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EVERY GRAPH IS LOCAL ANTIMAGIC TOTAL
AND ITS APPLICATIONS
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Abstract. Let G = (V, E) be a simple graph of order p and size ¢q. A graph G is
called local antimagic (total) if G admits a local antimagic (total) labeling. A bijection
g:E—{1,2,...,q} is called a local antimagic labeling of G if for any two adjacent
vertices u and v, we have g™ (u) # g*(v), where g (u) = 3 () 9(¢), and E(u) is
the set of edges incident to u. Similarly, a bijection f : V(G)UE(G) — {1,2,...,p+q}
is called a local antimagic total labeling of G if for any two adjacent vertices w
and v, we have wy(u) # wy(v), where wy(u) = f(u) + X .cp(, f(€). Thus, any
local antimagic (total) labeling induces a proper vertex coloring of G if vertex v is
assigned the color g* (v) (respectively, w(u)). The local antimagic (total) chromatic
number, denoted X, (G) (respectively xiqat(G)), is the minimum number of induced
colors taken over local antimagic (total) labeling of G. We provide a short proof that
every graph G is local antimagic total. The proof provides sharp upper bound to
Xiat(G). We then determined the exact x;4:(G), where G is a complete bipartite graph,
a path, or the Cartesian product of two cycles. Consequently, the x;,(G V K1) is also
obtained. Moreover, we determined the y;,(G V K7) and hence the x4 (G) for a class
of 2-regular graphs G (possibly with a path). The work of this paper also provides
many open problems on x;.:(G). We also conjecture that each graph G of order at
least 3 has iat(G) < x1a(G).
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1. INTRODUCTION

Cousider a (p, q)-graph G = (V, E) of order p and size ¢. In this paper, all graphs
are simple. For positive integers a < b, let [a,b] = {* € Z | a < = < b}.
Let g: E(G) — [1,q] be a bijective edge labeling that induces a vertex labeling
g" : V(G) = N such that g*(v) = EUUGE(G)g(uv). We say g is a local antimagic
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labeling of G if g™ (u) # g+ (v) for each uv € E(G) [1,2]. The number of distinct colors
induced by g is called the color number of g and is denoted by ¢(g). The number

X1a(G) = min{c(g) | g is a local antimagic labeling of G}

is called the local antimagic chromatic number of G [1]. Clearly, xia(G) > x(G).
Let f: V(G) U E(G) — [1,p+ q] be a bijective total labeling that induces a vertex
labeling wy : V(G) — N, where

wi(w) = flu)+ Y fluw)

uwveE(G)

and is called the weight of u for each vertex u € V(G). We say f is a local antimagic
total labeling of G (and G is local antimagic total) if w(u) # wy(v) for each uv € E(G).
Clearly, wy corresponds to a proper vertex coloring of G if each vertex v is assigned the
color wy(v). If no ambiguity, we shall drop the subscript f. Let w(f) be the number
of distinct vertex weights induced by f. The number

min{w(f) | f is a local antimagic total labeling of G}

is called the local antimagic total chromatic number of G, denoted x;qt(G). Clearly,
Xiat(G) > x(G). Tt is well known that determining the chromatic number of a graph
G is NP-hard [12]. Thus, in general, it is also very difficult to determine y;,(G)
and xiat(G).

Let G V H be the join of G and H with vertex set V(G) U V(H) and edge set
EG)UEH)U{uw | u € V(G),v € V(H)}. The Cartesian product of G and H,
denoted G x H, has V(G x H) = {(u,v) |u € V(G),v € V(H)} and two vertices (u,v)
and (u',v") are adjacent if and only if either u = v/ and vv’ € E(H), or v = v’ and
uu' € E(G). Let G+ H be the disjoint union of G and H with vertex set V(G)UV (H)
and edge set E(G)U E(H). For convenience, nG denotes the disjoint union of n > 1
copies of G, and nK; = O, the null graph of order n. If g (respectively f) induces ¢
distinct colors, we say g (respectively f) is a local antimagic (total) t-coloring of G.
We refer to [3] for notation not defined in this paper.

In [4], the author proved that every connected graph of order at least 3 is local
antimagic. Using this result, we provide in Section 2 a very short proof that every
graph is local antimagic total. Sharp bounds of x;4:(G) are found. We then determined
the x14¢(G) where G is a path P, of order n > 2, or C,, x C,, where C,, is a cycle of
order n > 3. Consequently, we also obtained x;,(G V K7). Many open problems are
also proposed for further research.

2. SHARP BOUNDS

By definition, X;q:(G + O,) > n and xi4:(Or) = n. Since x;o(K,) = n, it is easy to
conclude that x;q:(K,) = n. In what follows, we only consider nonempty graphs.
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Theorem 2.1. FEvery graph G is local antimagic total.

Proof. Suppose G is a (p, q)-graph. Let the vertex sets of G and K7 be V(G) = {v; |1 <
i < p}and V(K;) = {v}, respectively. It is obvious that each graph G of order p < 3 are
local antimagic total. We now assume G is of order p > 4. In [4], the author proved that
every graph without isolated edges (by definition, necessarily without isolated vertices)
admits a local antimagic labeling. Thus, G V K7 is local antimagic. Let g be a local
antimagic labeling of G V K. Define a total labeling f : V(G) U E(G) — [1,p + ¢] of
G by f(e) = g(e) for each edge e € E(G) and f(v;) = g(vv;). Clearly, wy(v;) = gt (v;).
Thus, ws(v;) = wy(v;) if and only if g7 (v;) = g™ (v;). Therefore, f is a local antimagic
total labeling of G. O

The next theorem shows that x;q:(G) can be arbitrarily large for a graph G with
small x(G).

Theorem 2.2. If G = Ky + O,,n > 1, then

2 —1,2,
Xlat(G) _ { fOTTL

n  otherwise.

Proof. Let V(G) = {u1,u2} U{v; | 1 <i < n}. Define f(u;) = i, f(uruz) = 3 and
f(vi) =i+3,1 <1 <n. Wenow have w¢(u1) = 4, wy(uz) = 5 and wy(v;) =i + 3.
Thus, x14¢(G) < 2 for n = 1,2, and x14:(G) < n for n > 3. By definition, xiq:(G) >
X(G) = 2 and since all the isolated vertices must have distinct weights, this implies
that x4t (G) > n. So, the theorem holds. O

Theorem 2.3. Let G be a graph of order p > 2 and size q with V(G) = {v; |1 <1i < p}.

(a) X(G) < X1at(G) < x1a(GV K1) — 1.
(b) Suppose f is local antimagic total xia(G)-coloring. If Y0 | f(vi) # wy(v;),
1<j<p, then x14(GV K1) = x1at(G) + 1.

Proof. (a) Suppose Xi,(GV K1) = c. From the proof of Theorem 2.1, we know that every
local antimagic labeling of GV K; that induces c¢ distinct vertex labels corresponds to
a local antimagic total labeling of G that induces ¢ — 1 distinct vertex weights. Thus,
Xlat(G) <c-1

(b) Let X1t (G) = a. Define g : E(GVK1) — [1,p+q] by g(e) = f(e)ife € E(G), and
g(vv;) = f(v;) for each v; € V(G). Clearly, g% (v) = >-0_, f(v;) and g™ (v;) = wy(v;).
Since wy(v;) # wy(vy) if viv; € E(GQ) and gt (v) # wy(vj) for 1 < j < p, g is a local
antimagic (a + 1)-coloring of G. Hence, x1,(G V K1) < a+ 1. By (a), x1o(G V K1) >
Xiat(G) + 1. Thus, we have x1,(G V K1) = x1at(G) + 1. O

Theorem 2.4. Let G be a (p,q)-graph, p > 2 and ¢ > 1. Let V(G) = {v; | 1 <i < p},
V(K1) = {u1} and V(2K,) = {u1,us}. Suppose g is a local antimagic labeling of
GV2K; that induces a minimum number of vertex labels and 2p+q+1+gT (u1) # g7 (v;),
1<1i<p, then

Xia(G V 2K7) if g (u1) = g" (ua),

X(GV K1) < xiat(GV Kq) < {Xla(G V2K1) =1 ifg*t(ur) # g% (uz).
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Proof. Define a bijection f: V(GV K;) UE(GV K1) — [1,2p + q + 1] such that for
1<i<j<p, flou;) = g(vivy) if vv; € E(G), fluv;) = g(urvi), f(vi) = gluavy),
and f(u1) =2p+ ¢+ 1. Clearly, ws(v;) = g% (v;) and wy(ur) =2p+q+ 1+ g*(ur).
Since 2p+q+ 1+ g™ (u1) # g (v;) for 1 <i < p, f is a local antimagic total labeling
of GV K that induces x;,(G V 2K7) distinct vertex weights if g% (u1) = g*(u2), and
induces x4 (G V 2K1) — 1 distinct vertex weights if g% (u1) # g7 (us2). O

The following lemmas are analogous to Lemmas 2.2-2.5 in [9].

Lemma 2.5. Suppose G is a d-regular graph of order p and size ¢ with an edge e. If f
is a local antimagic total labeling of G, then g = p+q+ 1 — f is also a local antimagic
total labeling of G with w(g) = w(f). Moreover, suppose f(e) =1 or f(e) = p+gq,
then x(G —€) < Xiat (G — €) < Xiat(G)

Proof. Let z,y € V(G). Here,
wg(z) = (d+1)(p+q+1) —wp(x) and wy(y) = (d+1)(p+q+1) —w(y).

Therefore, wy(x) = wy(y) if and only if w,(z) = wy(y). Thus, g is also a local antimagic
total labeling of G with w(g) = w(f).

If f(e) = p+g¢, then we may consider g = p+q+1— f. So without loss of generality,
we may assume that f(e) = 1. Define h: V(G —e) UE(G —e) — [1,p + g — 1] such
that h(z) = f(z) — 1 and h(zy) = f(ay) — 1 for zy # e. So, wp(x) = wy(z) —d—1
for each vertex x of G — e. Therefore, wy(x) = wy(y) if and only if wy(z) = wp(y).
Thus, h is also a local antimagic total labeling of G with w(h) = w(f). Consequently,
X(G =€) < x1at(G — €) < Xiat(G). The theorem holds. O

Note that if G is a regular edge-transitive graph, then x;.:(G — €) < x1at(G).

Lemma 2.6. Suppose G is a graph of order p and size q and f is a local antimagic
total labeling of G. For any z,y € V(G), if

(i) wy(x) =wy(y) implies that deg(x) = deg(y), and
(i) wy(x) # wy(y) implies that (p + q + 1)(deg(x) — deg(y)) # wy(x) —wy(y),

then g =p+q+1— f is also a local antimagic total labeling of G with w(g) = w(f).

Proof. For any z,y € V(G), we have
wg(w) = (deg(x) +1)(p+g+1) —ws(z) and  wy(y) = (deg(y) +1)(p+g+1)—ws(y).
If wy(xz) = wy(y), then condition (i) implies that wy(x) = wy(y). If wye(z) # wy(y),

then condition (ii) implies that wgy(z) # wy(y). Thus, g is also a local antimagic total
labeling of G with w(g) = w(f). O
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For t > 2, consider the following conditions for a graph G.

(i) x1at(G) = t and f is a local antimagic total labeling of G that induces
a t-independent partition (J!_, Vi of V(G).
(if) For each x € Vi, 1 < k < t, deg(z) = dj, satisfying ws(x) — do # ws(y) — ds,
where z € V, and y € Vj, for 1 <a < b <t
(iii) There exist two non-adjacent vertices u,v with w € V;, v € V; for some
1 <i# j <t such that
(a) |Vi| =|V;| =1 and deg(x) = dj, for v € Vj,1 <k < ¢t; or
(b) Vil = 1, |V;| > 2 and deg(z) = di for x € V3,1 < k < t except that
deg(v) =d; —1; or
(c) Vil,1V;] > 2 and deg(z) = di for z € Vi, 1 < k < t except that
deg(u) =d; — 1, deg(v) =d; — 1,
each satisfying wy(z) + do # wy(y) + dp, where ¢ € V, and y € V; for
1<a#b<t.

Lemma 2.7. Let H be obtained from G with an edge e deleted. If G satisfies conditions
(i) and (ii) and f(e) =1, then x(H) < x1at(H) < t.

Proof. By definition, we have the lower bound. Define ¢ : E(H) — [1,|E(H)|] such
that g(e’) = f(¢/) — 1 for each ¢/ € E(H). Observe that g is a bijection with
wy(z) = wy(x) —dp — 1 for each ¢ € Vi, 1 < k < t. Thus, wy(x) = wy(y) if and
only if z,y € Vi, 1 < k < t. Therefore, g is a local antimagic total labeling of H with
w(g) = w(f). Thus, x1a:(H) < t. O

Lemma 2.8. Suppose uv € E(G). Let H be obtained from G with an edge uv added.
If G satisfies conditions (1) and (iii), then x(H) < xiat(H) < t.

Proof. By definition, we have the lower bound. Define g : E(H) — [1,|E(H)|] such
that g(uv) = 1 and g(e) = f(e) + 1 for e € E(G). Observe that g is a bijection with
wy(x) = wy(x) +di + 1 for each x € Vi, 1 < k < t. Thus, wy(r) = wy(y) if and only
if x,y € Vi,1 < k < t. Therefore, g is a local antimagic total labeling of H with
w(g) = w(f). Thus, x1a:(H) < t. O

3. COMPLETE BIPARTITE GRAPHS, PATHS AND CYCLES

In [8, Theorems 2.7, 2.8, 2.10, 2.11], the authors showed that (1, p, ¢)-board is tri-magic
for all 1 < p < ¢. This is equivalent to x;q (K1 p,q) = 3 for 1 < p < ¢, where K1 5, is
the complete tripartite graph, i.e., K, ; V Ki. By Theorem 2.3, we have Xjq:(Kp,q) = 2
for 1 <p<yq.

Theorem 3.1. For 1 <p <gq, xia(Kp,q) = 2.

Proof. We only need to consider p = ¢. If p = 1, then x;q:(K7,1) = 2 is obvious.

For p = 2n, we may make use of the matrix constructed at the proof
of [7, Theorem 11]. For easy reading, we copy the construction here.

Suppose p+ 1 = 2n 4+ 1 > 3. Consider the (2n + 1) x (2n + 1) magic square A
constructed by Siamese method.
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Starting from the (1,n+ 1)-entry (i.e. Ay p4+1) with the number 1, the fundamental
movement for filling the entries is diagonally up and right, one step at a time. When
a move would leave the matrix, it is wrapped around to the last row or first column,
respectively. If a filled entry is encountered, one moves vertically down one box instead,
then continuing as before. One may find the detail in [5].

For convenience, let k = p + 1. Note that each of the ranges [1,k], [k + 1,2k], ...,
[k? — k + 1, k?] occupies a diagonal of the matrix, wrapping at the edges. Namely, the
range [1, k] starts at Ay 41 and ends at Ay ,; the range [k+1, 2k] starts at As ,, ends at
Ay pn—1; the range [2k + 1, 3k] starts at As ,,—1 and ends at Ag 2, etc. In general, the
range [ik+1, (i + 1)k] starts at Ag;y1,n+1—; and ends at Ag;yo,—;, where 0 <i < k—1
and the indices are taken modulo k. It is easy to see that the (n + 1)-st column of A
is (1,k+2,...,k?%) which is an arithmetic sequence with common difference k + 1.

We now perform the following steps:

(1) Move each entry of the (n+1)-st column one position down (the (p+1,n+1)-entry
becomes the (1,n+ 1)-entry). Note that each column sum is still the magic number
1k(k? +1). The first row sum is now 1k(k* 4 1) + k? — 1 while each remaining
row sum is $k(k% +1) — k — 1.

(2) Exchange the (n+1)-st column and the (p+1)-st column. Now, the (1, p+1)-entry
of Bis (p+1)=2.

(3) Replace the entry (p+ 1)? by . Let this matrix be B.

(4) Move every row of B one position up (the first row becomes the last row). Let
this matrix be M.

Thus, M is an augmented bipartite labeling matrix of a local antimagic total labeling
of K, with local antimagic total chromatic number 2.

For p = 2n + 1, let A be the magic square of order p constructed by Siamese
method (as above). So, the anti-diagonal of A is

1 1 1
(Apis Ap 1o, Ary) = (p(p2 )+17p<p2 )+2,...,p(‘”2)+p>.

Let B be a matrix obtained from A by exchanging the (p — i + 1,i)-entry with
2
(i,p—i+ 1)-entry, for 1 < i < %. TZhen the i-row sum is w —(p+1)+ 2,
1 <4 < p; and the j-column sum is w +(p+1)—2j,1<;5<p.
Let
R= (" +1,p°+3,...,p° +2p— 1,%)

be a row vector of length p + 1 and
C=p*+2p,p°+2p—2,...,p° +2,%)7

be a column vector of length p + 1. Now let M be a (p+ 1) X (p + 1) matrix obtained

from B by adding C' at the rightmost of B and R at the bottom of B. Now, each row

sum is w +p? +p+1 and each column sum is @ + p? + p. Hence, M is an

augmented bipartite labeling matrix of a local antimagic total labeling of K, , with
local antimagic total chromatic number 2. O
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Example 3.2. Suppose p = 4. We have the following magic square of order 5:

17 24 1 8 15 17 24 25 8 15
23 5 7 14 16 23 5 1 14 16
A=|4 6 13 20 22| =>4 6 7 20 22
10 12 19 21 3 10 12 13 21 3
11 18 25 2 9 11 18 19 2 9

17 24 15 8 25
23 5 16 14 1

Doy 6 22 20 7

11 18 3 2 13

10 12 9 21 19

Now

17 24 15 8 = 23 5 16 14 1
23 5 16 14 1 4 6 22 2|7
B=|4 6 22 20 7| and M= 11 18 3 2|13
11 18 3 2 13 10 12 9 21|19
10 12 9 21 19 17 24 15 8 | «

is an augmented bipartite labeling matrix of a local antimagic total labeling of K4 4
with local antimagic total chromatic number 2. Note that the first 4 rows sum are 59
and first 4 column sums are 65.

Suppose p = 5. We still use the magic square of order 5:

17 24 1 8 15 17 24 1 8 11

23 5 7 14 16 23 5 7 12 16
A=|4 6 13 20 22| —-14 6 13 20 22| =B.

10 12 19 21 3 10 14 19 21 3

11 18 25 2 9 15 18 25 2 9

17 24 1 8 11|35
23 5 7 12 16|33
4 6 13 20 22|31
10 14 19 21 3 |29
15 18 25 2 9 |27
26 28 30 32 34| x

is an augmented bipartite labeling matrix of a local antimagic total labeling of K5 5
with local antimagic total chromatic number 2. Note that the first 5 rows sum are 96
and first 5 column sums are 95.

Let P, = vivsy...v, be the path of order n > 2. Let F,, = P, V K7 be the fan
graph, n > 2. Obviously X;q(F2) = 3. Combining with the results in [9, Theorems 3.5,
3.6 and 3.7] we have

Theorem 3.3. For n > 2, x1o(F,) = 3 for even n with n # 4, x1a(Fy) = 4 and
3 < xia(Fpn) <4 for odd n.
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We shall improve this theorem in Corollary 3.6. We note that in [9, Theorem 3.7],
the authors also stated that x;,(Wy, —e) =4 for odd m > 9 and e ¢ E(C,,). However,
the proof for x;.(W,, — e) > 4 was incomplete. We make a supplement here: Slnce
m > 9 is odd, vertices of (), must consist of at least 3 distinct induced vertex labels
under any local antimagic labeling f of U,, = W,,, — e. Let v be the central vertex of
U, that has degree m — 1. So its induced vertex label is at least m(m —1)/2. Now, the
only degree 2 vertex in C,, say x, has induced vertex label at most 2g — 1 = 4m — 3.
Since m(m—1)—2(4m—3) = m?*—9m~+6 > 0 for m > 9, we have f(v) > f*(z). Since
[T is a coloring, f*(v) # f‘*‘( ) for every vertex u € V(Cy,) \ {z}. Thus, any local
antimagic labeling of U,, must induce at least 4 distinct vertex labels. Consequently,
Xla(U’m) > 4.

Theorem 3.4. Forn > 2, x1qa:(Pn) = 2 except that Xia:(Ps1) = 3.

Proof. We first consider odd n. Suppose n = 4k + 1. For k = 1, a required labeling
sequence that labeled the vertices and edges of Ps alternately is 6, 4, 7, 3,2, 5,8, 1, 9
with distinct vertex weights 10 and 14. For k > 2, define f : V(Pyr11) U E(Pygt1) —
[1,8k + 1] as follows:

i) f(’l]l) = 8k, f(U4i+1) =6k+iforie [1, k — 1] and f(’U4k-+1) =8k +1,

(ii) f(vgi—1) =3k+ifori e [1,k— 1] and f(vqp—1) = 6k,

(iii) f(vait2) =Tk 41 for i € [0,k — 1],

(iv) f(vaiga) =4k + 14 for i € [0,k — 1],

(v) fugvai11) =2k — i for ¢ € [1,2k — 1] and f(vggvar41) = 2k,
(vi) f(vait1vai42) =2k +1+idfori € [0,k — 1],

(vil) f(vgi—1v4i) =5k + i fori € [1,k— 1] and f(vgg—1v4) = 4k.
It is not difficult to check that

w(vg) = 10k +1 for odd i,
Y 11k for even 1.

Thus, Xiat(Pak+1) = 2.

Suppose n = 4k + 3. For k = 0, a required labeling sequence that labeled the
vertices and edges of P5 alternately is 5, 1, 3, 4, 2 with distinct vertex weights 6 and 8.
For k > 1, we define f : V(Pyr43) U E(Pagt3) — [1,8k + 5] as follows:

(i) f(v1) =3k+2, f(vs) =4k+3 and f(veiys) =3k+3+iforie [L,k—1]ifk>2
(ii) f(vakq2ir1) =2k + 14 for i € [1,k] and f(var43) = 3k + 3,

(iii) f(vg) =1 and f(UQH_Q) =5k+4+iforie [1, k],

(iV) f(U2k+Qi+2) =4k +3+1 for i € [1, k],
(V) f(’Ul’UQ) =8k + 5 and f('l)27;+1’l)2i+2) =2k+2—2iforie []., k},

(Vl) f(v2k+2i+1v2k+2i+2) =2k+3—2iforice [1, k],

(Vﬁ) f(’UQUg) =5k + 4 and f(v2i+2v2i+3) =06k+4+1iforie [1, 2]{3]

It is not difficult to check that

w(vs) = 11k +7  for odd i,
113k +10  for even i.
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Thus, Xiat(Pak+3) = 2.

Now, we consider even n. Obviously Xja:(Pa) = 2.

Assume n > 6. By Theorem 3.3, x;4(P,, V K1) = 3. By Theorem 2.3 (a), we have
Xiat(Pr) < 2. Since x1qt(Pr) > Xx(P,) = 2, the theorem holds.

Thus, we are left with n = 4. Label the vertices and edges of P, alternately by 7,
1, 6, 4, 2, 3, 5 to get distinct vertex weights 8, 9, 11. Thus, x4 (Py) < 3.

Suppose there were a local antimagic total 2-coloring of P,. Suppose the labels of
Py are a,z,b,y, ¢, z,d for vertex and edge alternately. We have (1) a+z=y+c+ 2
and (2) z + b+ y = z + d. Moreover, a + b+ ¢ + d must equal (1) or (2). If not, it
corresponds to a local antimagic labeling of F; with 3 induced vertex colors, which is
impossible.

By symmetry, we only need to consider a+b+c+d = a+xz. Now b+c+d = x € {6, 7}.
From (2) we have z = 2b+c+y > 7. Thus, z = 7 and b = 1. Hence, x = 6 and
{c,d} ={2,3}. So, y > 4. This implies z > 8 which is impossible. Thus, x;q:(P1) > 3.
Hence, xjqt(Ps) = 3. This completes the proof. O

Example 3.5. The labeling sequence for P4 is 24, 13, 16, 1, 27, 9, 19, 2, 23, 12, 15,
3, 26, 8, 18, 4, 22, 11, 14, 5, 25, 7, 17, 6, 21, 10, 20 with 2 distinct vertex weights 37
and 30.

The labeling sequence for Pyg is 22, 13, 24, 5, 16, 14, 25, 3, 17, 15, 26, 1, 27, 7, 23,
12, 21, 2, 30, 10, 19, 6, 28, 8, 18, 9, 29, 4, 20, 11, 31 with 2 distinct vertex weights 35
and 42.

The labeling sequence for Py3 is 24, 7, 21, 5, 10, 16, 13, 4, 19, 8, 22, 3, 11, 17, 14,
2,20, 9, 23, 1, 18, 12, 15, 6, 25 with 2 distinct vertex weights 31 and 33.

The labeling sequence for Pi5 is 11, 29, 1, 19, 15, 6, 20, 23, 13, 4, 21, 24, 14, 2, 22,
25,8, 7, 16, 26, 9, 5, 17, 27, 10, 3, 18, 28, 12 with 2 distinct vertex weights 40 and 49.

Corollary 3.6. Forn > 2,

3 ifn#4,

Xia(Fr) = {4 ifn = 4.

Proof. From the proof of Theorem 3.4, we have

S fw)=32¢ {1014},

u€eV (Ps)
> f(u) =22k +12k+1 ¢ {10k + 1,11k} for k > 2,
€V (Pak+1)
> fw)=10¢ {6,8} forn =3,
u€V (P3)

> f(u)=16k>+ 19k +6 ¢ {11k + 7,13k + 10} for k > 1.
UEV (Pag+3)

By Theorems 3.3, 3.4 and 2.3 (a) or (b), we have the corollary. O
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We note that the concept of local super antimagic total chromatic number of
a graph G, denoted X;sq:(G), was introduced in [10]. By definition, we must have
Xiat(G) < Xisat(G) if Xisat(G) exists. In [11, Theorem 2], the authors proved that
for n > 3,
3 ifnisoddorn=4,

2 otherwise.

Xlsat(Cn) - {
This result implies that

3 ifnis odd,
2 if n > 6 is even.

Xlat(cn) = {

The following theorem completely determines x;q:(Cy) and the proof is short.

Theorem 3.7. Forn > 3,
2 ifn s even,
Xlat(Cn) = { f

3 otherwise.

Proof. 1t is obvious that x;q:(C3) = 3. Assume n > 4. In [1,7], the authors showed
that

3 ifn is even,

Xla(Wn) = {

4  otherwise.

Since
2 ifn is even
Cp) = ’
X(Ca) {3 otherwise,
by Theorem 2.3 (a), we conclude that the theorem holds. O

For a wheel graph W,, = K; Vv C,, n > 3, the vertex of K; is called its core.
In [7, Theorem 5|, the authors constructed a local antimagic 3-coloring for Wyy,. By
a similar approach we can construct a local antimagic 3-coloring for r(K7 V sCyi42)
for r > 1, k > 1 and for some s.

Theorem 3.8. Suppose k > 1. Then:

(a) X1a(K1 V 8Cypq2) =3 for s > 1,
(b) Xia(r(EK1 V sCagt2)) = 3 for r > 2 and even s > 2.

Proof. Let G = rH and H = K; V sCy42. Observe that each copy of H can be
obtained from s copies of Wyj o by merging their cores.

We consider the following Tables 1 and 2 whose column sum is 3k + 3.
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Table 1
4 Cy | Cs| Cq | ... Coi—1 Co; coo| Cop—1| Car | Copt1
g _| 1 2 31 4 | ... 2i—-1 2 S 2k—1] 2 |[2k+1
"TRk+1] k[ 2k[ k-1 2%+2—i k+1—d| .. k+2] 1 [ k+1
k+1|2k+1| k| 2k |...| k+2—4|2k+2—14|...] 2 |k+2 1
Table 2
Cy Co Cs| Cyq | ... Cai—1 Co; coo| Cop—1| Car | Copt1
g | KT 2k+1] k[ 2k || k+2—i[2%k+2—d[...] 2 [k+2[ 1
S ] 2 3| 4 | .. 2i—1 2 | 2k—1] 2k | 2k—+1
2k+1| k |2k|k—1|..|2k+2—4| k+1—i|...| k+2| 1 | k+1

For r,s > 1 and 1 < i < rs, we define a table T5; 1 from S; by the following way.

1. Add each entry of Row 1 by (i — 1)(2k + 1). So the set of entries of Row 1 is
(1 —1)(2k+ 1)+ 1,i(2k + 1)].
2. Add each entry of Row 2 by (rs+4 — 1)(2k + 1). So the set of entries of Row 2 is
[(rs+i—1)2k+1)+1,(rs +1)(2k + 1)].
3. Add each entry of Row 3 by (4rs — 2i)(2k + 1). So the set of entries of Row 3 is
[(4rs —2i)(2k + 1) + 1, (4rs — 2 + 1)(2k + 1)].

Note that, the column sum of Ty;_1 is $1 = (5rs — 2)(2k + 1) + 3k + 3, and the row
sum of Row 3 is ro;_1 = (4rs — 2i)(2k + 1)% + (2k + 1) (k + 1).

For r,s > 1 and 1 < i < rs, we define a table T; from S5 by the following way.

1. Add each entry of Row 1 by (rs +4 — 1)(2k 4 1). Note that, this row is the same as
Row 2 of Ty;_1 by right shifting one entry. So the set of entries of Row 1 is

[(rs+i—1)(2k + 1)+ 1, (rs + i)(2k + 1)].

2. Add each entry of Row 2 by (i — 1)(2k + 1). Note that, this row is the same as
Row 1 of T5;_1. So the set of entries of Row 2 is

(1 —1)(2k+ 1)+ 1,i(2k + 1)].
3. Add each entry of Row 3 by (4rs —2i+1)(2k + 1). So the set of entries of Row 3 is

[(4rs — 20+ 1)(2k + 1) + 1, (4rs — 2i + 2)(2k + 1)].
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Note that, the column sum of T5; is
s9=(0Brs—1)2k+1)+3k+3
and the row sum of Row 3 is

roi = (4rs — 2i + 1)(2k + 1)? + (2k + 1)(k + 1).

By exactly the same approach as in [7, Theorem 5], we can obtain a Wy 2 that
admits a bijective edge labeling using all the integers in T5;_1 and T5;, denoted G; for
1 < i <rs, such that the edge labels of the Cy;4o are given by (i — 1)(2k +1) + 1,
(rs+4)2k+1), G —1)2k+1)+2, (rs+i—1)2k+1)+k, i—1)(2k+1)+ 3,
(rs+i)(2k+1)—1, (i —1)2k+1)+4, (rs+i—1)(2k+1)+k—1,...,i(2k+1) — 3,
(rs+i—1)(2k+1)+2,i2k+1)—2, (rs+i—1)2k+1)+k+2,i(2k+1) — 1,
(rs+i—1)2k+1)+1,i(2k+1), (rs+i—1)(2k+ 1) + k + 1 consecutively. Moreover,
all the Row 3 integers of T5;_1 and T5; are assigned to the spokes of G; so that the
incident edge labels sum of the core is

Toi—1+ 1o = (8rs —4i+1)(2k +1)* +2(k+ 1)(2k +1) = R;,

and the incident edge labels sum of the vertices of Cyx1o are s; and s alternately.
One may easily check that all labels in [1,4rs(2k + 1)] have been used.

(a) When r = 1. From the above construction, it is clear that we have a local
antimagic 3-coloring for K3V sCyy 4o with induced vertex labels s1, so and L = Zle R;
for s > 1. Thus, x;.(G) < 3. Since x1.(G) > x(G) = 3, x1.(G) = 3.

(b) Suppose r > 2 and s = 2n > 2. We group G to G, into sets

Ay ={G;|lietn—n+1tn)U[2r—t)n+1,2r —t)n +nl},

for t = 1,2,...,r. Finally, for all the wheels in each A;, we merge their cores into
a vertex to get a K7 V sCyg2, denoted Hy = H. The common core of each Hy has the
label

(2r—t)n+n

tn
L= Y Ri+ > R

i=tn—m+1 =(2r—t)n+1
=2n(16rn + 1) (2k—|—1 +4n(k +1)(2k + 1)
(2r—t)n+n

4(2k + 1)2 Yoo

i=tn— n+1 =(2r—t)n+1
2k + 1)? —|—4n k4 1)(2k + 1) — 2n(2k + 1)%(4rn + 2)
2k + 1) + 4n(k + 1)(2k + 1)

=2n(16rn 4+ 1)

)
= 2n(12rn — 1)(
which is a constant.
Clearly, L > so > s1. Thus, Hi+ Ho+...+ H, = rH = G admits a local antimagic
labeling that induces three distinct colors so that x;,(G) < 3. Hence, x1,(G) =3. O
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Example 3.9. Let us consider the graph K; V 2C1y. According to the proof of
Theorem 3.8 we have

1 2 3 4 5 13 15 12 14 11
Ty=1(1 12 14 11 13), Th=(|1 2 3 4 5
33 35 32 34 31 40 37 39 36 38
6 7 8 9 10 18 20 17 19 16
Ty=(20 17 19 16 18], Tyuy=16 7 8 9 10
23 25 22 24 21 30 27 29 26 28

So we have a local antimagic 3-coloring of K7V 2C4¢ with the induced colors 49, 54, 610
as in Figure 1.

e e e ot e

Fig. 1. A local antimagic 3-coloring of K7 V 2Cqg

The induced label of the core is 610.

Example 3.10. Let us consider the graph 2(K; V 2Cs). According to the proof of
Theorem 3.8 we have

1 2 3 14 15 13
Ti=|(15 13 4|, =1 2 3],
44 45 43 48 46 47
4 5 6 17 18 16
T,=(18 16 17|, Tu=[4 5 6],
38 39 37 42 40 41
7 8 9 20 21 19
Ts=|{21 19 20|, Tw=[7 &8 9],
32 33 31 36 34 35
10 11 12 23 24 22
Tr={24 22 23|, Ty=[(10 11 12
26 27 25 30 28 29
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A; = {G1,G4} and Ay = {G3,G3}. So we have a local antimagic 3-coloring of
2(K; V 2C6) with the induced colors 60, 63, 438 as in Figure 2.

Fig. 2. A local antimagic 3-coloring of 2(K; V 2Cs)

The induced label of each core is 438.

Example 3.11. Let us consider the graph K; Vv 3Cs.

of Theorem 3.8 we have

Ty =

1
12
32

15
26

18
20

2
10
33

13
27

16
21

3
11
31

14
25

17
19

11

36
14

30
17

24

12

34
15

28
18

22

According to the proof

10

35
13

16

23

So we have a local antimagic 3-coloring of K7V 3Cg with the induced colors 45, 48, 495

as in Figure 3.
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Fig. 3. A local antimagic 3-coloring of K; V 3Cy

The induced label of each core is 495.

In each of the local antimagic labeling in Theorem 3.8, an edge in a cycle is labeled 1.
By Theorem 2.3(a) and Lemma 2.5, we immediately have the following two theorems.

Theorem 3.12. Fork > 1, s > 2, x14t(sCar42) = 2.
Theorem 3.13. For k> 1, s > 1, x1at(5Cagr2 + Pagi2)

= 2.
Theorem 3.14. For odd n > 3, 4 < x14:(Cp, V 2K7) < 5, and for even n > 6,
3< Xlat(cn \ 3K1) <5.

Proof. Here we let C,, = wius ... upuq and V(sKq) ={v; | 1 <j < s}

Suppose n > 3 is odd. Clearly, x;4:(Cr V 2K1) > x(Cy, V 2K;) = 4. In [9, Theo-
rem 3.1], the authors provided a local antimagic 4-coloring f of C), V3K; which induces
FH(00) = fF(02) = £+ (v5) = n(Bn+ 1)/2, fFH(ur) = 80+ 3, [+ (us) = (17n+7)/2 for
odd ¢ > 3, and f*(u;) = (17n+5)/2 for even i > 2.

Define g : V(Cy v 2K1)UE(C, v 2K1) — [1,4n+2] by g(us) = f(usvs), g(e) = f(e)
for e € E(Cy) or e = u;v;, and g(v;) = 4n+ j for 1 < i < n and j = 1,2. Now,
wy(u;) = [T (u;) and wy(vj) = fT(v;) +4n+j for 1 <i<mnandj=1,2 Thus, g
induces 5 distinct vertex weights and x;q+(Cp, V 2K7) < 5.

Suppose n > 6 is even. Clearly, xq:(Cr V3K7) > 3. In [9, Theorem 3.3], the authors
provided a local antimagic 3-coloring f of C,, V 4K; which induces f*(u;) = 9n + 3
for odd 4, f*(u;) = 17n + 3 for even i, and fT(v;) =n(6n+1)/2 for 1 <j < 4.

Define g : V(C,, V3K;)UE(C,, V3K7) — [1,6n+3] by g(u;) = f(u;vs), g(e) = f(e)
for e € E(Cy) or e = u;vj, and g(v;) = 5n+j for 1 <i < nand j = 1,2,3. Now
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wg(u;) = fT(w;) and wy(v;) = fT(vj) +5n+ifor 1 <i<nandj=1,23. Thus,
g induces 5 distinct vertex weights and x4 (Cp, V 3K7) < 5. O

Problem 3.15. Determine x;qt(Cy, V 2K7) for odd n > 3, and X0t (Cy, V 3K7) for
even n > 4.

In [9, Theorem 3.9], the authors proved that for n,m > 3,

m+ 2 if m,n are even,

Ky V) =
Xta ) {m—|—3 if m,n are odd.

By Theorem 2.3, the following theorem holds.

Theorem 3.16. For m,n > 3,

m+1 ifm,n are even,

at (K — \/Cn =
Xiat( ! ) {m+2 if m,n are odd.

4. CARTESIAN PRODUCT OF CYCLES

Let Cog—1 = uquz ... ugk—1u1 be the (2k —1)-cycle. We let e; = wju;q1, 1 <i <2k—1,
the index taken modulus 2k — 1. We define two edge labelings g1 and g» and one vertex
labeling g for Cai—1 as follows. Define g1, g2 : E(Ca—1) — [1,2k — 1] by

g1(e;) = 2k — 1,
Tt
and define g : V(Cor_1) — [1,2k — 1] by
1 ifi=1,

g(u;) =< i—1 ifiisoddandi#1,

i+ 1 if iis even,

where ¢ € [1,2k — 1].

Now g; (u1) = 2k and g; (u;) = 4k + 1 —2i for i € [2,2k —1]; g5 (v1) = 3k — 1 and
gy (u;) =k — 141 for i € [2,2k — 1]. By direct computation we have the following
lemma.

Lemma 4.1. Keeping all the notation used above, we have
5k ifi=1,

sg(ui) = g (u;) + g5 (w;) + g(ui) = < 5k — 1 if i is odd and i # 1,
5k +1 ifi is even.
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Example 4.2. Figure 4 shows labelings g1, go and g for C5 = ujususzuqusuy.

1 5 4 3 2 1 =—a
Lot ot oo
es eq €9 €3 €y €5

uy Uy Uus Uy Uy

5 Sl ot ot S T

SO0
15 16 14 16 14 — s

Fig. 4. Labelings g1, g2 and g for C5 = ujususususu;

Similar to the definitions of g1, g2 and g, we define another 3 labelings for Cox_1.
Define hi, ho : E(Cgkfl) — [0, 2k — 2] by

h1(€i) =7 — 1,

k—1-1% if 4 i
ha(e:) :{ 5 if ¢ is even,

2k —2— 5L if i is odd,

and define h : V(Ca,—1) — [0, 2k — 2] by
i
My =40 T
2k —i if i #1,

where ¢ € [1,2k — 1].
Now A (u1) = 2k — 2 and h{ (u;) = 2i — 3 for i € [2,2k — 1]; h (u;) =3k —2 — i
for i € [1,2k — 1]. By direct computation, we have the following lemma.

Lemma 4.3. Keeping all the notation defined above, we have
sn(wi) = hi (u;) + hg (wi) + h(u;) = 5k — 5,
forie[1,2k —1].
Let G =C,, x C,,. Then
V(G) = {(wi,u;) = vij [ 1 <, j < n}.
Let
Hi={vi;|1<j<n} and V;={v;;|1<i<n}.

Edges in G[H;] and G[V;] are called horizontal edges and vertical edges, respectively.
The edges in G[H;] are denoted by x; j = v; jv; j+1 and the edges in G[V}] are denoted
by Yij = i jVit1,5-
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We will keep all notation defined above in this section. Note that the labelings
below of Cy,_1 x Cor_1 use constructions that incorporate pairs of orthogonal Latin
squares.

Theorem 4.4. For k > 2, Xjat(Cor—1 X Cop_1) = 3.

Proof. Tt is known that x(Car—1 X Cor_1) = 3, so we have x;q:(Cp, x Cy,) > 3.

Following we shall define two total labelings fi and f5 for G = Ca_1 X Coi_1 using
the labelings g1, go and g defined above. In this proof, all addition and subtraction of
indices are taken modulo 2k — 1.

Define f1 : V(G) U E(G) — [1,2k — 1] by f1(yij) = g1(ej—i1), fi(wij) = galej_i)
and f1(v;;) = g(u;j—;). Thus,

wy (vij) = i) + fr(yio,y) + fi(@eg) + fi(wi 1) + fi(vij)
= gi(ej_i—1) + g1(ej—i) + g2(ej—i) + g2(ej—1—i) + g(uj—;)
= g1 (wj—i) + 95 (uj—i) + g(uj—i) = s54(uj—i).

Define fo : V(G)UE(G) — [0,6k—4] by fa(yi;) = hi(eit;), fo(mij) = ha(eir;)+2k—1
and fo(v; ;) = h(usy;) + 4k — 2. Thus,

wy, (vij) = fa(Yij) + f2(Yi-15) + fa(Tij) + fo(@ij—1) + fa(vij)
= hi(eiv;) + ha(eirj—1) + [ha(eir;) + 2k — 1] + [ha(eiq;—1) + 2k — 1]
+ [(uig;) + 4k — 2]
= hi (uitj) + by (wigs) + h(wis;) + 8k — 4 = sp(uiy;) + 8k —4 =13k — 9.

Note that, the images of all vertical edges are in [0, 2k — 2], those of all horizontal
edges are in [2k — 1,4k — 3] and those of all vertices are in [4k — 2,6k — 4].

Now define f : V(G)UE(G) — [1,3(2k—1)?] by f(z) = fi(z)+(2k—1) fa(x) for x €
V(G)UE(G). Suppose f(x) = £(y), then fy(x) + (3K —1)fo(x) = fo(y) + (2k — 1) fa(y)
or equivalently f1(z) — fi(y) = (2k — 1)[f2(y) — f2(z)]. Hence, fi(x) = fi(y) and
fa(z) = fa(y) (since 0 < | f1(z) — f1(y)| < 2k—2). By the definition of fa, fa(z) = fa(y)
implies that  and y both are vertices, vertical edges or horizontal edges. Since g1, g2
and g are bijective, z = y. Thus, f is injective and hence is bijective.

Next,

wy(vig) = fYig) + fYio14) + flig) + f(@ij—1) + fvig)
= wy, (vi,j) + (2k — Dwy, (vij) = sg(uj—i) + (2k — 1)(13k — 9)
5k+c  ifj—i=1 (mod 2k—1)
=<¢5k+1+c¢ ifj+i=0 (mod 2) (4.1)
S5k—1+c¢ ifj+i=1 (mod2), j—i#1l (mod2k—1).

where ¢ = (2k —1)(13k — 9). Note that v; ; and vy j» are adjacent only if i +j # ' + 5/
(mod 2). Thus, f is a local antimagic total 3-coloring of G. So xia:(G) = 3. O
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Example 4.5. Figure 5 shows labelings f; and f> for C5 x C5 (the lowest left corner
is the vertex vy 1, the lowest right corner is the vertex v 5).

1 SKL 4 0 lft 2 3 4
CTolo ol > T2 )— @
5 4 3 4 0 1 2 3
oot e D DR DR
4 3 2 3 4 0 1 2
Lot e teol L 2o o000
3 2 1 2 3 4 0 1
Lo ot o200
2 1 5 1 2 3 4 0

1! sioo4l 3L 2 0 ez 3y 4

Fig. 5. Labelings f; and fo for C5 x Cj

One may see that the wy, -value is 15, 16 or 14; and wy,-value is 30.
Figure 6 shows labelings f = fi1 +5f2 and wy.

1 10 14 J\

40 48 31

GO fo——(o)——(o— (b
25 4 8

28 36 49

S —e—=GC ()
19 23 2 6 15

41 29 37 50 33 41

D)) - (o
13 17 21 5 9

34 42 30 38 46 34

S () (D
7 11 20 24 3

47 35 43 26 39 47

2) (66) (63) (55)

1o 101 14 1 181 2! ! ! ! !

Fig. 6. Labelings f = f1 +5f2 and wy

One may see that the wy-value is 165, 166 or 164. Thus, f is a local antimagic
3-coloring for C5 x Cs.
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Similarly, we define a labeling ¢ for Ca;_1. Define ¢ : E(Car—1) — [1,2k — 1] by

i+l if 7 is
¢(€i)={ SR 1 is odd,

2k — 5 if i is even,

where ¢ € [1,2k — 1].
Now ¢V (uy) =k+1, ¢ (u;) = 2k + 1 for odd i and ¢ (u;) = 2k for even i, where
i€ [2,2k —1].
Theorem 4.6. For k > 2, x14(Cax—1 X Cox—1) = 3.
Proof. Tt is known that x(Car—1 X Cox—1) = 3, so we have x;,(C,, x Cy,) > 3.

In the following we shall define two labelings p; and ps for G = Cop—1 X Cox_1
using the labelings ¢ and h;.

Define pP1 E(G) — [1,2/{} — 1] by Pl(yi,j) = ¢(€j—i—1) and pl(l‘i,j) = (b(ej_i).
Then
pi (Vi) = p1(yig) + p1(Wi1.5) + pr(wig) + pr(wij1)
= plej_i—1) + dlej—i) + dlej—i) + dlej—1-4)
= 2¢+ (Uj—i)-

Define P2 E(G) — [O, 2k — 2] by p2(yi,j) = hl(ei+j) and pg(fﬂiﬁj) = h,l (egk_i_j) =+

2k — 1. Thus,
p3 (vij) = p2(Wij) + p2(yi-1,5) + p2(wi ;) + pa(wij—1)
= hi(eivj) + hi(eirj—1) + [h1(ear—i—j) + 2k — 1]
+ [hi(ean—i—ji1) + 2k — 1]
= hi (uigy) + hi (ugk—i—j1) + 4k — 2.

Let us consider hi (u;t+;) + hi (uzk—i—j+1). Note that, i + j = 1 (mod 2k — 1)
if and only if 2k —i — j+ 1 =1 (mod 2k — 1). Thus, u;y; = usk—i—j+1 = w1 and
hi (i) + hyi (uak—i—j41) = 20 (ur) = 4k — 4.

Suppose i+j Z 1 (mod 2k —1). Ifi+j € [2,2k—1], then 2k —i—j+1 € [2,2k —1].
Hence,

hif (i) + hi (uak—i—ji1) = [2(0+5) = 3] + [2(2k —i — j + 1) — 3] = 4k — 4.
Ifi+je2k+1,4k — 2], then 4k —i — j € [2,2k — 1]. Hence, tog—i—jt1 = Uap—i—;
and Uit = Witj—2k+1- Then

W (wisg) + B (uan—iji1) = W (Wi j—2ks1) + hi (ap—i—y)
=[20+j—2k+1)—-3]+[2(4dk —i—j) — 3]

Thus,

for i,5 € [1,2k — 1].
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Now define F : E(G) — [1,2(2k — 1)?] by F(x) = pi(z) + (2k — 1)p2(z) for
x € E(G). By a similar argument to the proof of Theorem 4.4, we can show that F' is
bijective.

Next,

Fr(vij) = F(yij) + F(yi—1;) + Fai;) + Fxij-1)
= pf (vij) + (2k — 1)p3 (v )
= 20" (uj—i) + (2k — 1)(8k — 6)
2k+2+d ifj—i=1 (mod2k—1)
={4k+2+d ifj—i=1 (mod2),j—i#1 (mod2k—1)
4k +d ifj—i=0 (mod 2)

where d = (2k — 1)(8k — 6). Note that v; ; and vy j are adjacent only if i + j # i’ + 5
(mod 2). Thus, F is a local antimagic 3-coloring of G. So xat(G) = 3. O

Example 4.7. Figure 7 shows labelings p; and po for C5 x C5 with their induced
vertex labelings.

3 IJ\ 5 2 4 0 1 2 3fL 4
—3—(8 G S S A S ----(18 G W B A L A
1 5/‘\ 2 4 3 4 0 I 2J\ 3
N NI S N, SR SR L L A
5 2 4 3 ! 3 4 0 1 2
RN G S Ay S WL R (8 S L S S
2 4 3 1 5 2 3 4 0 1
2ot eolo e @00 0@
4 3 1 5 2 ! 2 3 4 0
SR A ) S S L (S 1 S Y LT LA 7 B
3 I 5 2 41 0 1 2 3 4

Fig. 7. Labelings p; and py for C5 x Cs

Figure 8 shows the labelings F' = p; + 5p3 and F'* for C5 x Cs.
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3 6 15 17 24
28 46 45 37 34 28
SRR Ll o S S 1

21 5 7 14 18
31 30 47 44 38 3]
(o)) ——)——()

20 2 4 8 11
40 32 29 48 41 40
RN el S L

12 19 23 1 10
42 39 33 26 50 4
R RN (RN L (L

9 13 16 25 2
49 43 36 35 27 49
RS (o) A oD )

Y ) w0z 0y 0y

3 61 151 17 241

Fig. 8. The labelings F = p; + 5p2 and F'* for C5 x Cs

Theorem 4.8. For k > 2, Xla((CQk_l X C2k—1) V Kl) =

Proof. Let f be the local antimagic total labeling of Cy,_1 X Cy,_1 in the proof of
Theorem 4.4. Since

2k—1 2k—1
> g(ui) =k(2k 1) and Z Qk —1)?,
i=1
we have
2k—12k—1 2k—12k—1 2k—12k—1
SN ) =30 gluy) + k=1 >0 S [luiry) + (4k - 2)]
i=1 j=1 i=1 j=1 i=1 j=1
1
= k(2k — 1) + 5 (2k = D*+202k —1)*
5
= (2k —1)? {k +-(2k-1) } > wy(vi;)- (by (4.1))
By Theorem 2.3(b), we immediately have x4 ((Cog—1 X Ca—1) V K1) = 4. O

5. CONCLUSION AND OPEN PROBLEMS

In this paper, we first proved that every graph is local antimagic. The proof gives
a sharp bound for us to determine x;4¢(G) (or x1o(G V K1)) using a local antimagic
labeling of GV K (or a local antimagic total labeling of G). The local antimagic (total)
chromatic number of many family of graphs are determined. The following problems
arise naturally.



Every graph is local antimagic total and its applications 863

Problem 5.1. Determine x;q:(sCy) for s > 2 and n # 2 (mod 4).

Problem 5.2. For (i) m # n > 3 and (ii) m = n > 4 are even, determine x4 (Cr, X Cp,)
and xiat(Cm x C).

Problem 5.3. For m,n > 2, determine X (P, X P,) and xiat (P X By).
Problem 5.4. Characterize G such that x(G) = x1a:(G) = x1(G) — 1.

In [6, Theorem 3.4], the authors showed that there are infinitely many circulant graphs
(with at most an edge deleted) of x;, = 3. Since cycles are the simplest circulant
graphs with x4 = 2, we have

Problem 5.5. Determine the exact values of x;q:(C) and x;q:(C —e) for each circulant
graph C' % C,,,Co,(1,n),n > 3.

Since every known result has x4t (G) < x14(G), we end this paper with the following.
Conjecture 5.6. For each graph G of order at least 3, X1at(G) < x1a(G).
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