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Abstract. We introduce a novel integral form for a fundamental set of solutions to
one-dimensional Dirac systems with an integrable potential and spectral parameter
1 € C. This method enables the construction of solutions that are analytic in g within
the half-plane Imp > —r, 7 > 0 and |u| — oco. Consequently, we derive estimates
for the solutions that remain valid not just within a horizontal strip but throughout
the entire half-plane.
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1. INTRODUCTION

In recent years, Dirac systems have been the subject of research from many different
perspectives. Some classical results can be found in [2, 8, 15]. More recent developments
concerning the operators associated with Dirac-type systems are presented in, for
example, [1, 3, 19]. Other works address questions regarding the completeness of the
system of eigenfunctions (see [13] and [14]) or the basis property (see [5] and [11]).
The cited works represent only selected results, and a broader overview of research
related to Dirac systems is provided in [17] and the references therein.

Such results can be obtained by understanding how the solutions of Dirac systems
behave with respect to a spectral parameter yp € C within a specific region of the
complex plane depending on the spectral problem under consideration. Most articles
provide results for p lying within a horizontal strip in the complex plane. These kinds
of results are adequate for specific types of boundary conditions, such as regular or
strictly regular ones. However, the first step in studying a given spectral problem is
the construction of a fundamental system that is analytic with respect to the spectral
parameter in the region under consideration.

The main goal of this work is to construct an analytic fundamental system in
the half-plane Im y > —r, r > 0. Our method also allows for an easy derivation of
solution estimates valid in the half-plane. Once these results are obtained, extending
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them to the entire complex plane, except for a bounded region around zero, becomes
straightforward. Such results are very useful in the study of spectral problems in
various function spaces.

Our approach relies on obtaining a suitable representation of the Dirac system
using integral operators. The first part of this paper focuses on establishing properties
of these integral operators and subsequently applying them to analyze fundamental
solutions of Dirac systems.

For Y = (y1,y2)T we consider a one-dimensional Dirac system in the following
form:

Y'(z)+ J(2)Y(z) = A, Y (z), =x€]0,1], (1.1)
where
A, =m[ - }  J@) = [ 02(2:,;) "1((]96) ] . (1.2)

Here ;1 € C is a spectral parameter, and complex-valued functions o; belong to
Lebesgue space L,[0,1] for j = 1,2, where 1 < p < 2. The solution Y is understood
to be a function having entries from the space of absolutely continuous functions on
[0,1] (i.e. from the Sobolev space Wi[0, 1]) satisfying (1.1) for a.e. z € [0, 1]. In this
paper, we focus on the construction of the fundamental system of solutions to the
equation (1.1) given by the functions w = (wy,w2)” and v = (vy,v2)7, which satisfy
the conditions wy(0) = 1, we(1) =0 and v1(0) = 0, v2(1) = 1. The adopted notion of
solutions and the assumptions on the functions o; enable the derivation of results for
the boundary value problem in L,[0, 1] spaces at a later stage.
The system (1.1) can be expressed in the classical form

—iBoY'(z) + Q(z)Y (z) = \Y (x), (1.3)

where A = —p and

Boz[_ol (1)] Q(x):{ 0 ial()(x) . (1.4)

7@02 (l‘)

This is a form that has been studied in many works in the literature.

In [7] and [17], the solutions to (1.1) were analyzed. The first work provided
precise asymptotic expressions for the fundamental solutions with a potential given
by 01,02 € L3[0,1], and demonstrated their use in studying the Sturm-Liouville
problem with a singular potential. The second paper addressed the case where 01,09 €
L,[0,1] with 1 < p < 2. In both studies, the spectral parameter was assumed to
lie within a horizontal strip |Im u| < d, d > 0, and the results were derived using
a common integral representation of the fundamental matrix D of (1.1) satisfying
D(0) = I. In [7], this representation takes the form

x

D(z) = e + / @A (t) 4+ Q(x, t)] dt, (1.5)
0
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where A, and J are given by (1.2). @ is a matrix function continuous on
A={(z,t)eR?: 0<t <z <1} (1.6)

Moreover, @ is a unique solution of the integral equation

r—t

Qat) = / J(t+€)(€)dE / J(E+ QU+ &, €)de. (L.7)
0

0

In [17] due to assumptions on the potential J, the kernel @ was defined on a different
Banach space than the space of continuous functions on A. It is essential to note that
the kernel @ is independent of the spectral parameter p, a property that facilitates
the derivation of precise asymptotic formulas for the fundamental system of solutions.
These formulas can subsequently be applied to the investigation of specific spectral
problems. The conceptual framework for this method is derived from [15, Ch. 1, §2,
Problem 5].

Other approaches to studying solutions to Dirac systems can be found in the
literature. One such approach, based on Priifer’s substitution, is presented in [18]
and [19]. A series of papers [9, 10, 12] provide results obtained using transformation
operators.

In this paper, we use the method introduced in [6], which is presented in the next
section. The main results of the article are Theorems 5.1, 5.2, and Corollaries 5.3
and 5.4, which provide, respectively, representations of the fundamental solutions of
(1.1) as a power series (analytic with respect to p) of the appropriate integral operators,
along with their estimates. Results of this type will be employed in future work for the
precise analysis of spectral problems related to Dirac systems, for which asymptotic
formulas are required not only in the strip.

In what follows, we will not write the domain of functions in the notation of a given
function space. For example, we will use the notation C for the space of continuous
functions on [0, 1] instead of C[0, 1] and similarly for L, spaces.

2. INTEGRAL EQUATIONS

In this section, we present integral representations for the fundamental solutions
of (1.1) for u € C such that Im g > —r, where r > 0. We will then examine the basic
properties of the integral operators that appear in these representations.

If Y = (y1,y2)7, the explicit form of the system (1.1) is

Y+ o1ye = iy,
Yh + o2y1 = —iuys.
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Next, noting that Imu > —r, with » > 0, we apply general formulas for the
solutions of ordinary differential equations to derive

y1(x) = Creh — /ei“(z_t)al(t)yg(t)dt,

0
1

() = Ce 1w+/ =00 gy (1) (£t

with certain constants C and Cs.

Let w = (w1, w2)T be the solution of (2.2) with specific constants C; = 1 and
Cy = 0. Then, it is obvious that w;(0) = 1, w2(1) = 0 and we can rewrite the system
in the following way:

x

1
w (1) = e — /ei”(x_t)al(t)/e_i“(t_s)ag(s)wl(s)dsdt,
t

o (2.3)

wa () = / =) o (P ().

x

By applying the substitution w; = e 2; and carrying out several straightforward
transformations, we derive an integral equation for the function z;:

2+ Kizp =1, (24)

where an integral operator is given by

(K12) (@ / / 2i(s=0) 5 (8)2(s)dsdt,  x € [0,1]. (2.5)

In the case C; = 0 and Cy = 1 we will denote the solution as v = (vy,v2)T.
Proceeding in the same way as for w, we get v1(0) =0, v2(1) = 1 and
xz
wle) == [ Vo bun(t)at,
0 ) ) (2.6)
vy(2) = (1) —/efi“(mft)og(t)/ei”(tfs)crl(s)vg(s)dsdt.
x 0

This time the appropriate substitution is vo = e*1=) 2, and it leads to the integral
equation for zo:

20+ Kozo =1, (27)
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where an integral operator is given by
1 t

(Ky2)(z) = / oa(t) / 2= (5)2(s)dsdt, x € [0,1]. (2.8)

x 0

3. PRELIMINARY ESTIMATES

In the following, our main goal will be to examine the solvability of the equations (2.4)
and (2.7) in the space C on the half-plane

Y, ={peC: Imu>-r}, r>0. (3.1)

The results on the solvability of (1.1) can be obtained using classic methods as
in [20, Chapter 1]. However, it is important to note that our integral equations are
of the form(I — K;)z; = 1. Providing ||K,||c < 1 we can represent solutions z; as
a powers series in K;. This is why it is necessary to derive estimates for the operators
K7 and K, with respect to a spectral parameter pu.

The estimates for these operators require an analysis of the expressions

xT 1
o (@, 1) = / FRE g (1) dt] oz, ) = / FHDoy @ di]. (3.2)
0 x

We will also need the following functions for o; € L,[0,1], j =1,2and 1/p+1/¢ =1,
q € (1,00]:

1] s q 1/q
10 = lhosComle, = | [ |[ e nwa as)
0 |0
1] 1 q 1/q (3:3)
Y2 (1) = 0,2 )z, = / /eQi“(s_t)ag(s) ds| dt
0 |t
and
v(ry=1, r<0, v(r)=e", r>0. (3.4)

If p=1, then in (3.3) we set ;(u) to be the supremum norm of 7 ;(-, 1) for j =1,2.
First, we would like to examine the behavior of gammas functions as |u| — oo.
We define

x

v () = / 0 £(1) dt,

0
1

vay(ap) = [ W0 .
x
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In the next lemma, we will use the notion of C-functionals defined by

K(f;e)= inf {[|f —glle, +ellgllw;}, €€ (0,1],f € L. (3.5)
geEW;

It is clear from the definition that
lim K(f;¢) = 0.

More on K-functionals one can find in [4, Chapter VI| and [16].

Lemma 3.1. For a given f € Ly, and for p € C, x € [0,1], the following estimates
hold:

[ rCom)lle € X+ oE)Kfspl™), ne (1), j=1.2, (3.6)

where the function v is given by (3.4). What is more, we have
i Comlle =0, pe Sy, |u] = oo (3.7)
Proof. Let us consider the case 7 = 1. It is straightforward that

(@)l <o) fllz,, | € L

On the other hand, for g € W} and p # 0 integrating by parts we get

x

1 ipu(x—
Vig(T, 1) = "% g(t)de* (=0
0
— (o)~ 9@ + oo [ g ) ar
2ip 2ip '
0
Next, the integral representation of f € Wi
T 1 1
f() :/tf’(t)dt+/(t—1)f’(t)dt+/f(t)dt
0 T 0
implies that
Iflle < Ifllwz = 1Az, +1f ., f € WH. (3.8)
This leads to the following conclusion for p € X,.:
14+ v(r) o(r), 1+o(r)
Vg )lle < ———llgllwr + 5119 (Dll, < ——lgllwz-
[1,9( ) 37 lgllw; 20 lg" ()|, m gl

Therefore, for f € Ly it follows that

s Gy mlle < v p—g (s mlle + llvag (s w)lle
< @+ o)IF = gllz, + 1ul = gllwg-
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Summarizing the discussion above, for u € X,.(1), we obtain

1,5 ( m)lle < gier;‘f/l{||yl,ffg('au)|lc +lragComlle < @ +vr)DES; e,

and this is exactly (3.6) for j = 1.
To prove (3.6) for j = 2, it is sufficient to observe that

va(x,p) = vy (L= p),  fla)=fl-2), wel0,1],
and K(f;-) = K(f;-), where K(f;-) is given by (3.5). O
A direct consequence of this lemma is the following result.
Corollary 3.2. For j =1,2 and p € ¥, |u] — o0, the following holds:

17055 )llc = 0 and  ~;(u) — 0.

4. ESTIMATIONS OF INTEGRAL OPERATORS

In this section, we will focus on estimating integral operators. We begin with a few
simple observations.

Lemma 4.1. Foro; € Ly, 1 <p < q and pu € C, the following estimates hold:

1 1

1Kelle < / o1 (Dot w) dt, || Kaelle < / oo (Olon (b dt, (4.1
0 0

|Kielle < o]z, v2(p), [ Kaelle < lloallz,y1(p)- (4.2)

Proof. The first inequality follows immediately from the definition of K;. By Hélder
inequality, for any o € L,,, we obtain

1

[1o®lste. ) dt <ol 300, 5 =1.2 (43)
0
and this gives (4.2). O
In the following, we will use a specific decomposition of K7 into two parts. Note that
(K12)(z) = (K112)(2) + (K122)(z), x€]0,1],z €C, (4.4)
where
(K1.12)(z) = / oa(s) / g () dt 3 2(s) ds, (4.5)
0 0
1 x
(K122)(z) = /62iu802(8>2(8) ds / e 2 gy (t) dt. (4.6)
T 0

We have gathered several simple inequalities in the following lemma.
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Lemma 4.2. Forz € C, p € X, there hold

1K1 2lle < o(r)llowllz, lozllz, |2le;

1K12lle < v(r)llonllz, llozlle, 2],

where v is given by (3.4). Moreover, we have

1K1 22lle < lloallz, ()=l
|(K1,22)(@)] < [lozllz,v(r)you (2, w)llzlle. = € [0,1],

and consequently

(K 2)(2)] < lloallz, () + v(r)yoa (@ w)lzlle, 2 €[0,1].

Proof. For u € ¥, we can easily deduce from (2.5) the inequality

1K vzl < ofr /|01 |dt/|02 §)| ds,

thus both estimates (4.7) and (4.8) follow. Next, using (4.3), we obtain

|(K112)(@)] < [12le / j03(5)] / A0 g, (1) di| ds
0

0
T

= ||Z||c/|02(8)|70,1(87u) ds < [|z[lclloallL, 71 (1),

0
and similarly, we have

1 T

(Kr22)(@)] < llelle [loa(o)l| [ 00y ds
z 0
< lzllev(r)llozllL, o (, p)-
This completes the proof of (4.9) and (4.10).
Remark 4.3. The following decomposition holds for Ks:
(Ko22)(z) = (K212)(x) + (K222)(z), z€]0,1], ze€eC,

where

(K2.12)( o1(s /2’“(75 Doo(t)dt y 2(s) ds,

1
1
(K2.22)( /e s 51 (5)2(s) ds/ezi“tog(t) dt.
0 T

(4.7)
(4.8)

(4.9)
(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Analogously as for K7, one can prove the following facts:

[1K212]le < llowllz,v2()llzlle; (4.15)
[(K2,22)(@)] < [lo ]z, v(r)yo.2(z, w)l|zlle, (4.16)

and
|(K22)(2)] < |lorllz, (1 () + v(r)yvo.2(z, m)lzlle, = €[0,1], (4.17)

where z € C, p € X, v > 0.

The next result concerns the estimation of powers of the integral operator K7, which
will be crucial in proving the solvability of the integral equations. For convenience,
we introduce the notation:

o(x) = max{|o1 ()], [o2(2)[} € Ly,
and
e(x)=1, z€]0,1].
It is obvious that
lojllz, < llojllz, <llollL,
for j =1,2.
Lemma 4.4. If p € X, and z € C, then forn=0,1,2,... there holds

157" 2lle < a™ ¢ (w)]2le, (4.18)
where a := 2v2(r)||a||%p and v is given by (3.4).

Proof. We will proceed by induction. For n = 0, the estimate (4.18) is trivial. Next,
suppose that (4.18) holds for some n € Ny. Then, using inequalities (4.7)—(4.10),
we obtain

I 22lle < || KK K 2lle + ([ K1 K2 K 2l

< o(r)llotllL, o2l 1K1, K7 2lle + v(r)|lo )z, lo2llo, | K12 K72 L,

< o()|o1llz, ozl o2, () K" 2]l
2n

+o()llollz, lloallz, vr)loallz, o (mlliz, 1B 2l
Therefore, there holds
1K 22lle < 20° () loll7, (W K" 2lle < a" 7™ (W)llz]le,

and (4.18) is true for n + 1. O

We can obtain analogous results for Ky using a simple transformation. Note that
if we take

5']'(37):0']‘(1—31‘), j:1a2a 2(1’):2(1—.%‘),
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then

Qe
i
—
—
I
VA
S~—
9]
N
S
=
T
&
IS

(1—s)ds p dt

o1 (T)e2ilt(t+7_1)2(7') dr » dt

So, we can write

where

(K12)(z) = /52(16)/e2i”(s_t)61(s)z(s) ds dt.

0 t

5. SOLVABILITY OF INTEGRAL EQUATIONS AND ESTIMATES

(4.19)

We are now ready to prove the main results of this paper. First, we will state the
results regarding the solvability of equations (2.5) and (2.8) in C. In the following,

we will need the set

QR)=3.N{peC: |ul >R}

(5.1)

Theorem 5.1. Assume r is fired and R, > 0 be chosen large enough to satisfy

W(0) < 1/(2a) for e (R,).
Then, for p € Q.(R,) and any f € C, the equation

z(x) + (K12)(x) = f(x),

has the unique solution z € C given by

2=+ K)7 =) (1)K},

n=0
which is analytical with respect to p and satisfies

3

2= (-)"Kpf

n=0

<da®(1+v()olZ,)77 (Wl flle-
C

(5.2)

(5.4)
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Proof. The assertion (5.3) follows from (4.18) together with the condition (5.2). Note
that K3 f is analytic with respect to u for every continuous function f. Therefore, z is
also analytical, as it is the uniform limit of the series in (5.3). Moreover, from (5.3),
(4.7), (4.18) and (5.2), we obtain

3

2= Y () Ky

n=0

oo
< IKitlle Y KT el flle

C n=0

< 2K le(L+ 1Kl Y 5T el flle

m=0
< 20293 (1) (1 + () ||o]]3,) Za mlflle
<4a®(1+o(r)|ol|} 7 (u)||f||c~ -

Combining together (4.19) and Theorem 5.1 we obtain the following asser-
tions for K.

Theorem 5.2. Assume 1 is fized and R, > 0 be chosen large enough to satisfy

Y2(p) <1/(2a)  for pe Q(Ry). (5.5)
Then, for € Q.(R,) and any f € C, the equation

2(2) + (K22)(2) = f(2),

has the unique solution z € C

e=(1+Ky) ' f = Z 1)"K3 . (5.6)

n=0
which is analytical with respect to p and satisfies

3

2= (-1)"Kpf

n=0

<da*(1+u(r)olZ,)3 Wl flle- (5.7)
C

Note that the above results can be further refined in the case of equations (2.4)
and (2.7) since their right-hand side is e(x) = 1, € [0, 1]. This simplifies the analysis
of compositions of the operators K.

Corollary 5.3. Let r be fized and R, > 0 satisfies (5.2). Then for p € Q,(R,) and
the solution z1 € C of integral equation (2.4), we have the following estimates:

|21 — e+ Kie — Kie| . < allollz, (v2(r) +4a(l + v(r)llol|z, () (k)  (5.8)

and

|21(2) = e(@) + (Kae) ()| < o7, (71(u) + v(r)v0.0 (2, 1) 72 (1)

(5.9)
+ alloflL, (v2 (k) + 4a(1 +v(r)llof L, 71 (1) 71 (R)-
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Proof. By (4.2) and (4.18), we have

15T elle < (1T [I1Krell < allollz, v (m)2(m),

hence (5.8) follows from (5.4). Next, using (4.2) and (4.11), we have for = € [0, 1]

(KTe)(@)| < llollz,lo2llz, (v () + v(r)v0.0 (2, 1) 72 (h), (5.10)

and then (5.9) follows from (5.8). O

In the same way we can obtain results regarding the second operator.

Corollary 5.4. Let r be fized and R, > 0 satisfies (5.5). Then for p € Q,(R,) and
the solution zo € C of integral equation (2.7) the following estimates are true:

|22 — e+ Kie — K3el|, < allollz, (v (p) + 4a(l + v(r)||lol|L,v2 (1) y2(p)  (5.11)
and

|22(2) — e(x) + (K2e) ()| < [lol|, (v2(1) + v(r)v0.2 (2, )01 (1)

5.12
+allol[L, (71 (w) +4a(l +v(r)llol L, v2 (1) r2 (1) (>12)
We recall that solutions z; and 23 of (2.4) and (2.7) are related to the fundamental
system of solutions w = (wy,w)T and v = (vy,v2)T to (2.2) through the transforma-
tions wy = e z; and vy = (1= 2 Furthermore, wy and vy are given by (2.3) and
(2.6), respectively. In this manner, we have derived results concerning the analyticity
and estimates of the fundamental system of solutions to the Dirac system (1.1), which
hold in any half-plane Im o > —r, r > 0 (for || large enough).

Remark 5.5. In particular, the results are valid for Im ¢ > 0 and outside some disk.
It remains to show how to obtain results that hold in the entire complex plane, except
for a disk around zero. Now, assuming that Im y < 0, we proceed by taking u = —X\
n (2.1). This way we get Im A > 0 and

Yy + o1y2 = —iAyn,
Yh + o2y1 = iAys.

Therefore, it is sufficient to apply our results for Im > 0 but replacing y; and ys and
substituting —u for p and oy for 7 in all the formulas.
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