclusions of the signed solutions.
Theorem 1.5. Assume that (G1)—(Gs) hold.

(1) If fo € (0,00), then problem (1.1) has at least one positive solution u™ and

one negative solution u~ for \ € (“Ji\l,—i—oo) such that r[nax] ut < s1 and
te[1,T]z
min u~ > sy. Further, there is ut — s and u™ — sf as A — +oo.

te[1,T]z
(2) If fo = 400, then problem (1.1) has at least one positive solution u™ and one neg-

ative solution u~ for \ € (O +oo) such that max ut < sy and min u~ > s4.
te[1,T)z te[1,T)z

Further, there is ut — s] and u™ — s} as A — +o0.

The present paper is built up as follows: In Section 2, we state some notations and
preliminary results. The Dancer-type bifurcation theorem is developed in Section 3.
We establish the existence of positive and negative solutions for problem (1.1) with
sf(t,s) > 0 in Section 4. Finally in Section 5, let us consider that f has nonzero zeros,
we will give detailed results of the global structure of the constant-sign solutions for
problem (1.1).
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2. SOME PRELIMINARY

Firstly, we give the relevant contents of the limit of connected branches.

Definition 2.1 ([22]). Let X be a Banach space, {C,, : n =1,2,3,...} be a family of
subsets of X. Then the limit superior D of C,, is defined by

D :=limsupC, = {z € X : In; C N and x,,, € Cy, such that z,, — x}.
n—oo
Definition 2.2 ([22]). Assume that X is a compact metric space, A and B are
non-intersecting closed subsets of X, and no component of X interests both A and B.
Then there exist two disjoint compact subsets X 4 and Xp, such that X = X4 U X5,
AC X4, BC Xp.

Lemma 2.3 ([18]). Suppose that:

(i) there exists z, € Cp(n=1,2,...) and z* € X, such that z, — z*,

(ii) nhﬁrréo Ty = 00, where r,, = sup{|jz|| : x € C,},

(iii) for every R >0, (|J Cn) N Qg is a relative compact set of X, where
n=1
Qr={z € X :|z|| <R}
Then D :=limsup C,, contains an unbounded component C such that z* € C.
n—oo
Let us denote
Pt={uecE:u>0inte[l1,T]z}

and let P~ = —-PT and P=PTUP".

We give the definitions of simple zeros and simple generalized zeros in the sense of
difference.

Definition 2.4 ([13]). Let u : [0,T + 1]z — R. If u(tg) = 0, then t; is a zero of u.
If u(to) = 0 and u(to — 1)u(to + 1) < 0 for some ¢y € [0,T + 1]z, then ¢y is a simple
zero of u. If u(to)u(to + 1) < 0 for some o € [0,T]z, then we say that v has a node at
the points t, = W € (to,to + 1). The simple zeros and nodes of u are
called the simple geneﬁali()zed zeros of u.

Lemma 2.5. Let (A, u) be a solution of (1.4). If there exists tg € [1,T]z such that
either
u(to) =0, Au(ty) =0, or u(ty) =0,u(to—1)u(to+1) >0,

then w =0 n [0,T + 1] 2.

Proof. Suppose u(tg) = 0, Au(tg) = 0. In view of (1.4), we obtain that
(a4 bllul®) [Au(to — 1) — Au(te)] = Mu(to) + g(t, u(t), \).

Since lim 2L

|s|—0t ¢

shows that (a + b||ul|?)(u(to) — u(to — 1)) = 0. Hence, u(ty — 1) = 0.

= 0, combining this fact with assumptions, a direct computation



564 Fumei Ye

On the other hand, consider the equation
—(a + bljul|?) [Au(to + 1) — Aulto)] = Mu(to + 1) 4+ g(t, u(to + 1), \).
It is easy to deduce that u(tg + 2) = 0. Therefore,
Au(ty — 1) = Au(to+1) = 0.

Step by step, it follows that v = 0.
Suppose u(ty) = 0,u(to — 1)u(to + 1) > 0. The following conclusion is found by
calculation
—(a+ bllull*)[u(to + 1) + u(to — 1)] = 0.

Since u(to — 1)u(to + 1) > 0, this yields u(to — 1) = u(to + 1) = 0. According to the
above analysis, we conclude that u = 0. O

Remark 2.6. If u satisfies the assumptions in Lemma 2.5, we also say that such u

as u € JP.

3. UNILATERAL GLOBAL BIFURCATION

We introduce the auxiliary problem

u(0) =u(T +1) =0. (3-1)

{AQU(t —1)=h(t), tell,Tz,
Let S(h) denote the unique solution of problem (3.1), we know that S : E — F
is a linear continuous operator. Further, the restriction of S to E is a completely
continuous operator.
Consider problem (1.4), we first establish the following bifurcation theorem:

Theorem 3.1. (a)\1,0) is a bifurcation point of the positive solutions sets of prob-
lem (1.4), and there exists two continuums C* and C~, bifurcating from (aX1,0) such

that either C* and C~ are both unbounded or Ct NC~ # {(a)1,0)}.
Proof. 1t is obvious that (A, u) is a solution of (1.4) if and only if (X, u) satisfies

u=25 ((a+bllul*)~ M+ g(t,u,N))) . (3.2)
Denote Lu = a~1S(u) and
G(A\u) = (a+bllul®) 'S (g(t, u, A)) = Mbl|ull*[a(a + bllul*)] 71 S (w).

It is straightforward to see that L: F — FE is linear completely continuous,
G:Rx E— FE is compact. Since a)\; is the simple principle eigenvalue of L.
Hence, (3.2) is equivalent to

u=ALu+ G(\ u).
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Let

Gt u, \) = ts, )| f te[1,T
g(t,u, \) ogﬂﬁ)éuw( s )| or any 1,7z

and in every bounded interval of A. It is clear that g is non-decreasing with respect
to u and

a(t, u, A
lim g(t,u, \)

u—0t u

=0 (3.3)

uniformly for ¢ € [1,T]z and in every bounded interval of A. Moreover, (3.3) yields

gt w, M| gt Jul, A) gt lull, A)
[[ul [[ul il

-0 asu—0 (3.4)

uniformly for ¢ € [1,T]z and in every bounded interval of A. This implies that
G = o(JJu]|) uniformly for v — 0 and every A in bounded intervals. According to the
Theorem 2 of [9], we have the desired bifurcation results. O

Theorem 3.2. IfC° C (R x P? U{(a\,0)}), then C° N (R x {0}) = (aA1,0), where
o =+ or —. In other words, the second case in Theorem 3.1 does not occur.

Proof. Let (pn,uy) € C° and u,, € P? with u, # 0, We argue by contradiction and
suppose (pn, un) — (aXg,0) as n — +oo with k # 1. Set w,, = m, then w,, satisfies

W — a w [12)~1 w g(t,un,pn)
=5 (@ ) 28]y 5)

Combining (3.4), (3.5) and the compactness of S, it is easy to see that w, — @
as n — +oo. Further, w satisfies the equation

—A%w(t —1) = Mw(t)

and |@|| = 1. Therefore, w must change-sign in [1,T]z. Further, as a consequence for
some n large enough, w, must change-sign in [1, 7]z, which provides a contradiction.
O
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Finally, we establish the global bifurcation phenomenon of constant-sign for
problem (1.4).

Proof of Theorem 1.1. Following [1], we can find a neighborhood O of (a\;,0)
such that

(DNC7) C (Rx P’ U{(a),0) or (ONC)C (Rx P U{(a\,0)).

We only prove the case of (D NC7) C (R x P7 U {(aA1,0)).

We claim that C° C (R x P?U{(aA1,0)). Suppose on the contrary that
C? Z (R x P7 U{(a\1,0)). Taking a sequence (p;,u;) € C° N (R x P7), thus there
exists (A, u) € C7 N (R x 9P7) such that (A, u) # (aX1,0) with (p;,u;) — (p,u). Since
u € JP?, we note that u = 0 follows directly from Lemma 2.5 and Remark 2.6. Set
Xi = IIZZH’ then y; satisfies

(3.6)

=5 (@t o) o + 2L ).

i

Combining (3.4), (3.6) and the compactness of S, it is easy to see that y; — X as
1 — +o0o. Further, X satisfies the equation

~A%(t-1) = Ex(0)

and | x|l = 1. Therefore, p = aX; for k # 1. So, (p;,u;) — (arg,0) with (p;,u;) €
C? N (R x P?). This provides a contradiction to Theorem 3.2. Hence, we conclude
that C7 C (R x P? U {(a\,0)).

Next we prove that C? is unbounded, where ¢ = + or —. We also argue by
contradiction and suppose there exists (A, u’) € Ct NC~ such that (N, u’) # (aX1,0)
and v/ € PT NP~. This provides a contradiction to the definition of P°. O

4. PROOF OF THEOREM 1.3
Proof of Theorem 1.3. Let & € C([1,T]z x RT,R*) be such that

[t s) = fos +&(t,s).

Obviously,
£(t,5)

=0 and lim = fxo

lim £(t,5) 3

|s|—0t S |s]—+o0

uniformly for t € [1,7T]z.

Applying Theorem 1.1, we obtain that there exist two unbounded continuums
C* and C~, bifurcating from (%,0) such that C7 C (R x P7U{(%e, 0)}), where
o=+ or —.

Taking a sequence (pm, um) € C7 such that

pm + [t = +o0
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with w,, # 0. We know that (0,0) is the only solution of (1.1) for A\ = 0, thus
C? N ({0} x E) = 0. This implies that p,, > 0 for any m € N. We will show that there
exists a positive constant K such that p,, € (0, K] for m € N large enough. If C7 is
unbounded in A axis, then ml—i>r-I|-1<>o Pm = +00. (Pm,um) € C7 implies that

A2 (E—1) = — P Rt Y, (E
ot = 1) = 2 (1),

where

an um(t) =0.

Obviously, aerﬁiz‘”Q > 0. Combining the assumptions sf (¢, s) > 0 with fy, foo € (0, 00),
we deduce that there exists a positive constant M such that h(t, u,,) > M for all
t € [1,T]z and all s # 0 and all m € N. Hence, we observe that a+b,\)|+m||2h(t’ Um) > A1
for m large enough and all ¢ € [1,7T]z. By virtue of the Theorem 2 of [20], we conclude
that u,, must change its sign in [1,T]z. This contradicts (pm, um) € C°.

Therefore, C? is bounded in A axis, we will prove that C” meets (%7 0) to (l}%, 00).
Hence, one has

f(t,um,) t 0
h(t,um)z{um v um(t) #0,

[|ttm | = +o0  as n — +o0.

Let n € C([1,T]z x R*,R") be such that
f(t,s) = fOOSS +n(t,s).

Obviously,
=0

lim =fo and lim n(t, s)

|s|—>0 s |s| o0 83

uniformly for ¢ € [1,T]z. Hence, u,, is a solution of the problem

U =S (Pm(a + bl |*) 7 (footty, +1(t, um))) : (4.1)
Set v,, = HZ::H’ then v,,, satisfies
P ||t || 5 Nt um) )
v = 8 [ Lmllml g 3 TDEmIy ) 4.2
(et + o) (12)

Let 7(t,u) = Jnax In(t,s)| for t € [1,T]z. It is clear that 7 is non-decreasing with

respect to u. Let us define

N(t,u) = max |n(t,s)| forte[l,T]z.
5<s<u
We observe that
im = U — u).
|u‘4)+oo uS ) ’r, b —_ ’r] ) 2 77 b
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Further,
lim sup M < lim sup M < lim sup ﬁ(t’ﬁ)
lul 400 U [u]—s+o0 U Ll 0o ¥
Hence, we deduce that
m 2BY

|u|—+o0 u3
uniformly for ¢ € [1,T]z. Thanks to the above result, we conclude that

~

n(tum) _ 7t [um]) _ 7 [[um )

= < - —0 asm — +o00
[t |3 ([t |3

<

uniformly for ¢t € [1,7T 2.
The compactness of S ensures that v,,, — v and v € E, and v verifies the equation

—[elPA%o(t — 1) = £ £,

where p = 1in+1 pm- Again choosing a subsequence and relabeling it if necessary,
m—r—+00
we deduce that ||v]] =1 and v € C?. A direct computation show that p = l}“—l.

Consequently, C° meets (%,0) to (l}%, 00). O

5. EXISTENCE OF CONSTANT-SIGN SOLUTIONS FOR f
HAS SOME NON-ZERO ZEROS

To complete the proof of the main results, the next lemma is crucial.

Lemma 5.1. If there exists tg € [1,T]|z such that u(tg) > 0 and
— (@ + bl|ul[?) A%u(t — 1) 4+ wu(t) >0
foranyt € [1,T)z and v > 0, then u(t) > 0 in [1,T]z.
Proof. Let j € [1,T]z be such that
u(j) = min{u(t) : t € [1,T)2}.

If u(j) > 0, thus it is clear that u(t) > 0 for all t € [1,T]z, and the proof is
complete.
If w(j) <0, thus
w(j) = min{u(t) : t € [0,T + 1]z}
It is obvious that Au(j — 1) = u(j) —u(j — 1) <0 and Au(j) = u(j +1) —u(j) > 0.
Since ¢ > 0, by simply calculating, we have

— (a+bllul]) A%u(j — 1) 4+ wu(j) = — (a + bllu]|®) [Au(f) — Au(j — 1)] + wu(j) < 0.
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If the strict inequality holds, we immediately get a contradiction. If
= (a4 bllul®) [Au(f) = Au(j = D] + u(5) =0,

we deduce that u(j) = w(j — 1) = u(j + 1) = 0. Replacing j by j — 1, we have
u(j —2) =u(j — 1). Replacing j + 1 by j, one has u(j + 2) = u(j + 1). Repeating this

process, we conclude that u(j) =u(j+1) =... = u(T 4+ 1) = u(0) = 0, this provides
a contradiction to u(tg) > 0 for some tg € [1,T] .
To summarize, we obtain u(t) > 0 in [1,7]z. O

Similar to the above proof, we have the following corollary:
Corollary 5.2. If there exists tg € [1,T]z such that u(ty) < 0 and
— (a+bl|ul]*) A%u(t — 1) + ku(t) <0
forany t € [1,T)z and k > 0, then u(t) <0 in [1,T]z.

Here again, if fy € (0, 00), consider the following problem

— (a+ blJull?) A%u(t — 1) = Mou(t) + A(t,u), te(l,T]z, (5.1)
w(0) =u(T +1) =0, '
as a bifurcation problem from the trivial solution u = 0, where lim|g_,o+ §ts) — o,

S

Clearly, (5.1) is equivalent to the problem (1.1).
We know that there exists a continuum C? of solutions of (5.1) meeting (“f—AOl, 0)

to infinity. Moreover, C7 \ {(“f—’;l, 0)} CRxP.

The following lemma shows the range of the signed solutions under the assumptions
(G1)~(Gs).
Lemma 5.3. Let (G1)-(G3) hold and fo € (0,400). Then for (\,u) € Ct UC,
we have

sa(t) <u(t) <si1(t), te[l,T]z.

Proof. We argue by contradiction and suppose there exist (A\,u) € CT UC~ and
t1,t9 € [LT}Z such that

t) = st in u(t) = sy(ts).
téﬁ?%ﬁzu() si(t1) or te?},l%zu() s4(t2)

If max;ep 7y, u(t) = s1(t1), next we show that there exists a constant ¢; > 0 such
that f(t,u) < c1(s1(t) —u) for any 0 < u < s1(t). We see from the assumption (Gq)
that this is correct for u = 0 or u = s1(t). For any €; € (0, ), thanks to (Gg), and
we deduce that there is 71 > 0 such that

ftu) < (a+e)(si(t) —u)
holds for all s € (s; — 71, $1). It follows from (G;) that
f(t,u)

max —_— = > 0.
u€[0,81 —71] Sl(t) — U m

Taking ¢; = max{~y;,a + €1}, this is a desired conclusion.
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Now, we focus the nonlinear problem

— (a+0bllsy —ul|?) A%(sy —u)(t — 1) + Aer(s1(t) — u(t))
> Aer(s1(t) —u(t)) — Af(t,u(t), tell,T)z,
$1(0) —u(0) >0, s1(T+1)—u(T+1)>0,

Therefore, we have that

—(a+0bllsy —ull?) A%(sy —u)(t — 1) + Aea(s1(t) —u(t)) >0, te[1,T]z,
51(0) — u(0) > 0, s (T+1)—u(T+1)>0.

We note that the Lemma 5.1 ensures that s1(¢) > u(t) for ¢ € [1,T]z. This is absurd.

If r[nin] u(t) = s4(t2), we prove that there exists a constant ¢z > 0 such that
te[1,T]z

ft,u) > ca(sa(t) — u) for any s4(t) < u < 0. We see from the assumption (Gp) that
this is correct for u = 0 or u = s4(t). For any ey € (0,—0), thanks to (Gs), and we
deduce that there is 79 > 0 such that

f(t,u) > (e2 — B)(s4(t) — u)
holds for all s € (s4, 84 + 72). It follows from (Gp) that

f(t,u)

min ————— =73 > 0.
u€[sa+72,0] $4(t) — u s

Taking co = max{~ys, €3 — (}, this is a desired conclusion.
Now, we focus the nonlinear problem

— (a+0bss —ul|?) A%(s4 —u)(t — 1) + Aca(sa(t) — u(t))
< Aer(sa(t) —u(t)) — Af(t,u(t), te[l,T]z,
$4(0) —u(0) <0, s4(T+1)—u(T+1)<0,

Therefore, we have that

—(a+0bllss — ul|?) A%(sqy — u)(t — 1) + Aca(sa(t) —u(t)) <0, te€[1,T]z,
52(0) — u(0) <0, s4(T+1)—u(T+1)<0.

We note that the Corollary 5.2 ensures that s4(¢t) < u(t) for ¢ € [1,T]z. This is
impossible. O

Remark 5.4. Although we give the range of signed solutions. In fact, if there exist
sign-changing solutions, we can obtain the same range of sign-changing solutions under
the conditions (G1)—(Gs).

Proof of Theorem 1.5. (1) From the arguments of Theorem 1.3, the existence of u™ and
u~ are obtained immediately from the global structures of C* and C~.
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Now, we prove that u™ — s] as A — +00. We also argue by contradiction and
suppose that there exists 1) € (0,s1) such that u* <) for A large enough. In view of
the condition (Gy), one concludes that there exists a constant ¢ > 0 such that

ftut)

ut =@

uniformly for ¢ € [1,T]z. It is straightforward to see from Corollary 1.4 that ut =0
for A = 400, this is absurd. The proof of u~ — 51‘ as A — +oo is similar.
(2) Define

ns, s e [_%a%L
g d U@ =) (s —1)+1, se(£,2),
fnlt:9) —(ft,=2)+1) (ns+1)—1, se(-2,-1),
f(t,s), s € (—oo,—%] U [%,—Foo)

Let us focus the problem

{_@+MM%A%@—D=AthW,teﬂﬁb’ (5.2)

u(0) =u(T +1) =0.

We observe that ll)IJ'I_l fu(t,s) = f(t,8), (fn)o = n. Then there exist two unbounded

continuums C; and C;; of constant-sign solutions of the problem (5.2) emanating
from (%, 0), such that they are disjoint, unbounded in the direction of A, and

ah 2

CHC (RxPH)U{( )} and C; € (R x P7)U{(*S,0)}.

n

Let us take z,, = (“T’\l, 0) and z* = (0,0), it follows that z, — z*. Thus, assump-
tion (i) of the Lemma 2.3 is satisfied with z* = (0,0).

Denote r,, = sup{\ + [Ju| : (\,u) € CJ} — oo, then (ii) of the Lemma 2.3 holds.
(iii) can be concluded immediately from the Ascoli-Arzéla Theorem and the definition
of fn. Thanks to Lemma 2.3, we observe that limsup,, ,, . C; contains unbounded
connected components C? with

(0,0) € C7 C limsupCy.

n—-+4oo

Naturally, we can easily get the existence of ut and u~. The rest of proofs are the
same as that of (1). O
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