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Abstract. The article investigates a Poisson-type problem for operators that are finite
sum of pseudo p-Laplace-type operators within long cylindrical domains. It establishes
that the rate of convergence is exponential, which is considered optimal. In addition,
the study analyzes the asymptotic behavior of the related energy functional. This
research contributes to a deeper understanding of the mathematical properties and
asymptotic analysis of solutions in this context.
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1. INTRODUCTION

Let Qy := fwy X wo be a cylindrical domain of length ¢ > 0, where w; C R®™" is convex,
bounded and wy C R” is a bounded open set. It is also assumed that 0 € w;y. Let us
denote a generic point in R™ by « = (X1, X5) with X; = (z1,...,2,—) € R™ " and
Xo = (Tn—rt1,y...,2Tn) € R™ respectively. V, Vx, and Vx, will denote the gradient
in R™, R*®™" and R", respectively. u,, will denote the partial derivative of u along
x;-th direction. The set ws will be referred to as the cross-section of the cylindrical
domains €,. We consider now ¢; € R, j =1,...,m, such that

2<Gm <Gm-1=<...<qu
For © a bounded subset of R?, using Holder’s inequality it is easy to see
LU (Q) CL2(Q) C...C L™(Q) C L*(Q),
WA (Q) C W (Q) C ... C W (Q) € Wi (9).

For a real number p > 1, we define p’ as its conjugate, which satisfies

1 1
b p

© 2025 Authors. Creative Commons CC-BY 4.0 509



510 Purbita Jana

Recall the definition of the pseudo p-Laplace operator:

n

Lyu) == (Jus,

i=1

P72uzi)xi .

In this article, we are interested in studying the Poisson problem for the operator

m

L(u) ==Y Ly, (u).

i=1

More precisely, for f € L?(ws), consider the following problem

n

ST e 72 | (e, | = £(X2) in @, (11)

i=1 Jj=1

Zq

ug =0 on 0.

The solution of the above equation is understood in the weak sense and will be defined
explicitly in the next section. The typical functional space for considering solutions to
(1.1) is the Sobolev space W, (€;). Existence and uniqueness of the weak solution to
the previous equation are standard; however, for the sake of completeness, we provide
a proof in the appendix. The existence of solutions for the problem above (and for
more general cases) can be found in [19]. The operator under consideration can be seen
as the “finite sums” of pseudo Laplace operators. Pseudo Laplace operators are special
case of anisotropic Laplace operator. For a detailed study of anisotropic Laplacian
operators, we refer to [15, 17].

This article focuses on studying the asymptotic behavior of uy as ¢ (the length of
the cylinder) tends to infinity. Recently, a similar analysis was conducted in [5] for
operators that are finite sums of p-Laplace operators, which serves as the primary
motivation for this work. For studies involving a single anisotropic p-Laplace operator,
we refer to [6] and [18].

Consider an analogous equation on the cross-section ws, which will be useful for
our analysis: follows

n

- Z Z|Wzi|qr2 Wa, = f(X2), in ws,

i=n—r+1 j=1 (12)

T
W =0 on Ows.
It is well known that u, uniquely satisfies

Jg(uZ) = i1an @ )Je(u),
ueW,’ H(Q,

where J; is the energy functional associated to the problem (1.1) and is defined as

Jz(u)zzquj/|u$i|dez—/fudz.
Qe

j=1i=1 O
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Moreover, u, is also the unique solution of (1.1) (see Section 4 for proof of this fact).
That is, u, satisfies

ZZ/\ ), | Y72 (g) g, Vg, d = /fvdm Yo € Wy ™ () (1.3)

j=11i= 1Q
Similarly, let W be the unique function that satisfies

Ju, (W) = inf Jow, (1), (1.4)
uEWol’q1 (w2)

where

T (1) = / |9 X5 — / FudXs.

j= 1 i=n— r+1 4
As before, W is the weak solution of(1.2).

Theorem 1.1. For some a € (0,1) and for some constant C > 0 independent of £,

Z / |V (ug — W)|%da < Ce™,

jZIQal
where W is extended as a function of Xy in the whole Qqp.

In [18], the proof of Theorem 1.1 is provided for the particular case where

G1=Qq=...=qm=0D.
Our next theorem in this direction is the following.

Theorem 1.2 (Convergence of the energy). For some constant C' > 0, independent
of £, we have

Jo(up) c

sz(W) S anr(gwl) S sz(W) + —.

14

For related work on semilinear equations, polynomial rate of convergence are
established in [2, 12, 13]. We also refer to [1, 3, 4, 7, 9-11, 14, 20] and the references
therein for a comprehensive survey in this direction and related areas. In particular,
the paper [13] (see also [2]) examines semilinear elliptic problems on infinite cylindrical
domains.

From an application perspective, the above two theorems have significant implica-
tions from a numerical standpoint. They help to reduce computational costs that arise
from the curse of dimensionality, by enabling the study of lower-dimensional problems.
For direct applications, interested readers may refer to [8].

The structure of this article is as follows. In the next section, we introduce the
necessary function spaces, preliminaries, and some key estimates in the form of lemmas.
In the third section, we provide detailed proofs of the main theorems. The final
section is the Appendix, where we provide the proof of existence and uniqueness of u,.
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2. PRELIMINARIES

Throughout this article, x = (z1,...,2,) € R"™ will denote a generic point.

1 1

lz] = (37, 27)? will denote its Euclidean norm. |z|, = (31", |;|P)? will denote
the ¢, norm of the point x. The following inequality (the equivalence of all finite
dimensional norms) will be used in several places, without making any references:

alz] < lzlp < eolz|, x € R, for some constant c1,cy > 0.
For p > 1, WhP(Q), Wy *(€) will denote usual Sobolev spaces (see [16]). The space
V() := {p € WP(Qy) | ¢ =0 on lw; x Ows}

is a subspace of W1P(Q). The Lebesgue measure of a measurable set £ C R* will be
denoted by i (E). Throughout this article, the value of the constants will be denoted
by a generic number C' > 0 and may change from line to line. We say uy € VVO1 Q)
is a weak solution of the problem (1.1) if (1.3) is satisfied.

Now we present some lemmas that will be used in the proofs of the main theorems.

Lemma 2.1 (Uniform Poincaré inequality). Let p > 1. Then there exist a constant
C > 0 (independent of £, ¢’ and £ ) such that for £ <€ <,

[ eris [N jparsc [ jeri
Qi \Q Q\Q, =TT Q,0\Qy =

for all ¢ € V,,(Q).
Proof. The first inequality is trivial. Let us define

It is sufficient to prove the inequality for ¢ € C°°(€2) such that ¢ = 0 on fw; X dwa,
as it is a dense subspace of V,(£). Since ws is a bounded subset of R™~", we can use
the usual Poincaré inequality to obtain

c / 6PdX, < / IV x, 6P X,

Then using the inequality D,(¢) > |Vx,¢|” together with the previous inequality,
we get

C/|¢|de2 g/Dp(qb)ng.

Integrating both sides over the set ¢ w; \ ¢'w; finishes the proof of the lemma. O
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Lemma 2.2. There exist a constant C' > 0, independent of ¢,

/|V (ug — W)|%dx < C"" fori=1,...,m.

Proof. Taking v = uy in (1.3), we obtain

ZZ/| Up)x |q7dx—/fwdx

i=1j=1g, Q
For a fixed j € {1,...,m}, using Holder’s inequality, we have

1/q; 1/q;

Z/| (ug) ;| Y dr < /ngd,’,U < /fq;dx /ugjdx 7

=1, Oy O

where 1/g;+1/ q} = 1. In the last inequality, we dropped m —1 terms of the summation,
keeping only the j-th term. Now, using the uniform Poincaré inequality in Lemma 2.1
with p = ¢;,¢ ={ and ¢’ = 0 we have

/Z| (), |¥ da < C|f|quqj (w2)|w1|£n—T’
Q i=1
for some C independent of ¢. Finally,

/|v wp — \%da:<02/|uu|%+|w |9 da < CO*"
= 192
This finishes the proof of the lemma. O
Lemma 2.3. Ifp > 2, then there exists a constant C, > 0 such that

n

> (il 22 — [yl i) (w5 — i) > Cpla —y[?

i=1
forallx = (x1,...,20),y = (Y1,...,Yn) € R™.
Proof. See [18]. O
Lemma 2.4. The function Vp(X1,Xs) == W(X2) € V,, (), where W is as in (1.4),
satisfies the following equation weakly, for each £ > 0:
~ 2y (7 (Vi)

Ve=0 on fwi X Owa,
Vi=W on I(lwy) X wa.

V) = f(X) in G,

i
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Proof. For any v € Vg, (), we have to prove the following:

n

ZZ /| Ve ﬂcq|q] Vé)xzv:cldz—/f (X2)vdz.

=1 5=1 Q Q,

Using Fubini’s theorem, we get

972 (Vi) g, Vo, dae

:/ Z Z/‘ 2 (s X2) |92 W, (L Xo)og, (L, Xo)dX, | dX.

Lo i=n—r+1j= 1

Now, using the weak formulation of equation (1.2) and applying Fubini’s theorem
again, we obtain

ZZ/\ Ve)a, |72 Ve)xlvzldx—/ /f(Xz)v(i,Xg)ng ax,

i=1 j= IQ o1
:/f(Xg)vdx.
Qe

This finishes the proof of the lemma. O

3. PROOFS OF THE THEOREMS

We now turn to the proof of our first result — Theorem 1.1.

Proof of Theorem 1.1. Since uy satisfies (1.1) weakly, this means for any v € W1 Q)

one has
ZZ /| (we)a, |qJ (Ug) g, Ve, dx = /f Xo)vdz.

=1 j= IQ

This together with Lemma 2.4 gives for all v € W% (Qg),

3.5 fun

For ¢ € (0, —1), let pyr be a function, whose precise properties will be specified later,
such that v(= vg) 1= pg(ug — W) € Wy % (Q). Substituting this v into the previous
equation yields

>3 [ (.

j=11i= IQ

G ( 5)% - |Wmi|qj72WTi)vmq‘,dI =0.

G (uf)xi

i /v_2WZz‘) {(’LL@ - W)(ﬂd%

+ pe(ug — W)y, }dx = 0.
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Hence, we have

> / (1ue)a, 972 (o) — | W |72 Wa, ) (we = W)y, peda

J=li=1g,

= 7:1 i /(|(W)m

J=li=1g,

qJ'_z('U/E)zi_ | le ‘qj_QWwi) (’U,z o W)(pg)ajldx

Now, applying the inequality from Lemma 2.3, we obtain

cy /MWW — W)|% da
j=1 Qp

n

< Z Z/ (|(ue)$i|qj72(uf)xi_ ‘ Wﬁfz‘,|qj72wﬂfi,) (W - ué)(p[)xzdx

J=1i=1g,

Taking modulus on both sides of the equation above and using triangle inequality
together making the choice of py/, a function of X satisfying the following properties:

0<pr <1, pr="10nQu, py=0outside Q1 and [Vx,pr| <1,

we get
¢ [ pdVtue = w)da
Jj=1 Q
= Z Z / "(Ug)zi|qf_2(u£)$i - |Wxi‘qj_2W€Ei Uy — W| |(p€)m dx.
==, oy

n—r

> / (g = W), |9 ug — W]da.

i=1g, =li=la, ey
Using Hélder’s inequality and Poincaré inequality, we have

€ [ pul¥ = W)lrida

1
I=1q,

a;—1 1

aj a5

n—r

= Z Z / [(ue = W)e,|% da / |ug — W% dz
i-1

J=1 Q1 \ Q1 \
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Now, using the uniform Poincaré inequality (Lemma 2.1), we have
[(ug = W), [T <[V (g — W)

Substituting this into the right-hand side of the above expression, we obtain, for some
constant C > 0,

/|V up — W)|¥dx < < Z / W)|% dx

1 1
i=lgq,, =la, .,

Now, by iterating the above inequality with the choice £’ = % L1 L2, L+ (4],
where [£] denotes the greatest integer less than or equal to £, we obtaln

y RN )
Z |V (ug = W)|%dx < 11 Z|V (ug — W) |% dx

Qp/ayie/2]

[¢/2]
< qJ
<C—|— 1) /Z|V (ug — W)|% dx
Z

Rewriting the above equation differently, we obtain

Z/w wg — W)t < o2 os(cE) | 3 /\v g — W% da

Jj= 19[ i=1q,

The proof of the theorem for oo = % follows by applying Lemma 2.2 and noting that
log( & +1) < 0. The result follows by appropriately choosing the number of iterations
used earlier. O

Now we present the proof of Theorem 1.2

Proof of Theorem 1.2. Consider the sequences of test function i, € Wol’ql(Qg)
defined as

Ye(Xo) = m /w(_,Xg)Xm.

Lwq

Since we have

Jw, (W) = inf Ty (1),
uEI/VOl’q1 (w2)
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this implies that for £ > 0,

Ja =Y~ > [lwo.,

i=n—r+1 wa

LdXy —/fl/deQ
w2

aj

Z /m/(uf)xi(f7X2)dX1 dXo
£

i=n—r—+1 wa

f(X2)
-t | [ e | axe

_ 1
- q;
j=14 o1

Zwl

Now using Jensen’s inequality for the integrals, one has

fin—r (b1) T, (W) < Z — Z / / [(we)e, (_, X2)|¥ dX1d X,
=1 95 i=n—r+1
J wa fwq
— / / fue(X17X2)dX1dX2
w2 £w1
m 1 n )
<> S [l dn | - [ fude = o).
= U\
Q e

For the second inequality, first we consider a Lipschitz continuous cutoff function
pe = pe(X1), 0 < pp < 1, |[Vx,pe] < C. We also further assume that py = 1 on
(¢ — 1)w; and py = 0 on A(fw;). Since the function py (X)W (Xa) € Wy ™ (), we
have Jy(ug) < Je(peW). Now, estimating the right-hand side, we have

Ti(peW) = Joa (W) — / fpWde

= Mn—r(ewl)*]wg (W) + Af-
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We estimate the first term of A, and the rest term can be treated in a similar manner:

(Z / ngxlqﬂdm>

QZ\QI 1
~C
<> q(Z [ Va4 W ).
7=1 Lo,
Using the properties of p;, we can further estimate and, for some other constant

Dw > 0, obtain

m n D
SADY / W | 4 WPda | = 2% (G \ (= 1)) = 7L,
j=1 14 \ =1 p
Qe\Qp_1

Combining the above estimates, we get
Jg(uz)

Hn—r(gwl)

This finishes the proof of the theorem. O

< Ju, (W) +%

4. APPENDIX
We will show the following claim:

Jg(’lu) = inf Jg(u).
uEWOl‘q1 Q)

Proof. Fix ¢ > 0. First we have to show that

inf  Jy(u) > —oc.
ueWw, ()

By definition, for u € Wy (),

ZZ /Ium\qjdx—/fudx>z /|uL |‘“dx—/fudx

j=11:=1
Now using Young’s inequality, for a,b € R and € > 0,p > 1,
1. .
ab < ea? + —b*
€

we get

1 1 ,
sy 2 30 [ = [ 175ds = e [ una.

Q Q Q
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Now using (2.2), we have for some constant C' > 0,

Jo(u) > (C—e)/\u|‘hd:ﬂ— %/|f|q3dx2 —%/|f|q/1dx.
Q Q Q

The last inequality is ensured by choosing small € > 0. Now the next step is to show
that the infimum value is achieved by a unique function ug € W19 (€2). Let u,, be
a minimizing sequence, that is,

Jo(un) — inf Je(u).
weW, I (Q)

This implies that

n

“ 1
Je(un)zzzq /\ Un )z, | 7dx—/funda:<M
Qp

j=1i=1 1J

Dropping all the terms in the double summation, except for the term containing the
exponent g1, we have

"1
Z—/|(un)mi|q1da:§M+/fundz. (4.1)
- N &, &,

Now, using Lemma (2.2) together with Young’s inequality, one can show that the
sequence u,, is uniformly bounded in VVO1 () and hence weakly converges to some
function uy. By the lower semicontinuity of the functional Jy, it follows that

JZ(UZ) = ilnf Jg(u).
ueWy, 91 Q)

The uniqueness of the function u follows from the strict convexity of the functional J,.
Therefore, it remains to show that u, is a weak solution of (1.1). This part is standard
and can be obtained by differentiating the real-valued function

J(t) == Je(ue +to)

at t = 0, where ¢ is an arbitrary function in C2°(€), and using the fact that f attains
its minimum at ¢t = 0.
Let uy and vy be two different solutions of (1.1). Then we have

3) SYAITER

j=11i= IQ

42 (we) z; Ve, dx

- ZZ/ 00), |9 72 (0) g, Ve, dz = 0, Vv € Wy ™ ().

j=11i= 1Q4
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That is,

i z": / {|(uz)zi

=1 ileZ

J

572 (ug)a, = |(v0)a,

B2 (0)a, v =0, Vo € WY (Q).

Choosing v = uy — v, and using (2.3), we obtain

Zcpj / |V (ug —ve)|Pidz = 0.
; d

Jj=1

Hence, uy = vy almost everywhere. O
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