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Abstract. It is known that the discrete matrix Riccati equation has the order
preserving property under some assumptions. In this paper we formulate and prove
the converse statement for the case when the dimensions of the matrices are 2 x 2
and the order preserving property holds for all such symmetric matrices.
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1. INTRODUCTION AND MOTIVATION

In the whole paper we denote by S the set of real symmetric n X n matrices and by Sz
the set of real symmetric 2 x 2 matrices. For any two symmetric matrices Q, Q €8S,
by the inequality @ < () we mean that the symmetric matrix Q — Q is non- negative
definite. The 2n x 2n matrix S = [ 5] with block entries A, B, C, D is symplectic if

ATc=cTA, B"™D=D"B, A™D-C"B=1,

where A, B,C,D are n X n matrices.
A function f: S — S has the order preserving property on a set M C S if

Q<Q& f(Q) < f(Q) forallQ,QeMCS. (1.1)

There are known results about the order preserving property of the discrete matrix
Riccati equation,

R[Qlk := Qry1(Ax + BrQx) — (Cr. + DrQr) = 0,
where Ay, By, Cr, Dk, and Qj are real n X n matrices, @ are symmetric and the

2n X 2n matrices Sy with block entries Ay, By, Cx, Dy are symplectic. See e.g. [5].
The following more general form of this result is formulated in [8].
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Proposition 1.1 ([8, Corollary 2.7]). Let S = [£ B] be a symplectic 2n x 2n matriz
and Q,Q € S be such that both inverses (A + BQ)™' and (A + BQ)™' exist and
both inequalities (A + BQ)™'B < 0,(A + BQ)™'B < 0 hold, or both inequalities
(A+BQ)"'B>0,(A+BQ)"'B >0 hold. Then

Q<Q & (C+DQ(A+BQ)'<(C+DQ)(A+BQ)™".

The question is, if there exist symmetric matrix functions with the order preserving
property that are not of this Riccati type, i.e. not defined as

f(Q)=(C+DQ)(A+BQ)™".

A corresponding result in the continuous case was formulated in [6] by Stokes.
It says that if a symmetric matrix differential equation has the order preserving
property and the matrix dimension is n > 2, then this equation is the continuous
matrix Riccati equation. Converse results for the continuous case were published by
Reid in [4] and Coppel in [1].

In the discrete case, there is a result regarding this problem, published in [7],
but modified assumptions are required there.

By the symmetric matrix function f: S — S we mean here any function mapping
S to S. Another commonly used meaning of the term “matrix function” is a function
derived from a scalar function by applying this function to the eigenvalues of the
matrix. Such types of functions are studied e.g. in [2]. There are many results about
monotonicity of such matrix functions (called also operator monotone), which were
studied already by Lowner in [3]. The order preserving property is often formulated
only as an implication,

Q<Q=f(Q<[f(Q), forallQQeMCS, (12)

compared to the order preserving property (1.1), which is an equivalence. Lowner
showed in [3, p. 187] that if the matrix dimension n = 2, the only function such that
it has property (1.2) together with its inverse on a suitable set M, is the function
derived from the scalar function f(q) = Zr_ig, where a, b, ¢, d, ¢ are real numbers.

In this paper we formulate and prove the converse of Proposition 1.1 for the case
when B =0 and n = 2.

1.1. PROBLEM FORMULATION
First, we rewrite Proposition 1.1 in a more suitable form.

Proposition 1.2. Let S = [é‘ B be a symplectic 2n x 2n matriz and let function
f:S — S be defined as f(Q) = (C+ DQ)(A+ BQ)~L. Then f has property (1.1)
on M* and f has property (1.1) on M~ , where

Mt ={QeS: (A+BQ)™*! exists, (A+BQ)"'B >0},
M~ ={QcS: (A+BQ)™*" exists, (A+BQ) B < 0}.
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Now, if B = 0, then M* = M~ = S, and further, if the matrix S = [£ 3]
is symplectic, then

ATc=cTA, ATD=1

and

C+DRA+BQ) ' =C+AT'Q)A =cA + AT IQA.

The matrix CA~! is symmetric and the matrix A~! is invertible. Proposition 1.2
becomes the following.

Proposition 1.3. Let f: S — S be defined as f(Q) = K + LTQL, where K is
a symmetric n Xn matriz and L is an invertible n x n matriz. Then f has property (1.1)
on the whole S.

Proof of this proposition is trivial. The converse of this proposition may be
formulated as follows.

Hypothesis 1.4. Let n > 2 and f: S — S be a continuous function such that f has
property (1.1) on the whole S. Then f is of the form f(Q) = K + LTQL, where K is

a symmetric n X n matrix and L is an invertible n x n matrix.

In this paper we present the proof of this hypothesis for the case when n = 2.
To prove this, we use geometric approach, where any symmetric 2 x 2 matrix represents
a point in 3-dimensional space and the set of all positive definite matrices is a cone
in this space.

Notation 1.5. Let A € S. Denote

KT(A):={QeS:Q>A}, Kf(A):={Qc K'(A):det(Q— A) =0},
K (A):={QeS:Q <A}, K;j(A):={Q¢e€ K (A):det(Q — A) =0},
K(A):=KT(A) UK (4), Ky(A):=K](A) UK, (A).

2. AUXILIARY LEMMAS

In this section is n = 2 and S = S is the set of real symmetric 2 x 2 matrices.
This section contains auxiliary lemmas, statements of which are mostly obvious from
a geometric point of view, they follow from the basic theory of linear algebra and
geometry. To ensure the correctness of all proofs, we present them all here in our
non-geometric notation. These lemmas will be used in Section 3, which deals with the
properties of the function f.

Lemma 2.1. Let Q € Sy be such that det(Q) = 0 and Q # 0. Then there exist unique
v €1[0,27) and r € R such that

QT(IJr{COS(p sin ¢ D (2.1)

sinp —cosp
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Proof. If Q € Sz, det(Q) = 0 and @ # 0, then there exist unique z, 2,0 € R such that
Q=0 {ii ;”5} and ¢ = +1, where 22 + 22 # 0. We take r := 0’# and ¢ € [0,27)

L — T  &in¥® — z : .
such that cos § elik sin & ek The relation (2.1) follows from the basic
trigonometric identities. O

We will now introduce a possible geometric view, that is useful for a better idea
of all this. Each symmetric 2 x 2 matrix ) with zero determinant can be uniquely
represented by a point in 3-dimensional space. We take the point with the spherical
coordinates r, ¢ and 7 or %T’T (radial distance is r, azimuthal angle is ¢, and polar
angle is 7 or %”, depending on the sign of the diagonal elements of the matrix), where
7, are given from relation (2.1). The matrix, which is represented by the point with

spherical coordinates 1, ¢ and 7, we denote U(yp).

Notation 2.2. Let ¢ € [0,27). Denote

L cosp  sine
Ulp) =1+ [sinap — cos ga} '

Remark 2.3. The point, which is represented by the sum U(p) + U(p + ) = 21, lies
on the z-axis. The point, which is represented by the difference U(p) — U(p + 7) =
2(U(p) — I), is the projection of 2U () to the xy-plane.

We will further work with the following two types of sets.

Notation 2.4. Let A € Sy and ¢, 1,0 € [0,27). Denote

lo(A) :={A+tU(p):t € R},
pyo(A) ={A+rU@)+sU@B) :r,s € R}.

In our geometric view, the set I,(A) is represented by the straight line passing
s

through the point A, with the polar angle of the direction vector 7 and azimuthal

angle . We will refer to this type of line as %-line. The F-lines I,(A) and l,4(A)
are perpendicular.
The set py,9(A) is then the plane given by the point A and the F-lines [y, (A), lo(A).
We will refer to this type of plane as F-plane. The Z-plane py g4 (A) is vertical.
The set Ko(A) from Notation 1.5 is (for n = 2) the right circular double cone with

angle 7 and with vertex at the point A. We will refer to this surface simply as the
cone with vertex at the point A, since no other types of cones appear in this text.
The set K (A) is the upper half of this cone and the set K (A) is its lower half.

The following three lemmas contain auxiliary identities that will be used later

in the proofs.
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Lemma 2.5. Let ¢, , 5 € [0,27). The following identities hold:

det (U(p) — 1) = —1, (2.2)
[Ule) = 1[U(r) = I] =1,
U= nuE) -1 = e "5 eI e
[U(e) = 1[U(p)[U(er) = 1] = U2 — ). (2.5)
Proof. The identities can be proven directly with use of the basic trigonometric
identities. O

Lemma 2.6. Let ¢ € [0,27). The following identities hold:

U(9)-1U+n [V () -1 =Vm =7 3], 20

NS
SN—
|
)
Il
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—
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=)
—
o |
—
| I

[U(5) -1 [Ue+5)-1[U(
Proof. The identities follow from identities (2.3), (2.5) in Lemma 2.5. O
Lemma 2.7. Let aq,...,ax, 8 €[0,27), and aq,...,a,b € R. Then the identity

k k
2bZai(1 — COS(ﬁ — OZZ)) = — detZaiU(ai)

i=1
holds if and only if there exist v € [0,27), ¢ € R such that

a1 U(aq) + a2U(as) + ... + apU(ag) + bU(B) = cU(y). (2.7)
Proof. We multiply equation (2.7) by the matrix U (g) — I from both the left and
the right and then use identity (2.5) to obtain the equivalent equation

k
a8 — ) +bU(0) = U (B ).

Hence, there exist v € [0,27), ¢ € R such that the equation holds if and only if
the determinant of the matrix on the left is zero, that is

k
0 = det ZaiU(ﬁ —a;) +bU(0)
i=1

k k

= detz a;U(o;) + QbZai(l —cos(fB — ay)),

i=1 i=1

where we used that det Zle a;U(B — a;) = det Zle a;U(a;), which follows from
identity (2.2). This completes the proof. O



858 Viera Stoudkovd Rizickova

The lemmas, that are presented in the rest of this section, have obvious geometric
meanings. Sometimes it is more convenient to consider a representation of a matrix
not as a point, but as a vector starting at 0 and ending at a given point. The next
two lemmas say, that any vector in 3-dimensional space can be written as a linear
combination of 3 mutually perpendicular vectors U(y), U(¢ +7) and U(p + §) — I
for any ¢, and any vector can be written as a linear combination of 2 mutually
perpendicular vectors U(p), U(p + m) for some ¢. Then ¢ or ¢ + 7 is the azimuthal
angle of this vector.

Lemma 2.8. Let A € Sy and ¢ € [0,27). Then there exist a,b,c € R such that
A=aU(p)+bU(p+m)+c(U(p+3)—1). (2.8)

Moreover, equation (2.8) is equivalent with

] mwE-nawE-n. 29)
Proof. Equation (2.9) is equivalent with
U (5) ~1JA[U(§) — 1] = aU(0) + bU(~7)
A=[U(%) 1] [aU(0)+bU(—7)+c (U (-%) —
The conclusion follows from identities (2.3), (2.6). O
Lemma 2.9. Let A € Sy. Then there exists ¢ € [0,27) and a,b € R such that
A=aU(p)+bU(p+ ). (2.10)
Moreover, if A > 0, then a > 0,b > 0.
Proof. By Lemma 2.8, we have that it suffices to show that there exists such ¢ € [0, 27)

that the matrix [U (£) —1I] A[U (%) —1] is diagonal. The matrix U (£) — I is

orthonormal and can be found by eigendecomposition of the matrix A. The coefficients
2a, 2b are the eigenvalues of the matrix A. O

Lemma 2.10. Let ¢,6 € [0,27) and a,b,c,d € R be such that

aU(p) +bU(p+7) +c(U(p+ %) — 1) =dU(6). (2.11)
Then

Ulp)+bU(p+m) —c(Ulp+35)— 1) =dU(2¢ —9). (2.12)

Moreover, for all o € [0,27) it holds that ¢ = 4ab if and only if there exist § € [0,27)
and d € R such that (2.11) holds.

Proof. We multiply both sides of equation (2.11) by the matrix U(y) — I and then,
using identity (2.5), we obtain
alU(p) +bU(p —m) +c(U (o -3
aU(p) +bU(p+7) —c(U(p+ %) —
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Further, Lemma 2.8, (2.9) yields that equation (2.11) is equivalent with

2a —c
W@ - v -1,
and this implies that 0 = det [E“c % ] = 4ab — c?. Conversely, if det [3“6 gbc] =0, then
there exist ¢ € [0,27) and d € R such that (2.11) holds. O
The geometric meaning of the next lemma is, that if a linear combination of two
vectors with the polar angle 7 or ?ﬁf is again a vector with the polar angle 7 or ?jf,

then one of these vectors is a multiple of the other. This lemma has also an algebraic
meaning, namely that if the sum of two nonzero symmetric 2 x 2 matrices with zero
determinants has also zero determinant, then one of these matrices is a multiple of
the other.

Lemma 2.11. Let o, 8,7 € [0,27), and a,b,c € R be such that
aU(a) +dU(B) + cU(y) = 0. (2.13)

Ifa#0,b£0,thena=0. I[fa#B#v# a, thena=b=c=0.
Proof. Lemma 2.7 applied to (2.13) yields that
2ab(1 — cos(f — a)) = —detaU(a) =0

and this implies that if a # 0,b # 0, then @ = § and if a # 3, then either a = 0
or b = 0. The same statements hold for the pairs «,~ and 3, , which together with
(2.13) implies that if @« # 8 # v # a, thena=b=¢=0. O

Lemma 2.12. Let a1, a9 € [0,27), a1 < oy and ay,az,¢ € R, ¢ # 0 be such that
a1U(a1) + a2U(ag) = cl. (2.14)

Then oy = a1 +7 andalzagzg.

Proof. We write (2.14) as
a1 [Ulay) = I+ ag [U(ag) — I = (¢ — a; — a2)1,

and this equation holds if and only if both its sides are zero matrices, thus ¢ = a; + as.
By substituting this into (2.14) we further get

a1 +a
a1U(aq) + aU(a) = (a1 + az)l = T 5 2 (U(ay) + U(ay + 7)),
ai — as ai + as
U(ar) + a2U(ag) — U(ay +7)=0.

Lemma 2.11 applied to this equation yields that a; = as, because a; # as and
ay # ag + 7. Then aoU(az) — asU(ay + ) = 0, thus as = a3 + 7. O
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Lemma 2.13. Let O‘la"'vakaﬂhBQa’Y € [0?271-)7 Bl 3& /82 and ar,...,a € R7 b,C eER
be such that

arU(ar) + aU(a2) + ... + apU(ag) + 0(U(B1) + U(B2)) = cU(y). (2.15)

If0<a;,,i=1,...,k, then b <0.

Proof. We will suppose that b # 0. Similarly, as in the proof of Lemma 2.12, we get
from (2.15) that ¢ = 2b+ Zle a; and

k
Zai [Uew) = I+ b[U(B1) = 1] +b[U(B2) — 1] = c[U(7) — 1]. (2.16)

Sinceb # 0, f1 # P2 and 0 < a;, ¢ = 1,..., k, equation (2.16) yields |¢| < Zle a;+2\b).
From this, by substituting Zle a; = ¢ — 2b, we further get |c| < ¢ — 2b + 2|b|, which
implies that b < 0. O

Lemma 2.14. Let ay,...,ax € [0,27), a1,...,ar € R. Then there exists v € [0, 27)
and ¢ € R, ¢ > 0 such that

a1 [U(ar) = I+ a2 [Ulag) = I+ ...+ ap [Ulag) — I = c[U(y) — 1], (2.17)

and ¢ = —det Zle a; [U(aq) — IJ.

Proof. There exist a,b € R such that

S oy [U(an) — 1] = [Z ba] TP
=1

a b
\/<12b-i-b2 Va2+b?
—a )
Va?+b2 Va2 +b?

k
—detZai [U(a;) —I] = a® + V*.
i=1

Further, there exist v € [0,27) and ¢ € R such that cosy = ﬁ, siny = ﬁ,

c=+va2+b% c>0. O

Lemma 2.15. Let A,D € Sa, a € [0,27) be such that ,(A) N Ko(D) = 0. Then
the following propositions hold.

(i) For allt e R, t #0 and all 6 € [0,27), § # «, the intersection lo(A) N Ko(D +
tU(96)) is nonempty.
(ii) For all 6 € ]0,27),6 # «, except one, the intersection ls(A) N Ko(D) is nonempty.

Proof. Let ¢§ € [0,27),d # «. The intersection I, (A4) N Ko(D + tU(J)) is nonempty
if and only if there exist a,b € R, 8 € [0,27) such that

A+ aU(a) = D +tU(5) +bU(B). (2.18)



Symmetric 2 x 2 matrix functions with order preserving property 861

Let v € [0,27), ¢,d € R be such that
A—D=cU(y)+dU(y + ).
Existence of such constants follows from Lemma 2.9. Then (2.18) is equivalent with
aU(a) + cU(y) +dU(y + ) — tU(5) — bU(B) = 0.

Lemma 2.7 applied to this equation yields that (2.18) holds for some a,b € R, 5 € [0, 27)
if and only if

2a[c(1 — cos(a — 7)) + d(1 — cos(aw — vy — 7)) — t(1 — cos(a — 6))]

= —det [cU(y) + dU (v + ) — tU(9)] (2.19)

holds for some a € R. Denote the coefficient at a as
k(t) :==c(1 — cos(a— 7)) + d(1 — cos(aw — v — 7)) — t(1 — cos(a — 9)).

Since 1o (A) N Ko(D) = 0, we get that k(0) = 0, hence k(¢t) = —t(1 — cos(a — 9)).
If t # 0, then k(t) # 0, because § # «, and there exists a such that (2.19) holds. Then,
by Lemma 2.7, there also exist b, 8 such that (2.18) holds.

Now we prove (ii). We again have that k(0) = 0. Thus if 6 # «, § # 2y — a + 2k,
k € Z, we have that

e(l—cos(6 —v))+d(l —cos(6 —y—m)) #0,
therefore there exists a such that
2a[e(1 —cos(d — 7)) +d(1 —cos(d — v —m))] = —det [cU(y) + dU (y + )],
and then, by Lemma 2.7, there also exist b, 3 such that
aU () + cU(y) +dU(y+ ) = bU(B) =0,
thus (ii) holds. O

Lemma 2.16. Let A € Sa, A > 0. Then there exist o, 3,7, € [0,27), all different,
and a,b,c,d € R such that

A=aU(a)+dU(B) = cU(y) + dU(9).

Proof. We have by Lemma 2.9 that there exist «, 5 € [0,27) and a,b € R such that
B =a+m A=aU(x) +bU(S). Since A > 0, we have that a # 0, b # 0. Now
let v € [0,27) be such that it is different from «a, 3. Now we need to show that
there exist ¢,d,d such that aU(a) — cU(y) = dU(6) — bU(B). This holds if the set
1, (aU(c))NKo(—bU(B)) is nonempty. In the case this set is empty, then by Lemma 2.15,
there exist infinitely many ¥ € [0, 27) such that the set I5(aU(a)) N Ko(—bU(f)) is
nonempty, and we can take any of these 4 that is different from «, 5.

Thus, there exist ¢, d,~,d such that « is different from «, 8 and aU(«a) — cU(y) =
dU(8)—bU(B). Now, since a # 0, b # 0, then, by Lemma 2.11, 6 # o, 6 # 8,6 # . O
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Lemma 2.17. Let D € Sz, a,b € R, «, 5, € [0,27) be such that a # 0,b # 0, o # 3,
a #£ -, B#~ and denote

A=D+aU(a)+0U(B), B=D+ (a+bU(a), C=D+(a+bU(y).

Then there exist V,W € Sa such that V. < W and A, B,C € KJ (V)N K (W).
Proof. First we show that there exists v € R such that

det (v [U (%57) = I] = (a+0) [U(a) —1])

= det [ (‘”7) I]—(a—&—b)[U(fy)—I]),

det( (a+7) } (a+b)[U(a)—1I])
b

(v (2.20)
v
det (v [U (%57) —I] —alU(a) = I] = b[U(B) - 1]).
y
)

(2.21)

ield that (2.20) holds for all v € R. Now we multiply matrices

Identities (2.5), (2. )
) T } from the right, and use identity (2.5) to get equivalent

in (2.21) by [U (“2
equation

2

det (v] — (a+b) [U(a) — 1] [U (247) 1))
=det (v —aU(e) — I [U (%$2) — 1] —b[UB) - 1] [U (&52) - 1]) .

The matrices, by identity (2.4), are of the form
vI—(a+b)[U(a)—IHU(@)_I]:{p” q }
ol ~alUle) - 11U (5) - 1) o[0() - 11 U (=) - 1) = ' 202 ],

where p,q,7,s € Rand p—r = b (cos (952) — cos (%725)) We have supposed
that b #£ 0, 8 # v and 8 # «, hence p # r and there exists such v that

V42 +pP+ P =0+ 2ro+r2 + 52, det [quv piv} = det [r:rsv T_T_U} )

Now, by Lemma 2.14, there exists d € R, d > 0 and 1, d2, 03 € [0, 27) such that

v[U (&) —I] —alU(a) = I] = b[U(B) — 1] =d[U(6) — 1],
v [U(52) = 1] = (a+b) [Ula) = I) = d[U(52) — I,
v[U(52) = 1] = (a+b) [U(y) = 1| =d[U(83) — 1.

We denote w = d — v+ a + b and obtain the following relations from the above
oU (452) — aU(a) = bU(B) = dU (61) — wl = —dU (61 + ) — (w — 2d)1,

WU (252) = (a+ DU(0) = dU () — wl = —dU(F + ) — (w—2d)1,

U (257) — (a +b)U(7) = dU(83) — wl = —dU (6 +7) — (w — 2d) .
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Since a # v, Lemma 2.12 yields that d > 0. Now we take V, W € Sq as

W=D+ U( ; )—l—w[ and V =D+ U( ;7)+(w—2d)1,

and we get
W —A=oU (22) —aU(a) — bU(B) + wl = dU(61),
W —B=oU (2£2) — (a+b)U(a) + wl = dU(32),
W —C=oU(232) — (a+b)U(y) + wl = dU(d3),
V—A=vU (%) —aU(a) = bU(B) + (w —2d)I = —dU (61 + ),
V—B=uoU () = (a+b)U(a) + (w—2d)] = —dU (3 + ),
V—C=vU ()= (a+bU(v) + (w—2d)I = —dU (53 + ).

Thus, 4, B,C € K (V)N K (W). Further, W — V = 2dI > 0. O

Lemma 2.18. Let VIV € Sy, V. < W, 4,0 € [0,27), ¢ < 0. Let A,B,C € Sy
be such that A, B,C € pyo(A)N K (V)NKy (W). Then B=C or B=A or C = A.

Proof. Since A, B,C € py.o(A) N KS (V)N Ky (W), there exist a,b,c € R, a > 0,
b>0,c>0and a,f,v € [0,27) such that
A-V =aU(a), B-V =bU(B), C-V=cU(y),

A-B=aU(a) = bU(B), A-C=alU(a)-cU(y). (222)

Similarly, there exist @,b,¢ € R, a < 0,b <0, ¢ <0 and &, §,7 € [0,27) such that
A-W=aU(a), B-W =b(B), C-W=cU(®), (2.23)
A-—B=aU(a)-bU(B), A—C=aU(a)—cU(¥ '

First suppose that there exists m € R such that
A-C=mU@)+U(H)).

Then (2.22) yields
al(a) =m(U(¢) + U(9)) = U (7).

Using Lemma 2.13 and the fact that a > 0, we obtain m > 0. Similarly, (2.23) yields
—al(a) +m(U(¥) + U(0)) = —cU(¥),

and since —a > 0, we obtain m < 0, again by Lemma 2.13. Hence, m =0 and A = C.
It
A-C#m(U(Y)+U(0))

for all m € R, then since B, C € py ¢(A), there exist k,! € R such that

A—B+k(U®W)+U®B) =1(A-C).
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This relation is equivalent with
C—-B+kU@) +U0) =01-1)(C—-A4)
and if [ # 0 then also with

A-c-Yww rve) =14~ B)

We may suppose that
A-B+kU@)+U®)=1(A-C), [>1. (2.24)

Otherwise, the rest would be same, just we would exchange B with C or A with C.
By substituting from (2.22) into (2.24), we get

aU(a) =bU(B) + k(U(4) + U(0)) = l(aU(a) — cU(9)),

a(l = 1)U(a) + bU(B) — k(U(y) +U(9)) = U(y).

Since a > 0,(I —1) > 0,b > 0, Lemma 2.13 yields that £ > 0. Now, by substituting
from (2.23) into (2.24) we similarly get

—a(l — 1)U (a) — bU(B) + k(U () + U(#)) = —cU (7).

Since —a > 0, (I —1) >0, —b > 0, Lemma 2.13 yields that & < 0. The only possibility
is that £ =0, and

a(l = )U(a) +bU(B) = clU(y), —a(l—1)U(a)—bU(B) = —cU(7).

Then Lemma 2.11 implies that either I =1 or a = g, & = B.1fl =1, then B=C.
If « = 8, @ = B, then we obtain from (2.22), (2.23) that

A—B=(a-bU(a) = (a—0bU(a)
and hence either A = B or a = @&. But since V < W, we have that
0 # det[W — V] = det[aU(a) — aU(a)]
and a # a. Thus, B=C or A = B. O

Lemma 2.19. Let ¢ € [0,27), ug,uz € R, 0 < u3,0 < uz and let A, V,W € Sy be
such that

W=V +2u1U) + 2uU (¢ + 7)
and py 4= (A) N Ko(V) N Ko(W) = {A}. Then A is of the form

A= TS o i [U (4 5) 1),
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Proof. By Lemma 2.8, there exist a1, as,as € R such that
A=Y 4 0 U@W) +aU(p +7) + a3 [U (v +3) —1].

Since A € Ky(V) N Ko(W), there exist a,b € R and a,8 € [0,27) such that
a:a1+a2+u1+u2, b= —a1 — a2 + U1 + U and

A=V =aU(a) = 5 +aU@W) + axU(p +7) +ag [U (b + 5) — I

(2.25)
= (a1 +u)U®) + (az + u2)U(W +7) + a3 [U (v + F) — 1],
W—A=bU(f) =YY — 0, U®W) —aoU(W+7) —az [U (¥ +T) — 1]
(2.26)
= (a1 +u)U@) + (—az + u2)U( +7) —ag [U (v + 5) — I].

Now let A € S5 be such that
121 =A- 2(11U(1/}) - 2@2U(1,ZJ+’/T)
Then

A—V=(—a1 +u)U®W) + (—as + u)UWp +m) + a3 [U (¥ + F) — 1], (2.27)
W—A=(a1 +u)U®W) + (a2 +u2)Up +7) —as [U (v + §) — 1], (2.28)

and Lemma 2.10 applied to (2.25), (2.28) and to (2.26), (2.27) yields that
A—V =bU2¢ —B),W — A =alU(2¢ — a),

hence A € pyyir(A) N Ko(V) N Ko(W) and A = A. This implies that a; = az = 0.
Further, by Lemma 2.10 we also have that a3 = 4(a; + uy1)(a2 + uz), which yields

a3 = £2./uius. O
Lemma 2.20. Let ¢ € [0,27), z € R, 2 > 0 and A,B,V,W € Sy be such that
A:B—|—Z[U(¢—|—%) ] V=B- W B+ zI. Then

Ppptr(A) N Ko (V) N Ko(W) = {A}.
Proof. It suffices to prove this for B = 0, because py 4 (A) N EKo(V)NKo(W) = {A}
if and only if py y4x(A+ B)NKo(V + B)NKo(W + B) = {A+ B}.
A*V:ZU(QZJJFg), WfA:zIfz[U(z/Jng) 71} :zU(1/)+37’T),

hence A € Ko(V)NKo(W). It remains to show, that if A € pyypra(ANK(V)NKo(W),

then A = A. Let A be such matrix. Then there exist a,b,c,d € R, a, 8 € [0,27) such

that

W—-A=z[-A=aU(a), A-V =A+zI=0U(p), (2.29)
A=A+ cU®)+dU® + )

=z[U@W+3)—1I|+cU@)+dU(¥ +m). (2:30)
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We have from (2.29) that W — A+ A — V = 221 = aU(a) + bU(3), and Lemma 2.12
yields @ = b = z. Now from (2.29), we have that A = 2I — 2U(a). This with (2.30)
gives us

2UW+5) I +cUW) +dUW +m) = 21 — 2U(a),

thus ¢ = —d. From identities (2.3), (2.5), (2.9) we further get

[20 _220} = [0 (%) - 1] z1 = 20(@)] [U (%) = 1] =21 - 2U(w — @),

—Zz

—4P -2 =72 det[I —U(¢ — )] = —22
hence ¢ =d =0 and A = A. O

Lemma 2.21. Let ay,a2,b1,b2,¢1,¢2,d1,ds € R and let «,3,7,0 € [0,2m) be all
different and such that

alU(a) + blU(ﬂ) = ClU(’y) + dlU((S),

asU(0) + bU(B) = caU(7) + daU (5). (2.31)

Then there exists t such that ay = tby, as = tbs.

Proof. Lemma 2.11 implies that either none of a1, b1, c1, d; is zero, or all of them are.
We will further suppose that the first case is true. From equations (2.31) we get that

(a1b2 — agbl)U(a) = (Clbg — Cgbl)U(’}/) + (dlbg — dgbl)U((S),
and Lemma 2.11 implies that a1bs — agby = 0. Since by # 0, there exists ¢ such that
a1 = tby. Then asb; = a1by = tb1bs and since by # 0, we get that as = tbs. O]

Lemma 2.22. Let A, B € S2, A > 0 and B be such that B ¢ {At,t € R}. Then there
exist ty,ty € R, t1 # to and ay,as € [0,27), a1, a2 € R such that Aty + B = a1U (),
Atg + B = G,QU(OéQ).

Proof. Let ¢ € [0,27) and a,b, c,d, e € R be such that

A=aU(p)+bU(p+m),
B=cU(p)+dU(p+m)+e(Ulp+3)—1I).

Such constants exist by Lemma 2.8 and Lemma 2.9, and since A > 0, then a > 0,b > 0.
Then
At+ B = (at+)U(p)+ bt +d)U(p+7)+e(Ulp+ %) —1I).

Now, by Lemma 2.10, if €2 = 4(at + c)(bt + d), then the matrix At + B has
zero determinant. And since a > 0,b > 0 and B ¢ {At,t € R}, the equation
e? = 4(at + ¢)(bt + d) has two solutions t1, 5. O

Lemma 2.23. Let A,B,C € S, B> C and A ¢ {C+t(B—C) :t € R}. Then there
exist o, B € [0,2m) such that A, B € py,p(C).
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Proof. By Lemma 2.22, there exist t; # to2 and «, 3, a, b such that

A—C+t(B-C)=al(a), A—C+ty(B—C)=bU(B).

From this,
a b —tga t1b
B-C= U(a) — U A-C= U U
iy — 1o () i1 —t2 ®). iy — 1o () i1 —t2 ®).
which implies that A, B € p,, g(C). O

3. LEMMAS ABOUT FUNCTIONS WITH ORDER PRESERVING PROPERTY

In this section, statements about functions with the order preserving property (1.1)
are derived. The first four lemmas in this section (Lemmas 3.1-3.4) are proven for any
dimension n € N. The first two of them are about the injectivity of such functions and
the order preserving property of their inverse. If f: S — S has property (1.1) on the
whole set S, then its surjectivity is also expected, but not obvious, and we will not be
able to prove it, until we have the final form of f. Therefore, we will work with the
surjective function f: M — f(M) or f: S — f(S).

Lemma 3.1. Let M C S and f: M — f(M) have property (1.1) on M. Then f is
injective on M and its inverse f=1: f(M) — M has property (1.1) on f(M),

Q<Qe Q) < Q) forallQ,Q € f(M)CS. (3.1)

Proof. We have from property (1.1) that if Q1,Q2 € M, then f(Q1) = f(Q2) implies
both @1 < Q2 and Q1 > Q. This gives us that Q1 = Q2. Hence, f is injective on M
and its inverse exists there. The property (3.1) follows directly from property (1.1). O

Lemma 3.2. Let f: S — S have property (1.1) on S. Then f is injective on S and
f71: £(S) = S has property (1.1) on f(S).

Proof. 1t follows from Lemma 3.1, we have M = S. O

3.1. IMAGES AND PREIMAGES OF CONES, 7-LINES AND Z-PLANES

We show successively, that if f has property (1.1) on the whole set Sa, then the

image/preimage of a subset of any (upper/lower) cone is again a subset of (upper /lower)

cone. Further, this implies, that the image/preimage of a subset of any 7-line is again

a subset of a 7-line and this further implies that the image/preimage of a subset of
any 7-plane is a subset of a 7-plane.

If f has property (1.1) only on a subset M C Sq, then the statements about cones
and 7-lines hold as well, but the preimage of a subset of a 7-plane is not always
a subset of a F-plane for such f.
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Lemma 3.3. Let M C S and let f: M — f(M) be continuous and have property (1.1)
on M. Let A € M. Then the following sets are equal:

(i) f(Ko(A)NM) = Ko(f(A)) N f(M),
(ii) f(Kq (A) M) =K (f(A)Nf(M),
(iil) f(Kq (A)NM) =Ky (f(A) N f(M).
Proof. If the matrix dimension n = 1, then we have Ko(A) = K (A) = K; (A) = {A}
and the sets in (i)—(iii) are all equal to {f(A)}.

Further we suppose that n > 2. If Q € K™ (A)N M, then Q > A and property (1.1)
implies that f(Q) > f(A). That means f(Q) € KT (f(A)). Similarly, if Q@ € K~ (A)NM,
then f(Q) € K~ (f(A)). And thus, if Q@ € K(A) N M, then f(Q) € K(f(A)).

We have that Ko(A) is a limit of K(A), i.e. if Q@ € Ko(A), then in any neighborhood
of @ there exists a matrix Q1 such that both @1 # A and Q1 £ A. Then also Ko(A)NM
is a limit of K (A) N M. From continuity of f it follows that if @ € Ko(A) N M, then
f(Q) € Ko(f(A)), and hence

f(Ko(A) N M) C Ko(f(A)) N f(M)

holds.
Now if
QeKS(ANM=K"A)NKy(A) N M,

then we have shown that f(Q) € Ko(f(A)) and also f(Q) € KT(f(A)), hence
f(Q) € Ki (f(A)), and

FEF(A)n M) € K (f(A) N f(M)
holds. Similarly, we can prove that
f(Ky (A)N M) C Ky (f(A) N f(M)

holds.
Now we use Lemma 3.1, property (3.1) and obtain that for any f(A) € f(M)
the inclusion
FTHEL(f(A) N f(M)) € Ko(A)N M

holds, which is equivalent with
Ko(f(A)) N f(M) C f(Ko(A) N M),

hence (i) holds. Statements (ii) and (iii) can be proven in analogical way. O

Lemma 3.4. Let f: S — S be continuous and have property (1.1) on S. Let A € S.
Then:
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Proof. 1t follows from Lemma 3.3, we have M = S. O
Now throughout the rest of this section we again suppose that n = 2.

Lemma 3.5. Let M C Sp and let f: M — f(M) be continuous and have property (1.1)
on M. Let p € [0,27), Q € M. Then there exist 1,0 € [0,27) such that

L(f(@) N (M) = flp(@) N M), [l (Q)NM)=1s(f(Q)) N f(M).

Proof. From Lemma 3.3 we have that the following equivalences

Q1,Q2 € Ko(Q)NM < f(Q1), f(Q2) € Ko(f(Q)), (3.2)
Q1 € Ko(Q2) "M < f(Q1) € Ko(f(Q2)) (3.3)

hold for all Q1,Q2 € S2. Let ¢ € Rand Q1 € 1,(Q)NM, Q1 # Q. Since 1,(Q) C Ko(Q),
we get from (3.2) that f(Q1) € Ko(f(Q)) and there exists 6 € [0,27) such that

f(Q1) — f(Q) =tU(0), where t # 0.
Let Q2 € 1,(Q) N M, Q2 # Q. Since [,(Q) C Ko(Q) and Q1 € I,(Q2) C Ko(Q2),

we get from (3.2), (3.3) that f(Q2) € Ko(f(Q)), f(Q1) € Ko(f(Q2)) and there exist
a,f €[0,27), a,b € R, a # 0, such that

f(@2) = f(Q) =aU(a), [f(Q1)— f(Q2) =bU(B).

Since tU(0) — aU(a) = bU(B), we have by Lemma 2.11 that « = 6 and thus

f(Q2) € ly(f(Q)).
We have proven that for all ¢ € [0,27) there exists § € [0,27) such that the
inclusion

flo(Q) N M) Clo(f(Q)) N f(M)

holds. By Lemma 3.1, property (3.1), we analogically get that for all § € [0,27) there
exists w € [0, 27) such that the inclusion

lo(f(Q))N fF(M) C f(l,(Q)N M)
holds. Together we have that for all ¢ € [0,2r) there exist 6,w, v € [0, 27) such that
FUo(Q)NM) Clp(f(Q) N F(M) C flu(Q)NM) CL(f(Q)N f(M),
which implies that 6 = v, w = ¢, and
Fla(Q) N M) = lo(£(Q)) N f(M).

The proof of the second equality is analogical. O

Lemma 3.6. Let f: So — Sa be continuous and have property (1.1) on Sa. Let
¢ €[0,27), Q € Sa. Then there exist 1,0 € [0,27) such that

(f(Q)) N f(8S2) = f(1y(Q)),  [(l,(Q)) =1p(f(Q)) N f(S2).
Proof. 1t follows from Lemma 3.5, we have M = S,. O
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Lemma 3.7. Let f: So — Sa be continuous and have property (1.1) on Sa. Let
p,p €10,27), ¢ # @ and Q € Sa. Then there exist 1,0 € [0,27) such that

lo(F(@) N f(S2) = [(lp(Q),  1(f(@) N [f(S2) = fls(Q)),
Pe.a(f(Q)) N f(S2) € f(pu.o(Q))-

Proof. Let 1,0 € [0,27) be such that

lo(F(@) N [(S2) = f1u(Q)), 1a(f(Q)) N [f(S2) = fls(Q))-

Such 1, 0 exist by Lemma 3.6, and 1) # 6 because ¢ # ¢. Let D € S, be such that

D €p,o(f(Q)) N f(S2) and D ¢ f(14(Q)), D ¢ f(lp(Q)). Then there exist r, s € R,
r # 0, s # 0 such that

D = f(Q) +rU(p) + sU(9).
First we will suppose that the set Ko(f~!(D)) N1,(Q) is nonempty. Then there

exists P € Sy such that P € Ko(f~1(D)) Nly(Q) and further there exist w,a,d € R
such that

P=Q+aU(¥) = f~1(D) + dU(w)

and from this
YD) = Q + aU(yh) — dU (w).

We show that f(l,(P)) C ls(f(P)). By Lemma 3.6, there exists o € [0, 27) such
that f(I,(P)) C lo(f(P)). Since D € f(I,(P)), we get that D € I,(f(P)). Since
P € 1,(Q), we get that f(P) € l,(f(Q)). This together implies that there exist
u, v € R such that

D = f(P)+vU(a) = £(Q) +uU(p) + vU(a).

We also have that
D = f(Q)+rU(p) +sU(p),
with 7 # 0, s # 0, hence we have by Lemma 2.11 that o = .
We show that a # 0. If a = 0, then f(P) = f(Q) and D = f(Q) + vU(p), hence

D e lp(f(Q)) N f(S2) = f(ls(Q)), but we supposed that D ¢ f(lp(Q)).
Now we show that w = 0. We will suppose that w # 6 and get a contradiction.

Let b € R be such that b # 0, b # a. We take

A=Q+aUW) —bU(w) € 1,(P),
B=Q+ (a=bU(¥) € ly(Q),
C=Q+ (a—-bU(0) €lp(Q).
We have supposed that w # 6, and we also have that ¢y # 6 and further also

w # 1, because D ¢ f(I14(Q)), hence by Lemma 2.17, there exist V,W € Sz such
that A, B,C € K (V) and A,B,C € K, (W) and V < W. Then Lemma 3.4 yields
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that f(A), f(B), f(C) € K (f(V))N K (f(W)). Since A € I,(P), B € 1,(Q),C €
lp(Q), we have that

F(A) € lp(F(P)) € ppp(f(Q)) = Po,p(f(A)),

f(B) € 1,(f(Q)) € Pe.p(f(Q)) = pg,a(f(A)),

F(C) € l6(f(Q)) € pp,e(f(Q)) = Pp,p(f(A))-
(

Together it implies that f(A), f(B), f(C) € pp.(f(A) N K (f(V))N Ky (f(W)) and
by Lemma 2.18 either f(A) = f(B) or f(A) = f(C) or f(B) = f(C), hence either
A=Bor A=C or B=C. But this is not possible, since we have

A—-B=0bU(yp)—U(w)], and b # 0,w # 1,
B-C=(a-b[U)—-U()], and a —b+#0,0 # ),
C—A=(a—=bU(0) —aU(¥) +bU(w), and a # 0,b # 0,w # 1,

and Lemma 2.11 implies that A # B # C # A. Thus, we got a contradiction, and
we have proven that w = 6 and

fUD)=Q+aU(y) —dU(®), [~H(D)€pyo(Q), D € f(pyo(Q))

It remains to prove this for such D when the set Ko(f~1(D)) N1y (Q) is empty.
Let 1,02 € [0,27) be such that

lo(D)N f(S2) = f(Is,(f (D)) and 15(D)N f(S2) = f(ls,(f~(D))).

Such 41,02 exist by Lemma 3.6, and we have that §; # o because ¢ # @. Hence, at
least one of them is different from . Denote it 4.

Now, by Lemma 2.15, we further have that for all ¢ 0 the set L,,(Q)NKo(f~*(D)+
tU(6)) is nonempty. Denote D; = f(f~1(D) +tU(5))). We have that

Dt € pp.p(D) N f(S2) = pe,e(f(Q)) N f(S2).

Since D ¢ f(I4(Q)), D ¢ f(le(Q)), there exists to such that for all [¢t| < o,
Dy & f(ly(Q)), Dt & f(lo(Q))-

Hence, we can again show in the same way as before, that for all ¢t # 0, || < to,

Dy = f(f7H(D) +tU(9))) € f(py,0(Q))-
Since f is continuous, then also D € f(py,0(Q))- O

Lemma 3.8. Let f: Sz — Sz be continuous and have property (1.1) on Sa. Let
Q €S2 and ¢, p,,1 € 10,27), ¢ # @ be such that

lo(F(Q) N f(S2) = f(1y(Q)),  1(f(Q) N [(S2) = fU3(Q)),
P%@(f(@)) N f(S2) € f(pw,lﬁ(Q))-
Let P € Sz be such that P € p,, ;(Q). Then f(P) € py5(f(Q)) and

le(F(P) N f(S2) = [(Lp(P)), La(f(P))N [(S2) = f;(P)). (3.6)
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Proof. First suppose that P € 1,(Q). Then [,(P) = [4(Q) and we obtain
from (3.4) that f(P) € l,(f(Q), which implies that also I, (f(P)) = l,(f(Q)), hence
lo(f(P)) N f(S2) = f(ly(P)).

Further we will suppose that P ¢ 1,,(Q). Since P € Py, +(Q), then lw(P) Py, @(Q)

Let C' € p, ;(Q) be such that C' € Iy (P) N 1;(Q). Since P & ly( ) en C #
Further, lw(C’) = ly(P) and we obtain from (3.4) that f(C) € ls(f ( )), hence
f(C) € py.a(f(Q)) and also I, (f(C)) C pe.5(f(Q)). Thus, we obtain frorn (3.5) that
Lo(f(C) N f(S2) € pep(f(Q)) N f(S2) € fpy 5(Q))- (3.7)
By Lemma 3.6, there exists v € [0, 27) such that
,(f(C)) N f(S2) = f(I,(C)). (3.8)

Then, by (3.7), I,(C) C p, ;(Q) and either v =9 or v = 1. Since f(Q) € I;(f(C))
and C # @, then f(Q) ¢ S(,( (C)), hence, by (3.8), @ ¢ I(C). This together with
C € 1;(Q) implies that v # 1 and hence v = 1. Then, by (3 8),
1,(f(C)

)N f(S2) = flu(C)) = fly(P)).
Finally,
f(P) € f(ly(P)) = 1,(f(C)) N f(S2) € pe,p(f(Q)) N f(S2)
and from this further i,(f(P)) = l,(f(C)), hence the first equality in (3.6) holds.
The proof of the second equality in (3.6) is analogical. O

Lemma 3.9. Let f: Sz — Sa be continuous and have property (1.1) on Sa. Let
w0, @ €10,2m), ¢ # @ and Q € Sa. Then there exist 1,1,0,0 € [0,27) such that

,(f(Q)) N f(S2) = f(Iu(Q)),  15(f(Q)) N f(S2) = f(1;(Q)),
Pe,a(f(Q) N f(S2) = f(py,s(Q)):
(f(Q)) Nf(S2) = f(l,(Q)), 1g(f(Q)) N f(S2) = f(lx(Q)),

0.0(f(Q) N f(S2) = f(py,6(Q))-
Proof. We have by Lemma 3.7 that there exist 1,1 € [0,27) such that
L(f(@) N f(S2) = Fly(Q)), 15(f(Q)N[f(S2) = fl;(Q)),
P, (f(Q)) N f(S2) C flpy 4(Q))-

Then also
f(py,5(Q)) € P,z (f(Q)) N f(S2),

which follows from Lemma 3.8. Now we have by Lemma 3.6 that there exist 6, 6 € [0, 2)
such that

lo(f(@Q) N [f(S2) = fl,(Q)), 15(f(Q)) N [f(S2) = fl5(Q))-

From the first part of Lemma 3.9 we have that for these 6,0 there exist w, @ such that

lo(f(Q)) N f(S2) = fl(Q)), l5(F(Q)) N f(S2) = [(la(Q)),
Po,a(f(Q)) N f(S2) = f(Pus(Q))-

Thus, we get that w = ¢, & = @ and p, 5(f(Q)) N f(S2) = f(Pe,(Q))- O
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3.2. PARAMETERS o, ¥, f1, fo

Now we introduce four real (nonnegative) parameters that are assigned to each
continuous function f with property (1.1) on Sa. These we denote as ¢, 1 and f1, fo.
The geometric meaning of these parameters is as follows. The parameter ¢ is the
azimuthal angle of the point f(I) — f(0). The parameters f; and fy are the first two
coordinates of the point f(I) in the coordinate system with the center f(0) and axes
U(p), U(p+ ) and U(p + §) — I. The parameter 1 is the azimuthal angle of the
preimage of [,(f(0)) N f(S2).

In this subsection we show, that the image of any vertical plane or a Z-line with
azimuthal angle v is a subset of a vertical plane or a 7-line with azimuthal angle ¢
Further, the image of any vertical line is parallel with f(I) — f(0). We use this to
show that if a point is shifted by the vector with coordinates (z,y,0) in the coordinate
system with the center 0 and axes U(), U(¢) + 7) and U (¢ + ) — I, then its image
is shifted by the vector with coordinates (2zf1, 2y f2,0) in the coordinate system with
the center 0 and axes U(y), U(¢ +7) and U(p + §) — I. And further, if a point is
shifted by the vector (0,0, 2), then its image is shifted by the vector £(0,0,22+/f1f2)
in the same coordinate systems. This together then gives us the desired form of f.

Lemma 3.10. Let f: So — Sa be continuous and have property (1.1) on Sa. Then
there exist @, € [0,27) and f1, f2 € R, f1 >0, fo > 0 such that

) = £(0) = LU(p) + f2U(p + 7),

lo(f(0)) N f(S ) F(1p(0)), g (f(0)) N f(S2) = f(ly+x(0)), (3.9)
P, erw(f(O)) N f(s2 f(pw ¢+7r( ))
Proof. We have 0 < I, hence f(0) < f(I). By Lemma 2.9, there exist ¢ € [0,27) and

fi, fo € R, f1 >0, fo > 0 such that the first equation from 3.9 holds.
By Lemma 3.9, there exist 1, 0 € [0, 27) such that

Lo(f(0)) N f(Sz2) = f(1(0)), Lot (f(0)) N F(S2) = f(le(0)),
p%w—&-rr(f(o)) N f(S2) = f(py,0(0)).
The first equation from (3.9) implies that f(I) € p,.o+(f(0)), hence I € py ¢(0) and
there exist s,r such that I =0+ sU(v) + rU(0). We get, by Lemma 2.12, that s = r

and either 0 = ¢ + m or § = ¢ — 7. Hence, py 9(0) = py y+=(0), 19(0) = ly1~(0) and
all relations in (3.9) hold. O

Lemma 3.11. Let f: So — So be continuous and have property (1.1) on Sa. Let
p, ¥ € [0,2m) be such that relations (3.9) from Lemma 3.10 hold and Q € Sa. Then

fp(Q) =1,(f(@) N [(S2),  fllysr(Q)) = o= (f(Q)) N f(S2),
f(pw 1!1+7T(Q)> pcp,tp+7r(f(Q)) N f(S2).

Proof. First suppose that @ € py y4=(0). Then py y1x(Q) = py,yp+x(0), and by
),

(3.9) and Lemma 3.8, f(Q) € Pyt (f(0)), Pp,otr(f(Q)) = Py, p+x(f(0)), and rela-
tions (3.9) imply relations (3.10).

(3.10)
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Now let @ ¢ py y+(0). By Lemma 3.9, there exist w, 8 € [0, 2m) such that

(@) =1(f(@Q) N f(S2),  f(lo(Q)) = lp+=(f(Q)) N f(S2),
f(pw,e(Q)) = p%wvr(f(@)) N f(S2).

If Q ¢ py,y+x(0), then f(Q) & py,p+x(f(0)) by (3.9), and

Pt (f(0) NPy pir(f(Q)) = 0.
This implies that also py y1x(0) N e e(Q) = 0, hence py, ¢(Q) = pPy,y+-(Q) and this
further implies that either w =1, § = ¢ + 7 or w = 9 + w, 6 = 1. That the first case

is true follows from (3.9) and the continuity of the function f. Hence, relations (3.11)
are equivalent with relations (3.10). O

(3.11)

Lemma 3.12. Let f: Sa — Sa be continuous and have property (1.1) on Sa. Let
P,Q € S3, P#Q and denote

h={Q+z2(P-Q):zeR}, L={f(Q)+=2(f(P)-f(Q):z€cR}

Then f(ll) = 12 N f(S2)

Proof. From Lemma 2.16, we have that there exist ¢, @, 1,1 € [0,2n), all different,
and a, b, c,d € R such that

f(P) = f(Q) = aU(p) + bU () = cU(¢) + dU(¢),

hence

f(P) € ppa(f(Q)),  f(P)€pys(f(Q)).
Further, by Lemma 3.9, there exist 6,0, w, & € [0,27) such that

P (f(Q)) N f(S2) = f(py5(Q)),
Py (F(Q) N f(S2) = f(Pws(Q)),

and 6,0, w, are all different. Then, we have that for all z € R holds

P € pyp(Q) Npua(Q),
Q+2(P = Q) €pyg(Q) Npue(Q),
f(Q+2(P —Q)) € pp,a(f(Q)) Npy 5 (f(Q)) N f(S2).
We have that I C py 5(Q) N pu,o(Q), and now we show the opposite inclusion. Let

A € Sz be such that A € py 5(Q) Npw,s(Q). Since also P € py 5(Q) N pu,o(Q), there
exist r1, $1,v1, w1 and 79, S9, Vg, Wa, such that

A = Q =+ TlU(e) -+ SlU(é) = Q -+ ’UlU(CU) —+ wlU(oT)),

P=Q+rU(0)+s5U(0) =Q + vU(w) + wU (),
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and we get by Lemma 2.21 that there exists a t such that ry = tsy, 79 = tss. Since
P # @, we have so # 0, and we get from the above equations that

s2(A = Q) = s152[tU(0) + (0)] = s1(P — Q),
A=Q+ 2(P-Q),

hence A € I; and l1 = py 5(Q) N Pu,(Q)-

Since
Iz € pp.p(f(Q)) Npy 5 (f(Q)),
then
l2 N f(S2) € f(pe,6(Q) Npuw.a(@)),
which is equivalent with Io N f(S2) C f(ly).
Now we show the opposite inclusion. Since

FQ+2(P=Q)) € pep(f(Q) Npy 3(f(Q)),

there exist real continuous functions r, s, v, w such that

FQ+2(P=Q) = f(Q) +1(x)U(p) +5(2)U (@) = f(Q) +v(2)U (%) + w(z)U(¥).

Further, we get by Lemma 2.21 that there exists a ¢ such that r(z) = ts(z) for all
z € R and since P # @Q and f is injective, we have s(1) # 0, hence

fQR+2(P—-Q)) =f(Q)+s(2)(tU(p) +U(p) = f(Q) + —<(f(P) = £(Q)).

This implies the inclusion f(I;) Clo N f(S2). O

Lemma 3.13. Let f: So — Sa be continuous and have property (1.1) on Sa. Let
v, € 10,27) and fi,fo € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sa. Then for all z € R there exists s € R such that

FQ+2I) = f(Q) +s[f(I) = f(O)]. (3.12)

Proof. We have from continuity of f, that there exists sg € R, so # 0 such that
F(Q) + so[f(I) — f(0)] € f(S2). Let denote

Iy ={sl:seR},
b = {£(0) + s[f(I) — £(0)] : s € R},
ki =1{Q + s[f 7 (F(Q) + solf(I) = £(0)]) — Q] : s € R},
ko = {f(Q) + s[f(I) — f(0)] : s € R}.
From Lemma 3.12, we have that f(l1) =2 N f(S2) and f(k1) = k2 N f(S2).

If the intersection I N ko is nonempty, then there exist A € So, s1, 52 € R such
that

A= f(0) +s:[f(I) = f(0)] = f(Q) + so[£(I) = f(0)];
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hence
F(@Q) = f(0)+ (51— s2)[f(I) — f(0)] € I

and thus @ € l;. For such Q, relation (3.12) holds by Lemma 3.12.

Now suppose that Iy N ky = (). Then also f~1(Ia Nk N f(S2)) = 0, and we get that
LNk =0.

By Lemma 2.23, there exist «, 8 such that f(Q), f(I) € pa,s(f(0)). Then we have
that ko C pa,g(f(0)). Further we have by Lemma 3.9 that there exist «,d such that

Pa,p(f(0)N f(S2) = f(py,5(0)). Since @, I € p,5(0), we also have that l1, k1 C p,,5(0).
This together with I3 Nk; = 0 implies that k; = {Q + sI, s € R}, and since f(k1) C ko,
the statement of the lemma is proven. O

Lemma 3.14. Let f: So — Sa be continuous and have property (1.1) on Sa. Let
w, ¥ € 10,27) and f1, fo € R be such that relations (3.9) from Lemma 3.10 hold. Then
for all Q € Sy there exists sg € R such that

FQ+2UW) +yU(W + 7)) = f(Q) +2xsqfrU(p) + 2ysqg f2U(p + m) (3.13)

holds for any x,y € R.
Proof. Let Q € Sa. Let u,v € R. We take A, B,C, D, E € Sy as

A=Q+vI=Q+ 3 [UW)+U® +m)],

B=Q+ (u—1)l=Q+“ D [U() + U +))],

C=Q+wl=Q+FU)+UH+m)],

D=Q+“F1U) = B- U +7),

E=A+200y ) =0 - Y00 (g 4 ) = D+ ol
=Q+RUW)+ 35U +m).

(3.14)

By Lemma 3.11, Lemma 3.13 and (3.9), there exist t1,ta,...,ts € R such that

f(A) = f(Q) +t[f(I) = f(0)] = f(Q) + ta(frU(p) + f2U(p + 7)), (3.15)

f(B) = [(Q) + t2[f(I) = f(0)] = f(Q) + t2(/1U () + f2U(p + 7)),

F(C) = f(Q) + t3[f(1) — f(0)] = f(Q) + t3(fiU(p) + f2U(p + 7)), (3.16)

f(D) = £(Q) + taU(yp), 3.17)

f(D) = f(B) +t:U(p +m) (3.18)
= f(Q) +tsU(p + ) + t2(1U () + f2U(p + 7)),

F(E) = f(A) +teU(p) = f(Q) +teU(p) +t1(f1U () + U(p + 7)),  (3.19)

f(E) = f(C)+t:U(p+m) (3.20)
= f(Q) + tzU (¢ + ) + t3(/1U () + f2U(p + 7)),

f(E) = f(D)+ts[f(I) — £(0)] (3.21)
= f(Q) + taU(p) +ts(f1U(p) + foU(p + m)).
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Equations (3.17), (3.18) imply t4 = fit2, equations (3.21), (3.20) imply t4+ f1ts = fits,
and equations (3.21), (3.19) imply fots = fat1. Since fi > 0, fo > 0, this further implies
t1 + ty = t3, hence

F(C) = 1) = [f(A) = (@] + [f(B) - f(Q)],
FQ+wl) = f(Q) = [f(Q+vI) = F(Q)] + [f(Q + (u—1)v]) — f(Q)].

This holds for all u,v € R. Now we can prove by induction that

F(Q+wl) - f(Q) =ul[f(Q+v]) - f(Q)], uv=0,1,2,...,veER,
f(Q—wol) — f(Q) = —u[f(Q+vI) — f(Q)], u=0,1,2,...,v€R.
Together we have
FQ+wl)— f(Q) =ul[f(Q+v])— f(Q)], uweZwveR. (3.22)
When we put v = 1, we get

FQ+ 3D~ f@) =4 f(Q+1) - f(Q), uweZ\{0} (3.23)

From (3.22), (3.23) we further get that if z = %, p,q € Z, then

fQ+21) = F(Q =p|[fQ+ 1D~ FQ)] = 2[£(Q+1) - F(Q)].
And we get from the continuity of f that

FQ+21) - f(Q)=z[f(Q+ 1) - f(Q)] = zs[f/(I) - f(0)], z€R, (3.24)

where sg € R is the parameter s from Lemma 3.13 with z = 1.
Now let again u,v € R and take A, B,C, D, E as in (3.14) and let z = Y =
From (3.15), (3.16), (3.24) we have that

FQ+221) = £(Q) + t3[f(I) = f(0)] = £(Q) + 2zsq [f(I) — f(O)],
FQ+2yl) = f(Q) + ta[f(I) = f(0)] = f(Q) +2ysq [f(I) — £(0)],

and we get that ¢, = 2ysqg,t3 = 2xsq.
Now from (3.20), (3.19), we have that

f(E) = [(Q) + fitsU(p) + fat1U(p + ),

and from (3.14) is £ = Q + zU(¢) + yU (¢ + m), hence we get

FQ+2UW) +yU(Y + 7)) = f(Q) +2fizsqU(p) + 2foysqU(p +m)).  (3.25)

This relation holds for all z,y € R such that x = %,y = 3 for some u,v. These
are all z,y € R except of x # 0,y = 0. If we take A, B,C, D, E as in (3.14), but we
exchange U(¢) and U (¢ + 7), we get that relation (3.25) holds for all z,y € R except
of y # 0,z = 0. Together we get that it holds for all =,y € R. O

[\SI1S]
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Lemma 3.15. Let f : So — Sa be continuous and have property (1.1) on Sa. Let
p, 0 € [0,27) and f1, fo € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sg and x,y € R. Then

fQ+2UW) +yU( + ) = f(Q) + 22/1U(9) + 2y f2U(p + 7). (3.26)

Proof. We show that for all @ € S, relation (3.13) from Lemma 3.13 holds with
sg = 1. Since f(I) = f(0) + [f(I) — f(0)], we have that so = 1. Now let Q € Ss.
By Lemma 2.9, there exist « € [0,27), a,b € R such that

Q = alU(a) + bU(a + ) = (a — b)U(a) + 2bI € 1o(2b]) C pa.asx(]),

Q+2I = (a—b)U(a) +2(b+ 1)I € lo(2(b+ 1)I) C pasasn(l). (3.27)

By Lemma 3.9 and Lemma 3.8, there exist 8,7 € [0,27) such that

fPaatn(I)) S pp~(f(I)) and  f(la(A)) € 1s(f(A))
for all A € pyatr(I). Then we get from (3.27) that there exist ¢,d € R such that
F(Q) € Ls(F(2bD)),  £(Q) = F(2I) + U (B),
FQ+2I) € lg(f2(0+ 1)), f(Q+2I) = f(2(b+1)I)+dU(B).
Now we use (3.13) and get from these equations that

f(Q) = f(0) +2bfrU(p) + 2bf2U(p + ) + cU(B),
F(Q+2I) = f(0)+2(b+ 1) f1U(p) + 2(b+ 1) foU (¢ + ) + dU(B).

and also

F(Q+2I) = f(Q) + 25 f1U(p) + 25 foU(p + ).

Together we get that

FQ+2I) = f(Q) =2/1U(p) + 2/2U(p + m) + (d — )U(B)

2(1 = sq) [[1U(p) + f2U(p + m)] = (¢ — d)U(B),
and since fi; > 0, fo > 0, we get by Lemma 2.11 that 1 — sg = 0. O
Lemma 3.16. Let f: So — Sa be continuous and have property (1.1) on Sa. Let

v, € [0,27) and fi,fo € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sa. Then

f(0p.017(Q)) = Poorx(f(Q))- (3.28)

Proof. By Lemma 3.11, f(pyy4x(Q)) = Ppor(f(Q)) N f(Sz2), hence we have
that f(py,y+x(Q)) C Py otx(f(Q)). It remains to show the opposite inclusion. Let

A € pyoir(f(Q)). Then there exist a,b € R such that
A= f(Q)+aU(p) +bU(p + 7).
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Since f1fo > 0, there exist z,y € R such that z = 2f Sy = . Then

A= f(Q)+2zfiU(p) +2yfoU(p + ).
And, by Lemma 3.15, we further get that f(Q + 2U(v) + yU(v + w)) = A, hence
A € f(pyyin(Q))- O

Lemma 3.17. Let f: So — S2 be continuous and have property (1.1) on Sa. Let
w, € 10,27) and fi,f2 € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sa and z € R. Then

JQ+zUW+3)-1)=f(Q) 4202/ ifa[Ule+3) —1I],
where o =1 or o = —1.

Proof. Denote
P=Q+z(U@W+3%)—1).

We may assume that z > 0. Let VW € Sg be such that V. =Q — zI, W = Q + zI.
Then
W =V 4 2U() + 2U (% + ),

and further, we have by Lemma 2.20 that
Pt (P) N Ko(V) N Ko (W) = {P}.

By Lemmas 3.4 and 3.16, the images of these sets are f(Ko(V)) = Ko(f(V)) N f(S2),
fEKo(W)) = Ko(f(W)) 0 f(S2), f(Pywtn(P)) = Ppptn(f(P)), hence

{F(P)} = F(py i (P)) O f (Ko (V) N f (Ko(W))
= Pt (f(P)) N Ko(f(V)) N Ko(f(W)).

Further, by Lemma 3.15, we have that

fV)=fQ—=20)=f(Q-3U@) - 3U{ +m))
(Q) — 2f1U(p) — 2f2U(p + m),
(Q+2I) = f(Q) +2fiU(p) + zf2U(p + )
(V) +22/1U(¢) + 222U (p + 7).

(
(

fw)

f
f
f

Now, by Lemma 2.19, we get that f(P) is of the form

F(P) = LOHW) 4 o0 SRR [U(p+ Z) = 1]
= 1@ +2:V/Aif [U(p+5) 1]

This completes the proof. O

Now, by Lemma 3.15 and Lemma 3.17, we finally get the relation for the image of
any @ € Sa.
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Lemma 3.18. Let f: So — Sa be continuous and have property (1.1) on Sa. Let
p, 0 € [0,27) and f1, fo € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sg and x,y,z € R be such that

Q=aU@W)+yU+m)+2(U(p+3)-1).
Then
F@) = £(0) + 22 f1U () + 2y foU (o + m) + 202/ f1fo (Ul + ) — 1),

where 0 =1 or o = —1.
Proof. The relation follows from Lemma 3.15 and Lemma 3.17. O
Now we write the relation from the previous lemma in the matrix form.

Lemma 3.19. Let f: So — So be continuous and have property (1.1) on Sa. Let
p, 0 € [0,27) and f1, fo € R be such that relations (3.9) from Lemma 3.10 hold.
Let Q € Sa. Then f(Q) = £(0) + LQLT, where

L=[U($)-1][V2ii 00 ov2R] [U(%)-1], o=1ora=-1
Proof. Let @ € Sa. By Lemma 2.8, there exist z,y, z € R such that
Q=aU@W)+yUW+7)+2(U(+3%)—1).

By identities (2.6), it holds that

2z —z
v _ Y _ 71| =
[U(Q) I}Q[U(2> }_{z Qy]
Further, it follows from Lemma 3.18 and identities (2.6) that

U(5) -1 FQU(5)-1] = [2033% 22/
V2fi

R L s | A
{ 0

\/?)T o ZfJ U(%>_I}Q[U(%>_I] [\/3? 0\/0%}7

and identity (2.3) implies the statement of the lemma. O

—

Hypothesis 1.4 with n = 2 is a direct consequence of Lemma 3.19.

Theorem 3.20. Let f: So3 — Ss be a continuous function such that f has prop-
erty (1.1) on the whole So. Then f is of the form f(Q) = K + LTQL, where K is
a symmetric 2 X 2 matriz and L is an invertible 2 X 2 matriz.

Proof. Tt follows from Lemma 3.19. O
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4. CONCLUSION AND FURTHER QUESTIONS

We were able to answer our question for the special case and proved that the only
continuous symmetric 2 x 2 matrix functions with the order preserving property (1.1)
on the whole S are the functions of the form f(Q) = K + LT QL. Tt is still not resolved,
whether this also holds for n > 2, and for the functions that have property (1.1) only
on a subset of S.

An example of such functions is the type we get when we put A =0. If A =0
then Mt ={Q €S:Q >0}, M~ ={Q € S: Q <0} and further if C, D are such that
S =[2 B] is symplectic, then

B"™D=D"B, C"B=-I
and
(C+DQ)A+BQ) = (-B""+DQ)(BQ) " = -B"'Q B + DB .
The matrix DB~! is symmetric and the matrix B~! is invertible. Proposition 1.2
becomes the following.

Proposition 4.1. Let f: S — S be defined as f(Q) = K — LYQ7'L, where K is
a symmetric n X n matriz and L is an invertible n x n matriz. Then f has property (1.1)
on the set MT ={Q € S: Q > 0} and on the set M~ ={Q € S: Q < 0}.

The proof of this proposition is again simple. However, we do not yet know, how

it is with the converse of this proposition, or even how exactly it should be formulated.
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