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TAIL PROBABILITY OF
THE HITTING TIME OF BROWNIAN MOTION
TO A SPHERE WITH FIXED HITTING SITES
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Abstract. We consider d-dimensional Brownian motion {B,(t)};>, with a drift
1 € R? and the first hitting time 052 to the sphere with radius r centered at the origin.

This article deals with asymptotic behavior of the probability that both ¢ < aﬁfi,i < o0

and Bu(aﬁﬂ) € A occur simultaneously, and we obtain that this probability admits
an asymptotic expansion in powers of 1/t if d 2 3 and in that of 1/logt if d = 2 for
large t. Moreover, we investigate the case of Brownian motion with no drift.
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1. INTRODUCTION AND MAIN RESULTS

In the theory of mathematical finance, random times are significant objects for
pricing securities and formulating a strategy for buying and selling. In particular, the
hitting time of Ornstein—Uhlenbeck process is applied frequently for the investigate of
optimization problems on the pairs trading strategy. Cameron—Martin formula gives
that the hitting time to sphere of Ornstein—Uhlenbeck process is represented by the
joint distribution of a random time of Brownian motion and a stochastic integral of
a suitable function over 0 to the random time. This paper deals with the case that the
integrand is a constant and that the random time is the first hitting time to sphere of
Brownian motion. Namely, we investigate the joint distribution of the hitting time to
sphere of Brownian motion and its arrival site in this article.

We treat a stochastic process {B,,(t)},>( defined by B, (t) = B(t) + ut for t 2 0,
where 1 is a given vector in R? and {B(t)},>, is a standard Brownian motion on R%
starting from z. Let d = 2 and S9~! denote the sphere with radius r in R? centered

at the origin. We write Jﬁfi,z for the first time that {B(t)};>, reaches Sg~t. The
density and the distribution functions of 07(30) are obtained in [1, 5, 6, 11]. When the

starting point z is inside of S¢~! but not 0, the joint density function of oifio) and
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Bo(a%)) is given in [10] by solving some heat conduction equation under a suitable
Dirichlet boundary condition. Since the paper [10] deals with the exit problem, the
joint distribution is discussed only for |z| < r.

In the case that p # 0, the distribution of 0'7(‘,(2 is discussed in [15] and the joint

density of oﬁfl,l and B, (0'7(‘7,2) is given in [16] for |z| < r with no proofs. Regardless

of the location of the starting point, the density function of 07(»(2 is deduced in [8]

and a formula for the density of (crﬁfllz, Bu(a,(ﬁz)) is obtained in [9, Theorem 1.2]. The
skew-product representation of Brownian motion is useful for deriving the joint Laplace

transform of 07({2 and BM(U%Z)-

For ¢ > 0 and a fixed Borel set A in S¢~1 let
F:,Ef?,A(t%M) =P, (t< 0(2 < oo,Bﬂ(aﬁ,fi)

where P, denotes the probability law of a Brownian motion starting from y. The
leading term of F ggdr) 4 (t; ) for large t is provided in [9, Theorem 2.6] when the starting
point z is outside of S¢~1. The purpose of this article is to establish an asymptotic
expansion of Fédr)A(t;p) as t — oo for |z| > r.

We first give results for the case that d > 3. The notation (-,-) will be used for
the standard inner product in R%. Moreover, we put p; = t/2r? for convenience and
simply write log" y instead of (logy)™ for y > 0 and an integer n = 0 similarly to
trigonometric functions.

Theorem 1.1. Let pn # 0, |x| > r and N 2 0 be a given integer.

(1) If d is odd and not less than 3, we have that

() p—lul’t/2 y N (d) 1
(d) o 2e e Kn
Fm,r,A(t’ ) = e pr(d)+1 (Z e +0 [ﬂ\ﬂ-l}) (1.1)
n=0

as t — oo for a suitable sequence {n%d) ; 0 < n < N} which depends on x,r, u, A.
(2) If d is even and not less than 4, we have that

—(zp) —u?ty2 N V@1 G (@A) 0k
@ ) = 2€ € n.j.k 108" Pt
Fopaltip) = 2 @+l ( > ZW
7=0 n=0 k=0 (12)
IOgNH Pt
+0| it

ast — oo for a suitable sequence {“idz',m 0Sk<jiSN,0SnSv(d)— 1} which
depends on x,r, u, A.

It is remarkable that the expansion has many terms of the power of log ¢ in the even
dimensional case. These additional terms do not appear in the odd dimensional case.
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We should mention that (1.1) and (1.2)
@y

are built on the following formula for the

joint density function of afufﬂ and B,,( given in [9, Theorem 1.2]: For ¢t > 0 and

Irp
z € R? with |z| = r, we have that, if d > 3,

Plyje(ol?) € dt, B, (0'Y) € dz)

— eIzl +(u,2) - lul*t/2

X i%(lfﬂ')nqﬁé‘fﬁ")( )C”(d)<< ; >>dtd d=1(,)

n=0

(1.3)

where e = (1,0,...0) € R% v(m) = m/2 — 1 for an integer m = 1, ¢Xrﬁ) denotes

(m )

under the probability measure P, s¢~! is the uniform

the density functlon of o, «

probability measure on Sﬁl & and C# is Gegenbauer polynomial. The functions C#(x)
are defined as the coefficients in the Taylor expansion

ZOM (1—2xz—22)~+ if >0,
1 —log(l — 2zz + 22) if p=0.

For more details, see [12, 13].
We next provide the result in the two dimensional case.

Theorem 1.2. Let pp # 0, |z| > r and N = 0 be an integer. If d = 2, we have that

4o~ (@) || etz (N o) 1
F® typ) = ——— log — ( C O[}) 14
1,,7‘,A( ) |/1'|2 r t10g2 e —~ logn Py 10gN+1 Pt ( )

as t — oo for a suitable sequence {K;ﬁf) ;0 < n < N} which depends on x,r, u, A.

Similarly to the case that d 2 3 Theorem 1.2 is based on the following explicit

form of the density of (0'7(?&7 B#(ag ,1)) given in [9, Theorem 1.2]:

Plaje(0?) € dt, B,(02)) € dz)

— e lzl{em)+(u,2) o~ Iul? 1262 ()dtdsl(z)
1 e leltem)+uz) o= lul?t/2 (1.5)

XZ (B et (2 oo

for t > 0 and 2z € R? with |z| = r.
This article is orgamzed as follows. In Section 2 we represent F JE T) A(t; 1) by the

density function of O’TA’O . Section 3 deals with an asymptotic expansion of F ér) At
for d =2 3 with the help of an expansion of the density function of a,(,fg) denoted

by ¢§Zf,ﬁ) (t). Section 4 is devoted to a proof of asymptotic expansion of (bgﬂ)(t) which



474 Yuji Hamana

is used in Section 3. In Section 5 we investigate the two dimensional case and provide
an asymptotic expansion of Fﬁ? 4(t; 1e). Section 6 deals with the case of a Brownian
motion with no drift, and we establish an asymptotic expansion of F a(cdr) 4(t;0). In
addition, throughout this paper, we will use ¢y, co,c3, ..., c1g for suitable constants.

2. REPRESENTATION OF F  (t; 1)

The purpose of this section is to represent Fédr) A(t; ) for |z| > r by means of the

density function ¢¥;ﬁ) and the Gegenbauer polynomial C}
Let T be one of orthogonal transformations satisfying that T@ = |z|e. The rotational
invariance of { B(t)},>, immediately yields that

d d d
FU ((t 1) = Pt < 0'%, < 00, Bry(0'%,) € TA). (2.1)

In order to give a formula for F’ ;dr) 4(t; 1) we need to prepare two estimates. For ¢ > 0,
w € R? and an integer m > 0 we put

H (8 w) = /e*\wl%/%;@(s)d&
t

Since we have that ¢§;’,€> (t) coincides with (b‘(:re) ,(t) by the rotational invariance of

Brownian motions, it follows that

H™ (tTw) = H (t;w) = H (t;w) (2.2)

lz]e,r lz]e,r
for any ¢ > 0. Lemma 2.7 in [9] immediately yields the following lemma.

Lemma 2.1. Let m 2= 3 be an integer. For |x| > r we have that

P2 m) o—lul?/2

HEP 60 S 16y e (23)
and the constant ¢ can be chosen independently of m.
We next provide an estimate concerned with Gegenbauer polynomials.
Lemma 2.2. Let u,w € R? with u # 0. We have that
/e<w’z> C,’f(d) (<U’Z>) ‘dsfl(z) < gd-teriwlpd=3 (2.4)
J rlul

for any integer n > 1.
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Proof. We first consider the cases that d = 3. It is known that

y _ I'(n+2v)
Eﬁi}iw Wl = I'2v)n!

for v > 0 (cf. [13, p. 223]) and thus we obtain that, if d = 4,

maX‘C”(d) ‘ H P < (n41)13 < (2n)4-5, (2.5)

ly|<1 a

Moreover, since
I'(n+1)
rn! 7

(2.5) is available in the case that d = 3. Hence, it follows from s9~(A4) < 1 that
a bound of the left-hand side of (2.4) is 293 7"‘“"nd 3 which yields in particular (2.4)
for d > 3.

The proof of (2.4) for d = 2 is easy. Indeed, since |CY(y)| < 2/n for |y| < 1 and
n =1 (cf. [13, p. 218]), the left-hand side of (2.4) is dominated by 2e"!*!/n. This
implies (2.4) for d = 2. O

max’C’l/z(y)’ =

For u,w € R? with u # 0 and an integer n 2> 0 let

AD (u, 7w, A) = (“;)n/ wz>C’”(d)<<r|u|>>d 4=1(2). (2.6)
A

We are ready to obtain an explicit form of F hal T)A(t 1) by using (1.3) and (1.5).

Proposition 2.3. Let i # 0 and |x| > r. We have that, if d = 3,

D) (4 ) = o (@) E ’/(7 d) +n
E, o @np e
, ,A( ) ~ l/(d)

HE (b ) AP (2, p, A) (2.7)

and that, if d = 2,

F) () = e HR) (6 ) A (2,7, 1, A)

)T7

2.8
+e (o Z nHE2) () A (2,7, 1, A). 25

n=1

Proof. We first consider the case when d = 3. Combining (1.3) and (2.1), we have that
Fé?g’A(t; 1) is equal to

o {Ile.Ti) /ds/dsd ( ;)V(dzc;n(pﬁ)n

< 67|Tm2s/2¢(zz?j2n)(S)e<Tu,z)CTL:(d) <<€, Z)).

r
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For changing the order of the double integrals and the summation it is sufficient to
prove that

Cu(d)(<r>)‘dd 1(z) (2.9)

n=3
converges. It can be easily shown by (2.3) and (2.4). Indeed, (2.9) is bounded by

1201720 (d) gl o= |1l?t/2 i v(d)+n M T opds
(2t)v(d)+1 —  v(d) 2t ) I'(v(d)+n)

and then the sum on n converges. Hence, we obtain that

oy = v(d) + 1 ”
O NGIDEE: <’“>Z(V2d) HUE2) (15 1) A (|ale, v, T, TA),
n=0

We next consider the case that d = 2 and then deduce from (1.5) and (2.2) that

QE%)A(t;u) is equal to e~ {1#leTH) multiple of

H)(t; u)Ag2><|m|e, r,Tp, TA)

x,T
00

/ds/ds (|9:|> \T#\25/2¢(2n+2 (s)e (T,u,z>02<<6;12>>.

We need to change the order of the double integrals and the summation. Similarly to
the case that d = 3 we should prove the convergence of

Y e [emolea(ED e @
> (r> Hfg,r*)(t,u)T{ (T >02< - >’d,() (2.10)

n=3

In virtue of (2.3) and (2.4) we have that (2.10) is dominated by

oo

cler‘u‘e_‘ﬂ‘2t/2 Z 7"(1/‘| n ]_
t =\ 2 I'(n)
and hence obtain that

F& () = e @0 HO)(t 0) AP (|2le, r, Ty, TA)

+em N nHEMD (8 1) AL (|ale, 7, T, TA).
n=1

It remains to showing that, if d = 2,

AD (|zle,r, Tw, TA) = AD (x,r, w, A) (2.11)
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for n = 0. It follows from (2.6) that

AD(|zle,r, Tw, TA) = ('jf) / e<T“JvZ>cg<d>(W>d5f—1(3). (2.12)
TA

rlz|

The change of variables from z to y given by z = Ty yields that the integral in the
right-hand side of (2.12) coincides with

Tz, T

/e(Tw,Ty>C7z;(d) < T, y> de_l(y) :/ w,y)Cu(d) < > ds d 1( )
rlz| rlz|

A A

Hence, (2.11) holds. O

3. ASYMPTOTIC EXPANSION OF F  (t; ) FOR d = 3

Our goal of this section is to prove Theorem 1.1. Theorem 2.6 in [9] provides that

e—lul?t/2
+d/2

a=(3) ol (5) )

We shall consider higher terms of F édr) A(t; ). Lemmas 2.1 and 2.2 are effective for an

estimate of the error term of F ;dr) 4(t; 1) and hence the following lemma holds.

2~ @M y(d
FLD 4 (ts ) = 7<)C;?2Agd> (2,7, 1, A)

PE (1+o[1]) (3.1)

as t — oo, where

Lemma 3.1. Letd = 3, |z| > aLnd w#£ 0. For a given integer L 2 0 we have that
(d) —(z,p) v(d) + (d+2n) (4. (d)
Fopaltip) = g Z (@) PE R @2m (1 1) AD (2,7, 1, A)

n=0 ( (3'2)
o—lul?t/2
|:tu(d)+L+2:|
as t — oo.
Proof. The formula (2.7) yields that it is sufficient to estimate
> (wd) + ) HE (1) |40 @, 1, )| (33)
n=L+1

In virtue of (2.3) and (2.4) we have that (3.3) is bounded by a constant multiple of
e—lult/2 - v(d)+n (7‘|a:|> =3
PO 2t T((d)+n) \ 2

for t = 1. Since the summation converges, we conclude that (3.2) holds. O
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We can find by (3.2) that asymptotic expansion of Hg(cmr) (t; w) is quite significant.
Recall that H" (¢;w) has been defined by

o0

HE (t5w) = [ 1050260 (s

t

in the previous section. In order to investigate behavior of H;E"Tl) (t; 1) we should derive
asymptotic expansion of ¢z, (t) for large t.

Proposition 3.2. Let |z| >r, m =2 3 and N = 0 be an integer.

(1) If m is odd, there is a sequence {aglm) ;0 < n < N} of constants, which depend on
x and r, such that

N (m)
qsxﬂ" (t) - Z tv(m)+n+1 +0 Lv(m)+N+2} (3'4)
n=0

as t — o0.
(2) If m is even, there is a sequence {afﬁ?k; 0sn<vim—-10=k=<j< N}

of constants, which depend on x and r, such that

N v(m)-1 j N+1
} (3.5)

Sy S e o e
‘ L tu(m)(]Jrl )+n+1 tv(m)(N+2)+1
j=0 n=0 k=
as t — o0.

The proof of this proposition is deferred to Section 4. In considering an asymp-

totic expansion of Hg(gt;f)(t; u) via Proposition 3.2, we need to derive an expansion of
H(t; «, 8,n) which is defined by

oo

H(t;a,B,n) = /e*assfﬁ log" ps ds

t

for a =0, 8> 0,t>0and n = 0. It is obvious that H(t;a, 3,n) = 0 if t = 272,
A change of variables from s to v given by v = a(s — t) yields that

eot [ . A 1
H(t;a,8,n) = - /e (t+a> log {22<t+ )}dv
0
[ee]
[ v\’ v\ )"
=5 /e (1+at) {logpt—i-log(l—km)} dv.
0

It follows from the binomial theorem that H (¢; a, 8,n) is represented by

O[tﬂ Z( )Hota57 )Ingl)ta
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where
oo

Hy(t; o, 8,m /e ( t) logm<1+t>dv
a
0

for an integer m = 0.
For an asymptotic expansion of H (¢; a, 8, n) we concentrate on considering behavior
of Hy(t; «, 8, m) for large t. Since log(1 4 y) < y for y > —1, we have that

/e_” 1+ — v log™ | 1+ 2 aw < ! /e‘”vmdv = O0le™™
ot at = (at)™
at at

as t — oo. Let L 2 1 be a given integer. The Taylor theorem yields that there exists
a sequence {a"(8);0 <4 < L} such that

L
(14) 0g" (14 9) = Y ()| < oy

=0
for 0 < y < 1. Hence, we obtain that
at "y (ﬂ at 1
v v am
1+ — log" 1+ — |dv ! “'dv + O
/6 < *mf) o8 ( +wf) 2 Taty / vt LLH]
0 =0 0

Note that

at

/e_”vidv =T(i+1)+O[t'e ]
0
and hence we can conclude that

L
Ho(t;a, B,m Za Z+1)ti+o[t;‘“]'
i=0
Put o
puda = () S OREED

and then we have the following lemma.

Lemma 3.3. Let o > 0 and 8 > 0. For integers L and n with 0 £ n < L we have that

n L
bii(a 10g Pt e ' log" p;
H(t;a, 5,0 tﬁ { LT ] (3.6)
k=0 i=0
as t — oo. Especially the following estimate holds:
7at1 n
H(t;a,B,n) < 2528 Pt (3.7)

B8



480 Yuji Hamana

Recall that we consider the case that p #£ 0. It is easy to see by Proposition 3.2
that, if m is odd and not less than 3,

N

HO (1) = 3 )H<t;2lu2w(m)+]+1,0>

7=0
+0[H(t; () +N+z,0)}

and that, if m is even and not less than 4,

N v(m)—1
$b>
=0 n=

j
1

Z (ir;?kH<t5 §|ul2, v(m)(G+1)+n+1, k;)

= (3.9)

—|—O[H(t; %|M|2,V(m)(N+2) 1N+ 1>}

Lemma 3.4. Let |z| >r, p# 0 and m = 3.
(1) If m is odd, we have that

9e—lult/2 N pim) —|ul?t/2
c { ° } (3.10)

(m) (4. _
Hz,r (ta M) - |/~L|2 tr(m)+n+1 + tv(m)+N+2

n=0

as t — oo for a suitable sequence {bS{”) ;0Sn< N}
(2) If m is even, we have that

N u(m)li’ b(jk og i
PER: v(m) G+ +nr L

=0 =0 k=o' (3.11)
|:e_u2/t 10gN+1 pt:|

—|u|?t/2
e =2

tv(m)(N+2)+1

ast—>oof07“asuztablesequence{b k,0<k<]<NO< n < v(m) —1}.

Proof. We first consider the case that m is odd and not lees than 3. Applying (3.6)
for L = N and n = 0, we obtain by (3.7) and (3.8) that

B ) = 2R AP 2 vm) £ 4 1) T el
zr \LH) = ME paran fo(m)+j+itl (m)+N+2 |
We put

Za“" b (l1[2/2,v(m) + k +1)

for n 2 0 and hence can conclude (3.10).
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We next consider the case that m is even and not less than 4. Let M be an integer
such that m = 2M + 2. Then v(m) = M and M = 1. For convenience, we use M
instead of v(m). In virtue of (3.7) and (3.9) we obtain that

N M-1 h |/1/|
h=0 [=0 n=0 (3.12)
€7|H| /t 10gN+1 pt
tZM(N-I—Q)-I—l

Hence, (3.6) for L = M (N + 1) — 1 yields that the first term of the right-hand side of
(3.12) is equal to

9e—ul?t/2 N M=l al™ e (|uf2/2, M(h + 1) + 1+ 1) log" p;

h n )
Z Z Z E— M (h+1)+1+i+1 ’

2
|,LL| h=0 [=0 n=0k=0 =0

_ h N M(G+1)—1 ;(m,l)
2e bzhkzbg Pt
R 3) 305 S ol L a
h=0 1=0 k=0j=0 i=Mj

N M1 p(m.1) (3.13)

h
zzzmmwm“
tM(h+]+l)+l+1+1 :

=04=0 =0

Here we have put

/;j,?l—zalhn (pl?/2, M(h+1) +1+1).

Moreover, it is easy to see that the summation in the right-hand side of (3.13) is
equal to

—1 h (m 1 k
tM(J+1)+l+Z+1 tM(N+2)+1 [° ( :
h=0 1=0 k=0j=h i=0
Let )
(m,2) (m,1)
bn,j,k B Z bl;h’k7i*M(j*h)7
I+i=n h=k
120,n20

and then we have that the first term of (3.14) is equal to

M—-1 N j ng 2M—-2 N j ng
Z Z Z tMJ(JkH +n+i5 Z Z Z thjkﬂ +n+1t (3'15)

n=0 j=0 k=0 n=M j=0 k=0
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In the case that M = 1 we remark that the second term of (3.15) should be interpreted
as 0. If M = 2, the second sum in (3.15) is

N2 N J nwzi) og Pt 0 1ogl\“L2
Z ZZ tM(j+1)+n+1 + tM(N+2)+1 |°

n=0 j=1 k=0

Deﬁneasequence{b k,0<k<j<NO<n<M—1}by

b fM=1,0<k<j<n,
RO Lx M >20Sn<M-2j=k=0,
gk T b(m2> fM>2,n=M-1,0<k<j<n
bg’; i) + bng/[)jfl’k otherwise.
Hence, we can conclude (3.11). O

We are now ready to provide a proof of Theorem 1.1, which is one of improvements
on (3.1), and first consider the odd dimensional case. For simplicity, we write A;d)

instead of Ag-d) (x, 7, p, A) for j =2 0. With the help of (3.2) for L = N we obtain that

N _
F(d) (t N (z,p1) Z l/ A(d)H (d+ 2[)(# ) L0 e |u|?t/2
wmaltip) =€ @, s w(@+N+2 |
=0

(3.16)

The main term of the right-hand side of (3.16) is

20— |plt/2 z]\’:i\’: +l)/1(d)b(d+2l) 1 [ e—lul*t/2 }

2 v(d)+l+k+1 v(d)+N+2 |°
|“| =i t t

Here (3.10) has been applied. We put

kld) — Z (V(d)JFZ)Al(d)béd"‘m)
v(d)

and then obtain (1.1).

We next discuss the case that m is even. Let M be a positive integer satisfying
that d = 2M + 2 and thus v(d) = M. Applying (3.2) for L = M(N + 1) — 1, we have
by (3.11) that FST{AWM) is

9e— (@) —lul?t/2 M(N+1)—1 M4l N M-1 j bsgﬁl) logkp
T Z M Z Z M+ (G+1)+n+1
=0 7=0 n=0 k=0 (317)

O eflﬂlzt/2 logNJ’_l pt
tM(N+2)+1
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as t — o0o. In the case that M =1 and N = 0, it is obvious that (3.17) is the same as
the right-hand side of (1.2). Hence, we shall consider other cases. It is sufficient to see
that there exist integers j and n such that j 20,0<n < M — 1 and

(M +10)Go+1)+no+1=MG+1)+n+1 (3.18)

for given integers ly, jo, ng satisfying that Iy = 1, jo =2 0 and 0 £ ng < M — 1. Indeed,
if we can take j and n satisfying (3.18), it follows that

M(N+1)-1 N M-1 M+l)b(d+2” log" p¢

J ( n,j,k
ZZ (M40 (j+1)+n+1

I=1  j=0 n=0 k=0

can be represented by

N+1

I 5" log” p lo
n,j,k t g Pt
> it + 0| st

for a suitable sequence {5527,@ i 0SkESjSNOSnsSEM-—1}.
It remains to a proof that the pair (j,n) of integers with (3.18) can be chosen

uniquely. Let

QS(Maj()vlmnO) = {(],TL) € Z27] i 07 0 g n g M -1
and the pair (j,n) satisfies (3.18).}

and write @ for simplicity. We put

lo(jo+ 1)+ ng

M

. lo(Jo+ 1)+
Ja nlzlo(]o-f—l)-l-no—M{WJa

j1=]’0+{

where |y| denotes the largest integer which is not larger than y. It can be easily shown
that (j1,n1) € @ since the equality Mjo + lo(jo + 1) + nop = Mj + n is equivalent
to (3.18). Let (j2,n2) be another element in @ and then M (j; — j2) = na — ny holds.
If j; # jo, it follows that

|n2—n1| <M§M|j1—j2|

This contradiction implies that j; = jo and hence (ja,n2) coincides with (j1,n2). This
yields that (1.2) holds.

The proof of Theorem 1.1 is completed.

We should mention the information on coefficients in the asymptotic expansion of
Fagf?, 4(t; ). In principle, we can derive them by Theorem 1.1. However, just for the first
three terms, we can obtain the coefficients directly by (3.8) and (3.9). The remainder
of this section is devoted to these coefficients.

We first give the first three terms of Fédg 4(t; ). Theorem 1.1 immediately yields
the following behavior:
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(1) If d is odd and d = 3, then

—(x,p)—|p|?t/2 (d) (d) 1
) .y _ 2€ D @

(2) If d is even and d 2 10, then

_ _ (d) (d)
d 2e=(@m—lul*t/2 1 K100 K200 1
F9 \(tn) = T k6D o + + 220 0| ).

t 12
(3) If d = 8, then

92— (@) —|ul’t/2 (8 O |
Fz(,ST),A(t; p) = W (m(()?&o + 1;50’0 + 2t’2070 + O[ og Pt:| ) '

(4) If d = 6, then

9e— (@) —|pl*t/2 K® k) log p 1
B g e e ]

(5) If d = 4, then

4 4
FY (t:0) = WW< @ it 1 108 p N K0 +O{log2mD
z,r,A\" - .

ez #0,0,0 t ¢ 2
A careful calculation shows the following proposition and we omit its proof.
Proposition 3.5. We simply write A§-d) for A§d)(x,r,u, A).
(1) If d is odd and d = 3, then
0 o0, K0 = (o9~ 87 g0 20 o
- st

d ( (arz (d+2)af"™? @, (d+2)ag )

! |ul? d—2

(2) If d is even and d = 8, the coefficients of first three terms have similar forms to
the odd dimensional case. Namely, we have that

(@) @ A (D @ 99600\ @ o0

k0,00 = %000 s Ki,00= (041,0,0 - T3 )Ao 71—9 —A,
d d

@ _ (@ (d+2)al ()) o dld+ 2)6“((),3,0 A

K2.0,0 = | ®2,0,0 — ME e 0
d+2 dta
N d Q42 (d+ 2)018,0,0) Al (d+ 2)04(() 0, o A,
d—2 1,0,0 ‘,U,|2 1 d—2
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(3) If d = 6, then

00 =abpoA?, K5 © _ 69680 0, 39600
Ko,00 = Q00040 s K100 = (al,0,0_ |Mi2’ )Ao + 2” Ay,

() (6) 40,

Ro,1,1 = Q01,1
(4) If d = 4, then

4 4 4 4 4 4
R60,0 = @bo0ds s oy = ap 145"

40y
4 4 0,0,0 4 6 4
0 = (alllo = 15 ) 457 + 20 (",

)

4. ASYMPTOTIC BEHAVIOR OF ¢{™(t) FOR m = 3

The purpose in this section is to establish Proposition 3.2. Note that the first two
terms of ¢§Zf:) (t) are given in [2]. We put ¢ = |z|/r. For m € Z and y > 0, let

Ju(m) (y)2 + Yu(m) (y)2

G (y) =

)

where J,, and Y;, denote Bessel functions of the first and the second kinds with index v,
respectively. Since the radial part of m-dimensional Brownian motion starting at z
can be regarded as a Bessel process with index v(m) starting at |z|, we have by (3.9)
in [4] that
—v(m) OOG(m)
Po(t < o™ < o0) = ¢ / o (VW) —tuf2g,, (4.1)
' 7r u

0

for m 2 3 and ¢ > 0 in the case that |z| > r. We should remark that (4.1) has been
originally derived in [2]. Recall that p; = t/2r2. We start to deduce the main part of

(™) (t) for large t.

Lemma 4.1. Let |z| > r and m = 3. We have that

1
—v(m) —pt
o0 = G [ G R 0| | (42)

2mr?
0

ast — oo.

Proof. Tt follows from (4.1) that

™

cvm) g OOGC(E"Q ryu) _
Pl (t) = — pr / ’ if) e t2dy. (4.3)
0
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We aim to exchange the order of the differential with respect to ¢ and the integral of u
in the right-hand side of (4.3).
Let tg > 0 be arbitrarily given. For any ¢ € (¢y/2, 00) it follows that

/‘ d an;b“) —tu/2

Note that the function y — G (y) is bounded on (0, 00) for m = 3 (cf. [4, p. 516]).
Hence, the right-hand side of (4.4) is dominated by a constant multiple of

/ e~ tou/Ay = e
to
0

This gives that the order of the differential and the integral in (4.3) can be changed,
and then we obtain that

du < 2/|G(m) (rv/a)|e~ 0 4 du. (4.4)

C—l/(m)

o (1) = / GO (ry)e " 2, (4.5)
0

The change of variables from u to v given by v = r2u yields that

—u(m) F
o [ G e

0

oM (t) =

272

for t > 0. Since G;(ﬂ) is bounded on (0, 00), we easily have that

o0

/\G(m) v)|le™Pdv < 4/6“’“’6[11 = cyp; te P,
1

which immediately implies (4.2). O

We should mention that the integral representation of ¢5ﬁ) (t) is given in [2].
However, no exact proof can be found in [2]. Lemma 4.1 implies that we need asymptotic

expansion of Ggﬂ) (y) as y | 0 for a proof of Proposition 3.2.

Lemma 4.2. Let |z| > r, m 23 and N = 0 be an integer.
(1) If m is odd, we can choose a sequence {ﬁ,(Lm); 0 £ n £ N} which depends on x and
r and satisfies that
(m) Z ﬂ(m) 2v(m)+2n + O[yQU(m)+2N+2] (46)

asy 0.
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(2) If m is even, there exists a sequence {B 0<n<N,05h<j< N}, which

depends on x and r, such that

njh’

N J
G =2 ﬁi”}b)hy2”("”“+”“" log" y

+O[ Y(N+2) 1OgN+l y]

(4.7)

asy 0.

Before proving Lemma 4.2, we will give two notations and a fundamental property
on power series of complex numbers. For sequences a = {a,}2, and b = {b,}52,
we define a x b= {(a %), }52 by

(a * b)n = Z akbn_k
k=0
for each integer n = 0. In addition, we define a sequence a/b = {(a/b),}52, by

= (b (a/b))n

for n = 0 inductively. It is obvious that both (a x b)g and (a/b)o are not zero if ag # 0
and by # 0. The following fact is well-known (cf. [3, pp. 18-19]).

Lemma 4.3. For z € C let

o0 oo
= Zanz", g(z) = Z bp2".
n=0 n=0

When f and g converge on some disc which is centered at the origin, we have that

o0

F(2)g(z) = 3 (ax bz

n=0
on the same disc. Moreover, if by # 0, we have that
f o0
7) =2 _(@/b)n
n=0
holds on some neighborhood of the origin.

We start to see Lemma 4.2 and first consider the case that m = 2M + 3 for an
integer M = 0. Note that v(m) = M + 1/2 and thus 2v(m) is a positive integer. Since

Yarsya(2) = ()M a1/2(2) (4.8)
(cf. [13, p. 72]), it follows that

Ju(m) (ay)Yu(m) (by) = (- 1)M+1 JV(m) (ay) Jﬂ/(m) (by)
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for a,b > 0. The definition of the Bessel function of the first order gives that, if v is
not a negative integer,

To(ay) =y > p(a)y™, (4.9)
n=0

where the sequence p*)(a) = {p%”) (a)}22, is

YR s DL 2 N
p;)(a)_nlf(u—kn—i—l) (2) '

Lemma 4.3 yields that
Jy(m) (ay) (m) (by M+1 Z (u(m)) (—u(m))(b))ny2n
Recall that ¢ = |z|/r. We obtain that

Jl/(m) (y)YV(m)(Cy) - Ju(m)(cy u(m) Zp(ln;)yzn

where P1 = {p1 . }n o 1s a sequence defined by
P = (SO (1) 5 p D () = (0O () 5 p D (1))}

for n 2 0. It follows that p(m) > 0 from

(o4 -2) - e
(ct. [13, p. 2]).

Applying (4.8) and (4.9) to the denominator of GI"”(y), we obtain that

oo

Tom) () + Yo ()7 =g Y (p (1) « p¥ ) (1)),

n=0
oo

S (1) D (1))
n=0
Note that 2v(m) is a positive integer. Let p {p(m)}nzo be a sequence given by
(m) = (P (1) % prm) (1)),
for 0 < n < 2v(m) and

pgj;:) — (p(—V(m))(l) *p(_"(m))(l))n + (p(V(m))(l) *p(V(m))(l))

n—2v(m)
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for n 2 2v(m). Hence, we have that

o)) + Yoy () = y—2v(m) Zpé?y2n~

Since pgg) > 0, we can apply Lemma 4.3 and obtain that

G () = 52 S (™ Jpl™ )y
n=0

for small y, which immediately yields (4.6).

We next consider the case that m = 2M + 2 for an integer M = 1. The calculation
for this case is slightly complicated in comparison with the case that m is odd.

Note that v(m) = M. We start to give an asymptotic behavior of Y/ (ay) asy | 0
for a given a > 0. It is known that

M-—1 2n—M
2 ay 1 (M—-—n—-1!/ay
YM(ay):;JM(ay)logT—; 2—:0 a0 \9

1 o (_1)n ay 2n+M
‘W;M(2> {W(n+1) +(n+M+1)},

where 1 is the logarithmic derivative of the gamma function (cf. [12, p. 107]). This
implies that

Yai (Zq<M> P Tloey )) (4.10)

for a suitable sequence ¢(™ (a) = {q ( )}22 . Here we note that

(M)(a) _ _2M(M— 1)!.

q
0 maM

We first consider the numerator of G;(ﬁn)(y) It follows from (4.9) and (4.10) that
2lo
Tuom) (@) Yuom) (by) = 32 (0 (@) % g ()" + =2 Jas (ay). s (by).

n=0
This gives that
Jv(m) (y)YV(m)(Cy) - Ju(m)(cy u(m) Zp(m) 2n (411)
where p3 = {p3 o }n o is a sequence defined by

P = (D (1) % ¢ (e)) — (PP () % gD (1)),
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for n 2 0. It is easy to see that

P3o =

and thus pgg) is positive since ¢ = |z|/r > 1.

The calculation of the denominator of Gg’}«) (y) is slightly different from that of its
numerator. It follows from (4.9) and (4.10) that

_ > n 2¢2M log y > ”
Yo (ay) =y (Z M@y + F—=2 3 pM @)y ).
n=0 n=0

This yields that the denominator of Ggfﬁ) (y) is represented by

y2M{ S (0 (1) 5 p (1)) g4V
n=0

Z g™ (1) ¢ (1))ny"
(4.12)

4y2]\/1 IOgy
+ TLOBY § 00 1) 1 (1)) 7"
n=0

4 4M1 2 o0
+ Y og-y Z(p(]w)(l) *p(M)(l))nan}.

T n=0
Since (¢™)(1) % ¢ (1))g > 0, we can deduce from Lemma 4.3 that (4.12) is

72M Z p(m) 2n< 2M log y Z p(m) 2n y4M log2 y Zpé?y%) (4.13)
n=0

n=0

for small y, where p(m) = {p(m)}n 0 (m) = {p(m)}nzo, pém) = {p(m) o 5 are
sequences defined by

my _ J (@M (1) % g (1)), if 0 < n < 2M,
PLo = (@00 (1) £ gD (1)), + (pOD (1) # pOD (1)) ons i n = 2M,

™ = — 2 ((OD (1) gD (1)) /™),

pes = == (@ () # ™ (1) /p™)..

It is obvious that pZ’S) > 0, pgjé) > 0 and pé’fé) < 0. We should derive an asymptotic

expansion of

~

1

oo oo
—y"Mlogy Z pS g —y ™M log?y S pin)y?
n=0

(4.14)
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as y } 0. Let N = 1 be a given integer. It follows that the leading term of (4.14) is

N
> ( Mlogy Z Py 4y M log? y Z Py 2”) (4.15)

k=0 n=0

and its error term is O[y*™ V41 1og™N*1 ], Lemma 4.3 shows that (4.15) is equal to
N k&
Z Z ( ) 2M (k1) 1o+ (Z pg";)y2n> (Z P(trrll)an)
=0 I=
N
_ Z Z k M D 1okt Zp(m) 2
I 7,k
k=0 1=0 n=0

(4.16)

for a suitable sequence {pé"r? %1} which gives that the right-hand side of (4.16) and
also (4.14) can be represented by

N
Z 2Mh log y ZpS ) han + O[yQM(N+1) 1OgN+1 Y]
h=0 n=0

for some sequence {p8 moh

In virtue of Lemma 4.3, we consequently obtain that Ggfff«) (y) is equal to

2M Z (m)/ (m) nan (Z y2Mh log yng?hy

n=0

+ O[yQM(N+1) logN+1 y]>

N o
" (Z Z ps(;z)hymwhﬂn log" y + O[yQM(NH) logN+1 y})
h=0n=0

for small y, where

n

pg:?h = Z(pgm)/pim))kpéﬁ)fk,m
k=0

Hence, the following holds:

N M(N+1)—1
(m) Z Z pgn;), 2M(h+1)+2n10ghy

+ O[y2M(N+2) logN*1 4.

(4.17)
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In addition, the leading term of the right-hand side of (4.17) is equal to

N N M(@G+1)—

20 2 O gl

=07j=0 n=Mj
N N M-1

=3NS B M I log" y - O[T VED 10gN Ty,
h=0 j=h n=0

We write ,8( ) for pg n) M(G—h)h and then have that

N N M-1
GU™ (y) ZZ Z 5(“;) MGFD+2n oo 4 4 O[y2M(N+2) |ogN+1 4]
h=0 j=h n=0

as y | 0, Recall that v(m) = M. Changing the order of summations on h and j, we
can conclude (4.7). Hence, the proof of Lemma 4.2 is finished.

The remainder of this section is devoted to showing Proposition 3.2. For ¢ > 0 and
an integer n = 0 let

L(t;q,n e i og" v dv.

O\H

Lemmas 4.1 and 4.2 show that it is sufficient to derive its asymptotic behavior.

Lemma 4.4. For an integer n = 0 we have that

n _)Ut
L(t;q,n) = —gz n) log" pt—l—OLnH} (4.18)
k=0

as t — oo, where

vi(g,n) = (—l)k (Z) /efvvq Log™™ ko dv.
0

In particular,

1 n
L(t:q,n) = o{ Ogtq pt} (4.19)
Proof. Let
o(t;q,n /e Pepa=1 og™ v dv.
1

We first show by induction that

nle Pt

Lo(t;g,mn § v
( ) (pr —q)*t

(4.20)
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for t > 2r?q and n = 0. The integration by parts gives that

o0

—Pt
Lo(t;q,0) = /e*’“”v“dv =+ LLy(t;q,0),
Pt Pt
1
which yields that
—Pt
Lo(t:q,n) <
Pt — (4

for t > 2r2q. Assume (4.20) for n > 0. The integration by parts yields that

o0

Lo(t;q,n+1) /e*p‘”vq log" ™ v dv
1

+1
Lo(t;q,n).
Pt

n
= L Lo(tign+1)+
Pt
Hence, we have that

1 1)le—re
nE Lo(t;q,n) = %
Pt —q (pt — @)™

for t > 2r2q. This implies that (4.20) holds for each n = 0.
It follows from (4.20) that

Lo(t;g,n+1)

oo

. tV 1 € P
Y pe s — |

It is obvious that the integral in the right-hand side is equal to

oo
1
—q/efvvq7110g Sy p—— Z’yk q,n)log" p;.
¢ pi = o

This implies that (4.18) holds.
Remark 4.5. We have that
7(¢,0) = I'(q), (g, 1) = I'(@)¥(q); mlg:1) =—I(q)
(cf. [3]). Moreover, Lemma 3.4 in [4] provides that
L(t;q,0) = I(q)p, ' + Ot e™""],

L(t;¢,1) = T'(q)p; “{¢(q) —log p;} + Ot e~ 1],
L(t;q,2) = O[t~7log? t].

as t — oo.

(4.21)
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We are ready to prove Proposition 3.2 and start to show (3.4). It follows from (4.2)
and (4.6) that

—l/m

ol (1) =

Zﬁ(m)L (t;v(m) +n+1,0) + O[L(t;v(m) + N + 2,0)]

n=0

2mr?

for a given integer N 2 0. In virtue of (4.18) and (4.19) we obtain that the right-hand

side is N

2m2 ; " u(m Jﬁ uL L O[W}
We put

o) = T g v om) 4+ 1,0) (212

for n 2 0 and hence can conclude that (3.4) holds.
We next aim to deduce (3.5). Combining (4.2) and (4.7), we have that

—u(m,) N j v(im)-1 m)

SO =5 2> > '”’ (m)(j+1)+n+1,h)

j=0h=0 n=0
+ O[L(t;v(m)(N +2) 4+ 1,N + 2)].

Since (4.18) gives that

i gm
> i Ltv(m)(G+ 1) +n+1,h)
h=0

J (m)

n h e Pt
= u(m)a+1+n+1 ZZ ] (m)(j +1) +n+1,1h)log" Pt+0[ p }7
k=0 h=k

it follows that

NG vm)=1 (m) o N+1
(m) (1) — M L
Par <t>—ZZ r(m)G+1)+n+1 +0 tr(m)(N+2)+1 |7

where

o = S ST P ) (1) + o+ 1, ) (22) D

Hence, (3.5) holds, and then we complete the proof of Proposition 3.2.

Remark 4.6. In virtue of results in [4] we can determine the signs of coefficients
of the first three terms of gf)&dl (t) for d = 3. An elementary but slightly complicated
calculation gives that the coefficient of the first term is positive and the second term
is negative. Moreover, the coefficient of the third term is negative if d = 4,5,6 and is
positive otherwise.
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5. ASYMPTOTIC EXPANSION OF F) , (t; 1)
For a given vector p # 0 it is shown that

4 _<$7M>
FO () = 2 o T A® (g )T
7 T

e (1+0[1]) (5.1)

as t — oo for |z| > r (cf. [9, Theorem 2.6]). The purpose in this section is to provide
a proof of Theorem 1.2, which is improvement of (5.1).

Lemma 5.1. Let |z| > r and p # 0. We have that

(5.2)

—|pl?t/2
F® () = e @ HE (b 1) AP (2,7, 1, A) + 0[}

t2
ast — oo.

Proof. Tt is sufficient to estimate the second term of the right-hand side of (2.8), and
thus we try to see that

> @) [AD (@7 1, A)| £ st 2o (53)

for any ¢t 2 1. Combining (2.3) and (2.4), we have that the left-hand side of (5.3) is
dominated by a constant multiple of

r2n+2 n 2 —|pl?t/2 o° 1 n
o lul2t/2 [z[\" . rle rle|
> raoe (5) = 5 (5

for t = 1. This yields (5.3) and also (5.2) since the summation in the right-hand side
converges. O

Lemma 5.1 yields that we should give an asymptotic expansion of H. g(gzr) (t; ). Recall
that

o0

— 25
)t = [ W22 (5)ds

t
and thus we need to investigate large time asymptotic for ¢§f2.(t).

Theorem 5.2. Let |x| > r. For an arbitrarily given integer N 2 0 there exists
a sequence {an )}n 0, Which is independent of x and r, such that

o M ) R

t log Pt

ast — oo.
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We remark that (5.4) is described in [5, Remark 2] without proof and that its
coefficients are not determined exactly. In this article we give its absolute proof and
the exact form of each coefficient.

Before proving (5.4), we shall complete the proof of Theorem 1.2. Lemma 5.1 yields
that it is sufficient to show that

—lul?t/2 log(|z|/7) a? 1
HO) (4 ) = 2 ( { D 5.5
S ==, Z T e e (5.5)
Fort > 2r2e,p>0and n > 1 let
I [ e,
tip,n) =
(’p7n) /Slognpé S

t

and note that I(¢;p,n) 2 0. In virtue of (5.4) we have that

N
1 1
Hfr(t;u):Zloglx'Zaf)I(t;,u|27n+2>+0{1<t;|u|2,N+3>} (5.6)
’ T 2 2

as t — oo. The integration by parts yields that

e Pt 1 e~ Pt n
I(t:p, e 1 ds, 5.7
(tip,m) = ptlog” p; pt/szlog”ps< +logps) ’ 6.7

which gives that

—pt
I(t;pn) < — (5.8)

ptlog" p
for t > 2r2e and p > 0. In addition, we have that the integral in the right-hand side of
(5.7) is dominated by (n + 1)I(¢; p,n)/t. Combining it with (5.8), we deduce

Ity = —S 0 +o[ e } (5.9)

ptlog™ py t2 log"” py

Hence, we can easily deduce (5.5) from (5.6). Putting
2 = o AP 2,1, 4

for n 2 0, we can conclude (1.4) and hence the proof Theorem 1.2 is finished.
The remainder of this section is devoted to a proof of Theorem 5.2. Similarly to
the case that d = 3, we need to give an asymptotic expansion of ng(y) as y | 0.

Recall that Jo(y)Yo(ey) — Joley)Yo(y)
) _ Jo(y)Yo(cy) — Jo(cy)Yo(y
GOly) = AOCES A
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The definition of Bessel functions gives that
2
Jo(y) =1+ 0[], Yoly) = ~(logy + 7 — log2) + Oly* log y] (5.10)

as y J 0, where ~ is the Euler constant (cf. [12, p. 107]).

Asymptotic behavior of the numerator of GSQZ«(y) can be easily derived by (5.10).
Indeed, a simple calculation shows that

Jo(y)Yo(ey) — Jo(cy)Yo(y) = + Oly* logy). (5.11)

2logc
™

Moreover, it follows that

4
Jo(y)* +Yo(y)* =1+ —(logy + 7 — log2)? + Oly* log” y]
2
_doeyfy S (1 1 ) Lopy ),
2 log y logy

2
§ =2(log2 — ), n=—i(€+ 2)

where
This gives that

JO(y)2 + YO(y)2 B 410g2y logky logy 1OgN+1 Y . .

k=0

The binomial theorem yields that the sum on & in the right-hand side of (5.12) is
equal to

k’ Sknnfk
19 SN (T 95 of B
b ekt X (5.13)
_nE:Ok %:/21( > log" y +OLOgNH ]

where [y] = min{n € Z; y < n} for a given y € R. Change variables from k to m
given by m = n — k and then the last sum in (5.13) is represented by

Noeln2 N )
AL ()

n=0 * m=0

y

Therefore, it follows that

) 2 N ) )
= “—+0 5.14
Jo(y)? +Yo(y)?  4log’y (nz_:o log"y [logN+1 D (519
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where
[n/2] n—m
(2) — - n—m, m
A= 5" e

for an integer n = 0. We remark that Bq(f) is independent of x and r for each n = 0.
Combining (5.11) and (5.14), we obtain the following proposition.

Proposition 5.3. For a given integer N 2 0 we have that

ey =T 10%0 o o|—12 1
w,r(y) Z logny + 10g]\]+1 y (5 5)

as y | 0. In particular, we can deduce that

N
logc
a® T
G2l - 51 = o

Co
| logy|N+3

)
' (5.16)

forany 0 <y < 1/2.

Remark 5.4. Proposition 5.3 can be found in [14]. However, only outline of its proof
is described, and each coefficient is not given in the explicit form. Moreover, the first
two terms of ng(y) are in [2] with no calculation.

In addition to Proposition 5.3, for a proof of Theorem 5.2, we need to represent

the leading term of ¢3(c22«(t) by an integral of G§32 However, the form of the leading
part is slightly different for the higher dimensional cases.

Lemma 5.5. Let || > r. We have that

VP

L[ -V,
020 = % [ 62(\[=)evavr 0| 5] 5.17)
0

Proof. We first give an integral representation of the tail probability of USO) , that is,

P ~(2)
/G s ) e=tul2gy (5.18)
0

ast — oo.

Pz(

aw

for ¢ > 0. We remark that (5.18) has been established in [2]. However, that paper is
written in Japanese, and we do not find any published papers with the proof of (5.18).
Hence, we would like to start with showing (5.18) along the same line as (3.8) in [4].

Since
o0

@) (.
[niet=n=2 [,
0 0
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for A > 0 (cf. [4, p. 515]), it is sufficient to prove that

ra o) o)

/dte_M/We_t“/zduZZ/Wdu. (5.19)
u w(2A + u)

0 0 0

We can conclude (5.19) immediately if we succeed in changing the order of integrals
in the left-hand side of (5.19).
In order to apply the Fubini theorem to the left-hand side of (5.19), we concentrate

on proving that
Gf%
/du/ |Gz (ry/u)l e Memtu/2 gt (5.20)
converges. It is obvious that (5.20) is equal to

[ 1680yl YDy [ 16E(/0)
=2 ————d 5.21
/ (2 + u) " v(2Ar2 4+ v) Y (5:21)
0
In order to estimate the integral in the right-hand side of (5.21), we divide the interval
of the integral into (0,1/4) and [1/4, c0).
The estimate of the integral on (0,1/4) is easy. Indeed, we have by (5.16) that

sup (log” y)|G)(y)] < cr (5.22)
0<y<1/2 '
and thus it follows that
Ao 1/4
|Gar (V)] do < T / dv e
v(2Ar24+v) T 202 | wlog® o Ar?log2’
0

0

For the estimate of the integral on [1/4,00) we need to derive asymptotic behavior of
ng(y) as y — oo. It is known that

o= Bealo-3) ol 0= (o 5) ol

asy — oo (cf. [12, pp. 122-123]) and hence Gfl(y) is asymptotically equal to a constant
multiple of sin(c — 1)y for large y. This immediately yields that

sup |GE) (y)] < es, (5.23)
y21/2

and then we can obtain that
7163 Td
Mdv < cs / ?12) :408-

v(2Ar2 +v) T
1/4 1/4
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Hence, we conclude that (5.21) and also (5.20) converge, which yields that (5.18) holds.
We next try to show (5.17). The argument used to prove (4.5) can be applied for
showing that

o0

¢(2)() Py /Gf}(r\/ﬂ)e_t“mdu. (5.24)
0
Indeed, we have by (5.22) and (5.23) that
/ |G (rv/u) e~ 4 du < cg / —tou/d gy, — des e to/16r*
t b
1/4r2 1/4r2 0
1/4r? 1/4r2
du
GO (ry/u)|e 0%/ 4dqy < ¢ / _
0/ GV <t | v
1/2

2c7 v cr
= — dv <
r2 / 10g2 v U= 272 log 2
0

for an arbitrarily given to > 0. Therefore, by differentiating both hand sides of (5.18)
with respect to ¢, we can conclude that (5.24) holds for any ¢ > 0.
The change of variables in (5.24) from u to v given by v = tu/2 yields that

1 v
(2) (2) —v
by (t) = mO/Gw,T(th)e dv.

Since (5.22) and (5.23) give that Ggi is bonded on (0, c0), we have that
e "dv < cg / e Vdv = cge” VP,

Jea((Dewse]

which immediately yields (5.17). O

Let t > 32r2 and N 2 0 be a given integer. We next aim to estimate the error
term of the integral in the right-hand side of (5.17), which is

N N @
[lee(3) -5 E
/ “I\V o 2 (log"™ \/v/pr)

Since \/v/py = 1/2 for 0 < v = \/p,, we can apply (5.16) and thus (5.25) is dominated
by a constant multiple of

VB, B VB,

e Vdv. (5.25)

—v

/—e ’ dv:2N+3/ ¢
) [1og™ 3 \/v/py| ) (log p; — log v)N+3

dv. (5.26)



Tail probability of the hitting time of Brownian motion to a sphere. .. 501

Note that )
log p; — logv 2 3 log pt

for 0 <v = \/p,. The right-hand side of (5.26) is less than or equal to

AN+3 Ve AN+3
N / ety S e
log™ ™ py log™ ™ py

Therefore, (5.26) and also (5.25) are of order 1/log™ ™ p;. It follows from (5.17) that

| N VP,
2 _ logc n+1(2) e
o) = £ S g |

0

—v

1
dv+ 0 {] . (527)
1 N+3 Pt

(log v — log p,)"+2 og

n=0

In order to calculate the first term of the right-hand side of (5.27), we give three
lemmas.

Lemma 5.6. For an integer m 2 1 we have that

\/fjt (S
/ e YlogMydy = /e*y log™ ydy 4+ O |e~ VPt log™ pt} (5.28)
0 0

ast — oo.

Proof. Let t > 8m?r2. The integration by parts yields that

00 oo —y
/ e Ylog™ ydy = e~ VP log™ Vo, t+m / £ log™ " ydy,
Y
P, VP

which is dominated by

1 m

_\/Etl m / —yl m d
—e og " pt t+ — e og yay.
2m ! VP,

VP,
Hence, we have that
— m 1 —\/P m 1 — m
e Ylog™ ydy < om € Pt log™ py + 5 /¢ Y1og™ ydy
VP, VP,

and can conclude (5.28). O
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Lemma 5.7. For any integer m = 1 we have that

oo

/e_y| logy|™dy < 2ml. (5.29)
0
Proof. We have that
1

1
1 1

/e*y log™ —dy < /logm —dy = ml.

0 Y 0 Y

Moreover, the integration by parts implies that

0o o) . b1 oo

/e*y log" ydy = k/wdy < k/e*ylogkf1 ydy
)

1 1 1

for any integer k = 1, which yields that

/e_y log™ ydy < m!/e_ydy <m!
1 1
for any m = 1. Hence, we conclude that (5.29) holds. O
Lemma 5.8. Let m =1 and N = 0 be fized integers. For y < 1/2 we have that
N
- m+k—-1\ , N
1-— m_ < +1, 5.30
I Dl () T Ee (5.30)

Proof. Let
N
Ru(y) = (1—g) ™ =3 (”” i 1)yk.

m—1
k=0

The Taylor theorem gives that

m+ N Cm—N—
Rm,N(y)<m_1>(19y) Nty Nt

for some 0 € [0, 1].
We have that 1 — 6y =2 1/2if 0 £ y £ 1/2 and that 1 — 0y = 1 if y < 0. Hence,
|Rm.n(y)| is dominated by a constant multiple of [y|V*1. O

For given integers m = 1 and N = 0 it follows from (5.29) and (5.30) that

T 1 R k—1\ (1
ogv m—+ K — ogv _
1-— — g vd
/K logpt) ( m—1 ><1ngt)‘e °
0

n=0

VP,

C10 / —v Nt1
—————— [ e ?|logv|" T dv £
logNJrl Dt )

201()(N + ].)'

IOgNH Pt

A
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Combining it with (5.28), we obtain that

T N E—1\ A 1
67” m m -|- . k
0/ (log v —log p,)™ 10?5 Pt z; < m—1 )log’“ pi log" " p;
where

Ak = /e_ylogk ydy
0

for an integer k = 0. This yields that

N N (2)
log c n+k+ 1\ (=1)"2" 157\, 1
(2) _ e
by (t) 3 {§ :E :( ntl ) ntk +0 log" ™ p,

tlog”pr \ 120155 log™™" py
_ loge {i 5 () ("2 B 0| |}
tlog? p, S \nt log™ p¢ logV+ p

We put

- 1
(2) — E _1\nong(2) m+

n=0
and thus have (5.4). This completes the proof of Theorem 5.2.

Remark 5.9. A simple calculation shows that

1
04(()2) =1, agz) = 270, a§2) =372 - §7TQ, ( ) = 270(78 — 7%) + 8¢(3),
where 79 = v—2log 2. In addition, we compute them by “Mathematica”, and have that

ol = -161815---, al¥ =-207097---, o’ =23.4685--- .

6. THE CASE OF BROWNIAN MOTION WITHOUT DRIFT
This section deals with the joint distribution of USIO) and B(o 50)) Recall that
Fidr)A(t 0) =P, (t < o(d) < 00, B(o (d)) € A)

for t > 0 and a Borel set A C S¢~1. Since (1.3) and (1.5) hold for 1 = 0, we obtain in
the same way as Proposition 2.3 that

F 2(60) = 3 MO U (5004 2.1, 0,4) (6.1)
n=0
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if d 2 3 and that

F& 4 (#0) = H(50) A5 (2, 7,0, A) + ZnH(2”+2)(t 0AD (z,7,0,4)  (6.2)

n=1

if d = 2. Moreover, Theorem 2.6 in [9] provides the leading term of FJE?T)’A(t; 0) for

large t. The purpose of this section is to deduce higher terms of F ggdr) 4(8;0).
We first provide the result for d = 3.

Theorem 6.1. Let |z| > 1 and N 2 0 be a given integer.
(1) If d is odd and not less than 3, we have that

(&) L (g~ 1
Fr,r,A(t; 0) = tv(d) (ZO tn +0 |:tN+1 :|>

n=

as t — oo for a suitable sequence {n,(ld) ;0 S n < N} which depends on x,r, A.
(2) If d is even and not less than 4, we have that

N v(d)-1 j 1 N+1
(d) 777” k og" ps log Pt
Fz r, A t 0 ty(d) <Z} E:O kz: tv(d)j+n +0 tv(d)(N+1)
J n= =

as t — oo for a suitable sequence {nﬁgg,k; 0Sk=<j<N,0=<n=Zv(d)} which
depends on x,r, A.

We can prove Theorem 6.1 along the same line as the proof of Theorem 1.1 with
the help of Lemma 2.4 in [9] and

n! log” py
H(t;0,9,n) = (q— 1)n—k+ifl ga-1
k=0

for ¢ > 1 and n = 0. Hence, the proof is omitted.

Remark 6.2. Similarly to F idr) 4(t; 1) we can represent coefficients of the first three
terms of Fggi?A(t; 0).

(1) If d is odd and d = 3, then

(d) (d) (d+2)
(@) _20% _d-1(4) (@D _ 200 104y, 2% () A
nO d7257“ ( )7 771 d ST ( )+ d72 (m TO )
(d) (d+2) (d+4)
0 2057 a2 200 45" (2.7,0.4
773 d+2sr ( ) (d )(d+2) 1 (LL',T, ) )+ d (:E T, )
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(2) If d is even and d = 8, then

(d) (d) (d+2)
2« 2c 2«
d 0,,0,0 d— d 1,0,0 4— 0,0,0 4(d
77((),(2,0: d—2 s? I(A)’ 775,(3,0: d Sg 1("4)+ d—2 Ag )(l',T,O,A),
(d
2«
d 2,0,0 d_
Moo =g g st 1 (4)
2do¢§dgr§) 2044
,0, /l(d) 0. A 0,0,0 A(d) 0. A).
A=t @n0A)+ 7A@ 0,4)

(3) If d = 6, then

6 O‘(()(% 0 5 (6) 0‘% 0 5 O‘(()g(% 0 ,(6)

,0,0 é : S’I”(A)’ 771,0,0 = é : S’I"(A) + ’2 : Al (:L', T, Oa A)v
(6) a(()(.? 15

70,1,1 4 5, (A).

0

(4) If d = 4, then

(4)
4 4) 4 Qp.1,1 -
Tono = ahoosh(A), M1, = —arsi(A),

(4) (4)

o a
70,1,0 = (0411 + 0;’0>5§(A) + a(()?),oAg4)($,r,0,A).

We next consider the case that d = 2. In virtue of (2.4) and Lemma 2.4 in [9]

we have that the summation in (6.2) is of order 1/¢. Note that Aé2)(x, r,0,A) = sL(A).
Thus, (6.2) gives that

F s(60) = st ) [ o6+ 07| (63

as t — oo. Since
o0

/ ds B 1
/ slog™ " p,  mlog™ py

for each integer m = 1, Theorem 5.2 shows that Fagzr) 4(t;0) admits an asymptotic
expansion in powers of 1/log p;.

Theorem 6.3. Let |z| > r and N 2 0. We have that

251(A) log(lz]/7) (w~ o) 1 1
F(Q) t:0) = ¢ +0 6.4
zral ) log p; Z n+1log" p: logN ! p; (64)

n=0

ast — oo.
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