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Abstract. The bi-parabolic equation has many practical significance in the field of heat
transfer. The objective of the paper is to provide a regularized problem for bi-parabolic
equation when the observed data are obtained in LP. We are interested in looking at three
types of inverse problems. Regularization results in the L? space appears in many related
papers, but the survey results are rare in L?, p # 2. The first problem related to the inverse
source problem when the source function has split form. For this problem, we introduce
the error between the Fourier regularized solution and the exact solution in LP spaces.
For the inverse initial problem for both linear and nonlinear cases, we applied the Fourier
series truncation method. Under the terminal input data observed in LP, we obtain the
approximated solution also in the space LP. Under some reasonable smoothness assumptions
of the exact solution, the error between the the regularized solution and the exact solution are
derived in the space LP. This paper seems to generalize to previous results for bi-parabolic
equation on this direction.
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1. INTRODUCTION

Let Q be a bounded domain in RY (N > 1) with sufficiently smooth boundary 99).
In this paper, we are interested to study the following biparabolic equation

{utt(x,t) + 2Auy(x,t) + A?u(x, t) = F(z,t,u(z, b)), in Q x (0,77, (1)

ulo = Aulpn = 0, in ,

where F' is the source function and w describe the distribution of the temperature at
position z and time t.
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The main objective of this paper is to investigate the stability and approximate
for two inverse problems for bi-parabolic equation (1.1) as follows.

Inverse source problem for (1.1). Let us assume that the source term in (1.1) in
the linear case. The inverse source problem is stated as follows. Let the distribution of
u at the final time

u(z,T) = g(x)

and assume further that the additional condition u(z,0) = us(x,0) = 0 for x € Q. We
need to recover the source function F where F has a split form F(x,t) = o(t) f(x).
More specifically, let us given the function ¢. Our task here is to recovering the
function f. In [19], the input data is noisy by the observation data in L? space.
The inverse source problem will be more difficult if the data is noisy in LP space with
p # 2. To the best of our knowledge, there are very few results related to the observation
data in LP space with p # 2. The first part of this paper deal with the stated topic.

Inverse initial value problem for (1.1). Let us consider the inverse initial value
problem (1.1) with the following terminal observation

ut(x,T) =0, u(z,T)=g(z) in . (1.2)

If g is disturbed by observed data in L? space, then we have some known studies, for
example Lakhdari-Boussetila [16], Besma-Nadjib—Rebbani [3], Tuan-Kirane-Nam-Au
[28], Tuan—Caraballo-Thach [25], and [2,7,8,14,17,18,22,29]. This problem is one of
the branches of the back-in-time problem for PDEs, that has been explored in many
interesting papers, some of which can be listed as [1,24,27]. However, in the mentioned
papers, the observed data is only in L2. The result for the problem (1.1)—(1.2) when
the final data g is disturbed by the observed data in LP, p # 2, is still an open problem.

Before stating the main results, we would like to explain why the bi-parabolic
equation is of interest. Bi-parabolic equation describes heat conduction and has
many applications for thermal processes [5,10,21,30] and it has been used to de-
scribe the special phenomena of process dynamics filter merge [4,6,15]. In the in-
teresting work of Fushchich—Galitsyn—Polubinskii [10], the authors suggested that
the classical quadratic parabolic equations do not completely describe heat and
mass accurately. transfer processes and there have been some well-known paradoxes.
To overcome some possible paradoxes, mathematicians have devised a new parabolic
model, which is to replace the second-order operator by the fourth-order operator.
To put it more clearly, they find that bi-parabolic equation by substituting the
second-order operator2u = (% + A) u by new fourth-order operator

02 0
2*u = 2(Qu) = et T 2&

3 Au + A2u.

This is also the reason why we have the equation (1.1) which is of the hyperbolic
form. The (1.1) problem is a form of the higher-order PDE equation: it is quadratic
in terms of time variables and quadratic in terms of space variables, which attracts
many mathematicians to study and interest [9,11,12,20,23,26,31]. Following closely
the work of Greer—Bertozzi—Sapiro [13], quadratic PDEs are modeled in a number of
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natural phenomena such as including ice formation, fluid on the lungs, warping of the
brain, and the design of distinctive curves on the surface.

In the following, we would like to briefly discuss the contributions and novelties of
this paper. As we stated earlier, this paper is the first result for the inverse problem
for the biprabolic equation when the observed data is in the LP space with p # 2. One
big difficulty is that we cannot use Parseval equality directly because the data is not
in L?. We overcome these difficulties by using embedding between LP and Hilbert
scales spaces H*(£2).

We detail the main contribution in three parts.

The first part deals with the inverse problem of determining the source function.
We achieve the results of regularization result when the observed data (p.,g.) €
LP(0,T) x LP(Q2). Using the Fourier series truncation method, we obtain the error
between the regularized solution and the exact solution. These results are clearly
shown in the Theorem (3.1). The main analytical technique is to use some embeddings
and some evaluations using Holder inequality.

The second part of the paper deals with the final value problem for Problem (1.1)
with a linear source function. The new feature of this part is the appearance of observed
data, namely (g., F.) € LP(Q2) x L*°(0,T; LP(£2)). We also investigate the case that
F has the split form F(z,t) = ®(¢)f(z), where both functions @, f are perturbed by
., f. in LP(0,T) and LP(Q) respectively. These results are well described in Theorem
(4.1) and Theorem (4.2).

The final part of the paper investigates the inverse initial problem for Problem (1.1)
with nonlinear source. The new feature of this section is that we use the observation

data g. € LP(Q). The first one concerns the existence and uniqueness of a regularized
solution in the space L*°(0, T} L™ ()) for 0 is suitable chosen. The problem stated

here is illustrated in the theorem (5.1). The second one provides the upper bound of

the error between the regularized solution and the exact solution in L~ (Q). To
overcome the difficulties arising from nonlinear components, we have learned and used
the techniques in the interesting paper by Tuan—Caraballo [24].

This article is organized as follows. Section 2 deals with some function spaces and
embeddings. Section 3 deals with regularized solution for the inverse source problem.
The backward problem for linear bi-parabolic equation is investigated in Section 4
with observed data in LP. Section 5 examines the backward problem for nonlinear
bi-parabolic equation. The Fourier series truncation method was used for both sections.
The main technique of this paper is to use embeddings and Fourier series.

2. PRELIMINARY RESULTS

In this section, we introduce the notation and the functional setting which shall be
used in our paper. Recall that the spectral problem

App (1) = =Aa¥n(x), =€ Q,
wn(x) =0, S 89,
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admits the eigenvalues 0 < A\ < Ay < ... < A\, < ... with A\, - o0 as n — oo.
The corresponding eigenfunctions are v, € H} ().

Definition 2.1 (Hilbert scale space). We recall the Hilbert scale space, which is given
as follows

m(@) = Fe 2@, 30 a( [ f@pn(yiz) < oo b,
n=1 Q

for any s > 0. It is well-known that H*(2) is a Hilbert space corresponding to the

norm
1/2

o = [ 20 ( [ @)’ | . sex@.
Q

n=1

/]

Lemma 2.2 ([24]). The following statement are true:

p> 2N
_N—4lj/’
2N

N —4s’

LP(Q) — HA(Q), if f%<u§o,

N
H?(Q) — LP(Q), if 0§S<Z, p<

3. INVERSE SOURCE PROBLEM

3.1. REPRESENTATION OF SOURCE FUNCTION

Let us give the explicit formula of the mild solution. First, taking the inner product of
both sides of (1.1) with %, (z), we find that

j—;( / u(w, b (@)dz ) + 2 / w(e, b (@)dr) + 23 ( / (e, 1 ()
Q Q Q
:/F(x,t)lﬁn(:c)d:r.

Q

It is easy to see that the latter problem has a solution given by

/ w(z, o (2)dz = e~ (1 + thy) / w(z, 0)tby () dz

Q Q

—|—O/(t —9)6_(t_9)’\”'( Q/F(xﬂ)wn(x)dx)de.
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Let t = T and from u(z,0) = 0 and u(z,T) = g(x), we find that

Q/ 0/ Je—(t=0)As ( ! F(x,@)z/)n(x)dx)da
T
= ( O/ )T o 6)ds) 9/ J(@)n(2)dz),

where we have used the fact that F(z,0) = ¢(0) f(x). This equality implies that

T
/ f@pn(@r) = (@ =0T p00) " ([ o).
0

Q

3.2. REGULARIZATION OF INVERSE SOURCE PROBLEM IN L? SPACES

In this subsection, we provide a regularization result concerning on the observed data
in LP spaces. Fourier truncation method is applied to establish approximate solution.

Theorem 3.1. Let us take (pe,g:) € LP(0,T) x LP(Q) such that o-(t) > C* > 0
forany0<t<T,pe(1,2) and

lpe = @llzro,r) + lge = gllre) < e

Let us assume that f € H*(Q) for 0 < § < 1 and 0 < s < §. We construct
a regularized solution as follows
n<m, T .
fe) = 3 (-0 @ o 0)a8) ([ gulwpin(@)de)vn(z)
n=l 9 o
Sethmax(%—%,%—%—i—%) and choose M, —5 D forany0<k<1
< k)3 k k 3.1
1fe = FII, oy O e 1 s+ @) + " (| fllms+s o) + €7, (3.1)

where the hidden constant depends on N,s,6,p, T

Proof. Since 1 < p < 2, we can choose y = W. It is easy to verify that —% <p<0
e (Q) — LP(R2). Therefore, we get

and by applying Lemma (2.1),
that the following bound

lge = gll  xo2n @ = C(N,p)llge = gllLr (@) < C(N, pe. (3.2)
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In order to provide the upper bound of the error ||f. —
two new following functions

s(0), we need to establish

n<m. L .
JAGE (T = 0)e=T=D oo (0)do (2)thn (z)da )b ()
> (f INVECEED

and

Jotw) = 9(@)bn(@)dz ) U 2).

ﬁMI/\

(o)
0

By using triangle inequality, we obtain that

1 fe = fllms o) < Ife — fllms ) + I1f- — fellm=) + Ilfe = Fellme
=Ji1+J2+ Js3.

{O\

(3.3)

Our next aim is to derive the upper bound for three terms .J;, Jo and Jsz. Let us divide
into three steps as follows.

Step 1. Estimate of J1 = || fe — fllms(0)-

Let us estimate the term Jy = || f- — f[lw=() for 0 < s < I'. Using Parseval’s equality

and noting that f belongs to the space H?*#(Q) for 0 < § < 1, we infer the following
bound

|12 = 1fe = i@

n>M. T

_ Z /\ELS( /(T _ 9)6—(T—0)>\n¢€(9)d0) - (/g(ac)z/Jn(av)dﬂc)2
n=1 0 Q
n>M. n>M.

= Z /\25 /f Yion (z da: Z A QWS“J /f )ton (@ da:

n>M.

(M)~ 3 Az ( / F@Wn(@)dz) < L) fsre ),
Q

IN

n=1

for any § > 0. Thus, we deduce that the following bound holds for the first term on
the right hand side of (3.3)

Ji < (M) || £ lo+e o) - (3.4)

Step 2. Estimate of Jo = | f- — Fellms(o)-
Using Parseval’s equality and noting that
T

[ otz =[x =00eTp(0)i0) [ fia)on(o)iz

Q 0 Q
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we arrive at

77,<M6

||JTIE_?5 2€

n= 1

T

-1
/ g)e~ (T (0)dt )
0

- (/T(T—ﬁ)e(T")*"sae(G 1] /\25 /g )tn (z
0

fo (T — 0)e=(T=DAnp (0)dO

J21

Let us consider the term Js ;. Using Holder’s inequality, we obtain that

0
r 1/ ’ 1/p*
< (/\%(9) — ol dt) p(/(T—Q)P*e—(T—G)p*Andt) g
0 0

T

* * 1/1’*

< e — <PHLP(0,T)(/(T — ) e~ (T=0p ’\"dt) )
0

By in view of the inequality e=* < Czz~" for any 8 > 0, we get that

T T
/ (T — )P Tem(T=0p" A0 gy < Cs /(T —0)P" (T — Q)p*/\n)_B dt
0

0
T

= Colo") N [T - oy
0
_ Celpr) T
pr—=B+1 "

where we note that p* +1 > 3, i.e, § < 2p . Therefore, we find that

* _ B(p=1)

T

1/
/T 9P e (100" ’\"dt) Yo, TN 7
0

[ 7T~ g)e- TN (@6(9)—s0)d91 /\is(/f(xmn(x)
Q

dm)Q

(3.5)
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Combining (3.6) and (3.7) and noting that [, — ¢[|Lr0,r) < €, we arrive at the
following estimate

_Bp—1)

‘/(T—G)e’(T*G))‘" (p(0) — @) db] < C(B.p" TIAL 7 e

Since . > C*, we find that

T T
(T— . —(T— A= (1+TA)e T
/(T — 0)e=T=D g (9)do > C /(T —0)e=T=Dngp = C v :
0 0 "
where we easily to check that
T —2T
/ez(sz) (T — s)ds = 1-(+ 52)6 .
z
0
Combining two above results, we find that
o_ Blp=1)
A 7€
< T .
J2,1 >~ O(ﬂ7p ) )1 _ (1 + T)\n)e—’\"T
This together with (3.5) implies that
M o Ble=1) 2
e~ Tl <G Y (s ) 42 ([ S@ate)in)
5 ellHs (©2) = Dy ‘ 1—(1—|—T/\)_AT n
n= Q
nsM. C(B,p*,T)e? 425 BCr=2) 2) 2
Z ’ S An / f(x .
= (1= (14+TAy)e > T)? J
(3.8)
Let h(z) = (1+Tz)e~T# for z > 0. Then its derivative of it is h/(z) = —T?ze~ 7% < 0.

) =
Hence, it is an decreasing function on (0, 00). It implies that h(\,) < h(\1). Therefore,
we know immediately that

1-— (1 +TXA)e T >1 - (14 TA)e M7, (3.9)

Let us choose § = p — /3, we follows from (3.8) and (3.9) that

25

67 T)e 25420+ 5 - 2
He(@) = T2 (1( +1;)\1)) T Z x (/f($)¢n(x)dx) .
Q

| Tol” = |1 fe = Fe I

Since ¢ € (0,1), we can verify that for n < M,

25420+2 28 2_
An TSR (M)

S8
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which allows us to provide that

n<M.

2 2
7l < CFQa)FF e 32 22525 ( [ fa)in(a)de)
Q
= C3 (M)~ 7 &) fl3s+- (o)

where C depends on 6, A1, T. Thus, we deduce that the following bound for the second
term on the right hand side of (3.3)

1_3
J2 < Cy (Mg)p P EHf||H6+s(Q). (310)

Step 3. Estimate of J3 = ||f- — f.|lu=(a)-
Using Parseval’s equality, we find that

a2 = Sz: /T g)e=T—0n (9)d9 /ga (a:))wn(x)dx)2

Q
n<M T
=€ 23_Np 2N Np 2N _ -2
<3 An /T f)e~ (T (e)de)
n=1 0

X ( (gg(x) —g(x))z/)n(ac)dx)Z.
? (3.11)

Due to the condition ¢ > C, we get that the following estimate

1—(1+TA,)e T
A2 '

n

T
/(T— Yo (T=0A (9d6>C/T 0)e~T=Dngp = C
0

This inequality together with (3.9) and (3.11) yields

1
c (1 - (1 +TA)e~NT)?

AT (o) - g i)

Q

| J3]? <

(3.12)

I M'

From the fact that \,, < Cn2/N , we can verify that for n < M,

—2N

NI Ok (er- ) o) S (3.13)
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By combining (3.12) and (3.13), we arrive at

2 C(M.) ¥ 1t & e ~ 2
S e e Q/ (90(x) — g()) ()

4548 1,2
SOMLT) (M) ¥ 77 lge = g wpmow
H % (Q)

Since the estimate (3.2), we follows from the latter observation that

4548

|J3|2 < C?? (Ms) N

143 2

Here C'5 depends on N, p, A1, T. Thus, we obtain the following bound for the third
term on the right hand side of (3.3)

2s5+4

J3 < Cy (M) N “#tie (3.14)

Combining (3.3), (3.4), (3.10) and (3.14), one has the following bound

1_3
e (@) < (Me) ™ || fllms+s) + Ca (Me) 77 ]| f ||+

2s+4 1 1

+03 (ME) N re.

1fe = £l

(3.15)

This follows from (3.15) that

(1—k)§

I fe = fllms <& Hf||H5+S(Q) + Cz€k\\f||Hé+s(Q) + C3e".

By using Lemma 2.2, we know that H*(Q2) — L~ (Q), which yields to the desired
result (3.1). O

4. INVERSE INITTIAL PROBLEM FOR BIPARABOLIC EQUATION

In this section, we consider the following inverse initial problem

uge(,t) + 2Aus (2, t) + A2u(x, t) = F(x,t), in Qx (0,77, 1)
u|aQ = Au|aQ =0, in Q, '
with the following final observation
u(x,T) =0, wu(z,T)=g(x) in Q. (4.2)

The main objective of this section is to provide a normalized solution to the inverse
problem (4.1)—(4.2) when the input data is noisy in the L? space.
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Let us first give the explicit formula of the mild solution to Problem (4.1)—(4.2).
First, taking the inner product of both sides of (1.1) with ¢, (z), we find that

2

%(/u(w,t)l/in(m)dx) +2)\n</u(:c,t)wn(3:)dx) +)\i(/u(m,t)z/)n(a:)dx)

Q Q
- [Pl
Q
and from final observation as in (4.2), we have immediately that

/ w(w, Ty () dz = / o(@) b (@) de, %( / u(e, (@) ) o7 = 0.

Q Q Q

By solving the above system, we can obtain that

/ ul(i, ) () = T~ (1 (T — t)A,) / 9(€)n(2)dz
Q

Q
T
- / (6 — t)e@=n ( / Flz, G)wn(x)dx)dﬁ,
i Q
which allows us to deduce that the mild solution to Problem (4.1)—(4.2) in the following

Z [ (T=DAn (1 _ (T_t))\n)/g(m)l/)n(af)dl"| V()

= Q
T
[/ )elo- t)An(/ (2, 0)n (x )dm)del Un ().
1Ly Q

By applying Fourier truncation method, we provide a regularized solution as follows

(4.3)

n=

2 [ (T—t), _(T—t)An)/ge(fv)wn(w)dw] Un(2)

n=1 Q

nen. T T
Z [/ o(0—D)n (/Fa(x,a)wn(x)dx>d9] (),

Q

(4.4)

where N, is a parameter regularization which will be defined later.
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Theorem 4.1. Let us take the noisy data (ge, F.) € LP(Q) x L*°(0,T; LP(QY)) such
that

l9e — gllzr ) + 1Fe — Fllze0,7;07(0)) < €.
Let us assume that u € L= (0, T;HP*5(Q)) for any > 0. If we choose

B N/2
Ne = <1T09 log (i))

for any 0 < 0 < 1, then |Ju(-,t) — uc(-,t)||* an is of order
L

N-1Ts ()
45—N+%
1-6 1 ’ 1-6 1y\ 28
20
7z (3) (7)) )
max(e <TC’ og€> (TC’ og (-
Proof. By the Sobolev embedding LP(Q2) — H (©), we have the following state-
ment
- _ F.—F .
oo = ol e o e = o a2 (4.5)

< C(N,p)llge — gllzro) + C(N,p)|F2 — FllLe<0,1:2r(2)) < C(N,p)e.

ms(0)- Lo facilitate

Our next goal is to provide the upper bound of the term ||u — uc|
this investigation, we introduce a new function

n<N.
Us(,t) = ) [e(T‘t”n(l—(T—t)An) / g(mm(x)da:] ¥n ()
n;gm . ¢ (4.6)
- [ / (6~ )@ ( / F(x,emn(x)dx)de] V().
n=1 L% Q

Step 1. Estimate of the term ||U:(-,1) — ue (-, t)]|ms () -
From the definition of two functions U, and u. as in (4.6) and (4.4) respectively,
we find that

U(-, 1) — ue (-, t)

n<Ne
= [e”% (1= @=on) [ (gl2) - 0. <x>)wn<x>dx] ¥n (@)
n=1 Q
n<Ne 7 T o (4.7)
-y l/(et)ew%(/(F(x,e) Fg(x,ﬁ))@/;n(x)dx)dQ] ¥n(2)
n=L L% Q
B (x,t)

= c%)l(l‘,t) + %g(x,t).
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In view of Parseval’s equality, we estimate the first term on the right hand side of (4.7)

as follows

n<Ne Np—2N Np—

25— Np—2N
|2y = D A 7 Aa T ST (1 (T - DA’
n=1

x [ [ (o) —g€<x>)wn<x>dwl .

Q

Using the inequality (a + b)2 < 2a2 + 2b%, one has (1 — (T — t)A,)> < 2 + 2T2)2,

This implies that

2 25— MEZEN 2\2) 2T, \
112y = D A (2+2T )\n)e "
n=1
2
X [/ (g(m) gs(x))wn(x)d:v] .
Q

N

From the fact that A, < Cn?*N and noting that s > T %, we can verify that

for n < M,

23_Np—2N
P (2+2T2Ai)emn

— 92T )\25—in2}2
= e n

N Np—2N
25— +2
2 2T\ 2
+2T=e*" " )\, v

/N 4s 2 Cn2/N 4std 2
¥ i1 90,2270 N -1

2
S20162TCTL
CN2/N 4s 4 2 ON2/N 4s4+4 | 2
§201€2TCN5 (./\/'E)NJFP 1+202T262TCN5 (/\/5) ~ T3 1

S5 (1 ).

< Cye2TONET (L)
Combining (4.8) and (4.9), we know that
|11y < Cae?TNE W) (14 (V) )

2
P l / (g(x)—ga(x))wn(a:)dx]

A2/ N 4s44
20382TCN5 (ME) ~—

P )7 ) e — g1 wcan
It follows from (4.5) that

11113 @) < C5IC(N, p) 2TV (W) T3 7162 (14 (L)),

(4.9)

wo(@)

(4.10)
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Let us continue to consider the term || % ]%IS(Q). By applying Parseval’s equality,
we have that

%82

(@)
n<N T 2
_ )\Qsl / JECE0R Fs(z,H))qlzn(as)dz‘dG]
n=1 +
n<Ne % 2 411
<y AEf/(a £)2e2(0=0xn Fg(x,G))wn(x)dx‘ a9 (4.1)
n=1

t

n<Ne Np 2N Np 2N
<72 3 ST /‘/ (z,0) — Fo(z, 9))% dx( dé.
n=1

From the fact that A, < Cn?"N and noting that s > ¥ — X we can verify that

4 2p
for n < M,
25— SEEE oTa 2TCn?/N 42421 27CMZ/N Fti-1 (4.12)
An et < 2Ce nNTr " <2Ce s (MNP .

It follows from (4.11) that

2

1o 2 ) < 2012 (N R+

n<Ne

x nzl e j / Fs(x,e))wn(:c)dxrd@

< 20, 2TONZ™ (\r 45+"1T2/||F SO vy an  dO
H 4p

< 20, T32TONE Y (N R 27 | FL — F? Npoan
L0 H T ()

It follows from (4.5) that

(22|

2o S 200 TN (N R, (4.13)
Combining (4.7), (4.10) and (4.13), we arrive at the following estimate

U (-5 1) = ue (- 0) e () < 201B I ) + 201 B2l ()
< 20OV, p) 22OV (W) 2 (14 (0,

+AC T32TONZ N (N RH5 162,

Z\P

)

(4.14)

2
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Step 2. Estimate of the term ||Uz(-,t) — u(-,t)|lms=(q)-
By a combination of (4.7) and (4.3) and using Parseval’s equality, we derive that

by = O ([l tyvn(e)ds)

n>Ne g

= > ([ ua i (e)ds)
Q

U (-5 1) = (-, 1)

n>N;

for any 8 > 0. If n > N; then we can check that there exists a positive constant C>0
4 ~ 43
such that A\, 2% < cn—% < C(NE)_W[. Hence, we find that

U 8) = ul-, 1)

e 200 F Y 2 ([ uta (o))

n>N, Q

= _a8 (4.15)
< CN) ™ Jlul, ) 1Fs e (a)

~ e _a8

CN) ™ ||ullZoo (0,718 (52)) -

Combining (4.14) and (4.15) and using the inequality (c + d)? < 2¢2 + 2d? for any ¢
and d, we deduce that the following estimate

1Ue () = u, ) [e
<2 U (1) = e ()l ) + 20U (5 8) = u-, 1)

< ACH|O(N, p)PeTONE ™ () T (14 (M) )

()
(4.16)

N2/ N 4s 4 2 =~ _48
+8C T3 NI (N R T2 4 20 (N ™ N |[ull e (0, vms o )

N/2
By recall that . = (% log(%)) we can verify that two following equality

4s—N+%

and

(e () e Gt ())

Two above identities together with (4.16) complete the proof. O
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In the following theorem, we provide a regularization result in the case that F' has
a split form.

Theorem 4.2. Let us assume that F(x,t) = ®(t)f(x). Let us assume that ¢, f, g are
measured by the observation data ¢., f-,g. respectively, such that

@ — Pcllzror) + 119 — gllLe(a) + 1 fe = fllr@) <e.
Let us assume that w € L>®(0,T;H+5(Q)) for any B > 0. If we choose N. =
N/2
(% log(%)) for any 0 < 6 < 1, then |Ju(-,t) — UE(~7t)||i

20 is of order
4s+4-N+2N
— —2
e [529 <1T_0910g (i)) <1+(1TC9 log (1))—2) (1T_C6 log (i)) 31.

Proof. From (4.3), we remind the formula of u in the case F(z,t) = ®(¢) f(x) as follows

uw,t) =) le”“*n (1= (T = 1)An) / g(xmn(x)dx] Vn ()
n=1 Q
- Z / )0 a)ds | ( [ @y (a)de) v a).
t Q
Let us construct a regularized solution as follows
n<N.
ve(wt) = ) [e(”)*n (1= (T = t)An) / ge<m>wn<x>dx] Vn ()
n=1 Q
nen. T (4.17)
-y / )e®=t) ncbs(e)de} ( / fs(x)z/}n(x)dx>1/1n(x).
n=l % Q
Set new function V. as follows
n<Ne
V(o) = > [e(Tt))‘" (1— / oz dm] ()
" ° (4.18)

i [/ )@= (g de /f Vb ( )dx)¢n( ).

Let us look the term ||V (-, t) — u(-,t)|lm=(q)- It is treated in exactly the same way as
in the proof of step 2 of the Theorem (4.1). Indeed, we have that

_48
Ve(,8) = u(, )l @) S V)™ NullZoe o rizss(yys B> 0- (4.19)
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Let us now to treat the term ||V (-, t) — v (-, t)|
of (4.17) and (4.18), we verify that

ms(Q)- Indeed, by from the definition

vs(xat) _Vs(xvt) :%1(xvt)+'%2(xvt) (420)
where %, is defined in (4.7) and %, is defined by

n<N. T

=3 [ [0t w0i0) ( [ fa)in(a)de)vn(a)

t Q
nen. T
Z [ 0= e 0] ( / o) n ) ) o ).

The analysis of estimating for % is given in (4.10). Let us now to estimate the term %,.
In order to further consideration, we should divide the term %, into the sum of two
terms %3 and A, as follows

n<N. T
Zalwt) = 3 | [0 0 00| [ [ (1) - 10) v @)do] (o)
n=1 % Q
and
n<Ne T
Puet)= 3 | [©- 0 (200) - 2.00))a8] ( [ Fla)in(o)dc)n (o)
n=l % Q

Let us consider the term || %3(:, )| (o). Using Parseval’s equality, we find that

185 (-, ) s
n<N. 9
S fo-nesioal [ (50~
Q
Using Hélder inequality, we obtain that
T T T .
\ / (H—t)e(e_t)/\"CI)E(H)dﬁ‘ < ( / P, |pdt / e(0=t)r" Andt)l/ :
t 0 i
T B
< (|2 (0)] 1 OT) / 0=t ’\"db‘) v
t

n

<

®(0) |l e (0,1) < 75 T
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This implies that the following estimate for || %s(,t) )

15, )|l ()

+1~ 9 n=Ne 9g_ Np—2N Np—2N 2
< (1% ) 2 AT T [ (1@ = @) nlwra]

Q

Because of the fact that (4.12), we infer that the following estimate for the term
125(, )1 s ()

125 (-, )1

12 = s
<201( B F M) eQTcNf/N(NE)%ﬁ*%fl

ZE ~ 2N[ / (f(x)_fe(ﬂf))wn(x)dxr

! (4.21)
p* 41 —~ 2 —
<20, (T M) TN W) R £ = ) mpan
H 4p

":X

(O]

A 2 —
<20, (TTHM) e?TC‘Nj/N(NE)%+%—1€2.

Let us now to consider the term |\$4(-7t)||%3(9). Using Holder inequality, we obtain
that

T
/ )e0=An ( (0)—<I>5(0))d9‘

<( / ©(0) — B.(0)] dt)l/ ( /T (e—t)P*ew—t)P“ndt)l/ ’ (4.22)

0 t
T

* « 1/p* p*
<||® — @ Lr(0,1) ( /(9 — )P 0= tp Andt> < 75 ¢Thng.

t

Using Parseval’s equality, we get the following identity

H‘%4("t) 7 s

n<N: T

_ Z A?S[/ _ £)el0=0 ((I)(H)—(DE(H))dGr(/f(m)¢n(x)dx)2

n<N: Np—2N Np—2N 2 2
0))ao] ( / f(:c)wn(x)dm>.

|
>
3 ®
|
M
s
>
|
Sl
L—
—
—
>
~—
—~
>
N
>
/N
—
>
~—
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This equality together with (4.22) implies that

n=1

N.
p* 41 2" =7ve 95— Np—2N Np—2N 2
1240 <2 (1) S N7 e T ([ s @)ds)

Q
By in view of (4.12), we arrive at the following estimate

18-, 1) 1ss

)

~

E

2

< 20,€2TOM (M)

9_,’_%_ (

a2/ N 4s | 2 p*+1
< 201€2TCM€ (Ma) N Tp 182 (T o

2y Z ([ @)
n=1 Q

2 2
) I o

p*411 2 ON2/N 4s 2
) T (R4 e,

(4.23)
@
<20, (T

where we have used that Sobolev embedding LP(12) 7 (). Combining (4.21)
and (4.23) and noting that the inequality (c+d)? < 2¢?+2d? for any ¢ and d, we derive
that

12, D)l ) < 20185 (- 1) e 0 + 2012, D)l

_ 112
<AC TN (N F T (T M) e
p 41\ 2 N2/ N ds 42
+40, (T ) ST V)R 7

This inequality follows from (4.20) and (4.10), we find that

[ve (-, 8) = Ve, Ol () < 2011 (D)l ) + 201820 D)0

< 2C3|C(N,p)‘2€2TCN52/N (./\/'6)43+4+271 2(1 + (N)

2\»

)

_ o
+ 80 2TONZN (€ )R +5 -1 (Tpple) 22

2N SrEn/N FHi-12
8 (T ) TN W) F T2 .
This together with (4.19) allows us to get that

lve (-, 8) = u, 1) e
< 2[Ve () = ul Ol (@) + 2llve (1) = Ve, Ol o
<2

~

(NE)—WB ”uH%w(O,T;H/HS(Q)) + 160162T5N62/N (NE)LS-Q—Z—l (Tp +1 —~
+4C5|C(N, p) P2 TON ™ (L)

IS
N———

+5-1 2(1+ (N2~
1 2 N2/ N 4s 1 2_q
+ 16C4 (T * ) €2TCNE (Na) Nty ”fHLP(Q)
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N/2
By recall that A, = ( % log(é)) we can check that some following equality

45—N+%
STCN2/N (hryd+2-1 0 _ 2010 1 :
e (N2) et =¢ (TC log(s)
and
2TCN2/N 42 _4\ o
e N1 (14 (A F)e
45—N+% )
1-6 1 2 1-6 1 B
_ .20 - -
=¢ (TC log(5)> <1—|— ( ol IOg(s)) >
and

4s+4

eQTﬁNf/N(/\/’E) ¥ +%*1(1+(/\/g)—%)62

4s+4—N+% B
=2 <1T_Cg log (i)) i (1 + (1T_Cg log (i)) 2)

From three above observations and in view of (4.24), we obtain the desired result. O

5. REGULARIZATION OF NONLINEAR BIPARABOLIC EQUATION
ON LP SPACES

In this section, we will study the initial inverse problem in the nonlinear case of source
term. We consider the following problem

uge(,t) + 2A8us (2, t) + A2u(x,t) = F(u(z,t)), in Q x (0,T], (5.1)
ulaq = Aulsg =0, in Q, .
with the following final observation
u(x,T) =0, u(z,T)=g(z) in Q. (5.2)

Let S(t) is a semigroup generated by the Laplacian —A. The representation of S(t) f
as a Fourier series is given by the following obvious formula

s)f = > e ([ f@wneide)vu@), 1 e @),
n=1 Q
Let us provide the operator H(t) as follows

H0s =Y (1= @ - on) ([ )i

Q
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By the same steps as in the first part of Section 4, we immediately have the formula
for the mild solution of the problem (5.1)-(5.2) as follows

T
u(t) =S HT — t)g — / v—1t)S8 (v —t)F(u(v))dv. (5.3)

We will regularized the mild solution (5.3) by Fourier method. Our method is described
as follows. For any M > 0, let Qa4 be the orthogonal projection onto the eigenspace
span {¥n, A\, < M}. Let any function f € L?(Q2) then we have the definition of Qa4 f
as follows

Ap <M

DY /f oo () ) ().

Let us assume that g. € LP(Q) such that ||ge — gllrr0) < €. Let us construct
a regularized solution W; as follows

T

We(t) = STHT — Y H()Qum. 9= — /(V 187 (v = QM FW:(v)(v))dv.  (54)

t

Let us first provide the following theorem which shows the existence of the mild
solution to regularized problem (5.4) and its well-posedness.

Theorem 5.1. Let the terminal data g. € LP(2). Then the nonlinear integral equa-
tion (5.4) has a unique solution W, € L"O(O,T;LNQEW (). Moroever, the following
statement holds

o— Np 2N

IW=(-, D)l T Metu) lgellLe ), (5.5)

< 2(1 +TME)(M )

LN 499

where p > 2K p(M)T + M..

Proof. Let any f € H*(Q2). Then, for any s’ > s, we have the following estimate after
a simple computation

ISTHT = YH() Q. ]

He' ()

- < S )\ff/_zs(l - (T—t)An)zeW‘“*"Ais(/f(:r)wn(x)dw)2> (5.6)
An <M

Q

S

< (1 +TME)(ME)S'*Se( -

()

where we have used the fact that ‘1 —(T —t)\n ¢ if A, < M..
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By a similar argument as above, we also find that for s’ > s

Nl

I8~ (v — Qm. fllgs () = ( Z )‘iS/_Q%Q(V_t)A")\?LS(/f($)¢n(x)d$) 2)
O

An <M.
< ('/\/le)s'fse(uft)./\/lE

fl

o (5.7)
5.7

For any p > 0, denote by L3°(0, T} L~ (€©)) the function space L>°(0, T} L~ (Q))
associated with the following norm

2N , Ywe LNQ*AI“’ (Q)

ol = mase || exp(—(T = OOl 2,

Let us define a nonlinear map & : Ly°(0, T L™ (Q)) = L72(0,T; L~ (Q)) by
T

2Y(t) = STHT — )H(H)Qa.g- — /(V ST (v = )Qum. F((v)(v))dv.  (5.8)

t

If ¢ = 0 then
P(p=0)=8HT - tYHt)Qm_G-.
Since 0 < 0 < %, we find that the Sobolev embedding

HY(Q) < L~ % (Q) (5.9)
which allows us to derive that
87T =~ OO0l ey ) SIS = RO gellor (5.10)

Using (5.6) with s’ =6 and s = Np4_pQN, we get the following estimate

g— Np—2N

IS™HT = VM Qut,ge oy < (14 TMe) (M)P 5 T=0M.

95” Np—2N
H 4pr

)
(5.11)
For 1 < p < 2, we follows from Lemma (2.2) in order to get that the Sobolev embedding

Np—2N

LP(Q) — H % (Q).

Therefore, we combine two latter results to deduce that the following statement

Np—2N
|S~Y(T — OHE) Q. gellmo o) S (1 + T/\/lﬁ) (ME)H* I e(T—t)MeHgEHLP(Q)_

This together with (5.10) yields to

”S—l(T o t)IH(t)QMsgsH oN < (1 + T./\/l5> (Me)g_ NPA:,,?N e(Tft)Me

LN-10 (Q) ™

gs||LP(Q)~
(5.12)
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Thus, we deduce that

SUT — tYH(1)Qur.g- € L2(0,T; L~ (12)). (5.13)

Let us take two functions v, 1) € L5 (0,75 L~ (©2)). From the definition of (5.8),
we find that

T
2ult) = 250 = - [ 0= 0570~ 00 (FOO) - FE)) v

Therefore, take any p > 0, we arrive at

| exp(—n(T = ) (20(t) — 25(0)) 1100

T N (5.14)
< [expl-n(T = ) = 0157 = )Qus. (FW0)) ~ FE0) ) s oy
In view of (5.7) with s’ = § and s = 0, and noting that H°(Q2) = L2({2), one has
the following bound
1871 ~ )@, (P )~ P ooy
< (M)* MY P () = FO @)z
< Ky (M) e My
< Kp(Mo)7 et =My

5.15
v) — ( )HL?(Q ( :

(
(v) =)

LN 46

where in the last estimate, we have used the Sobolev embedding LN27N49 (Q) — L*(Q).
Combining (5.14) and (5.15), we find that

the right hand side of (5.14)
T

< K (M)" [ expl-plo = D) ~ e~ 0M (5.16)

t

x exp(—u(T —v))|[¢(v) — J(V)H

2N dl/
LN=-10 (Q)
Since the fact that

[t — |, := esssup exp(—u(T — ) [(v) — (V)]
0<v<T

LN 49

we follows from (5.14) and (5.16) that

| exp(—n(T = ) (20(t) — 25)) 100

T
B (5.17)
< KM / exp(—p(v — 1)) (v = e "M d ) [ = 5]l
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We continue to treat the integral term on the right hand side of (5.17). It is easy to
verify that for any p > 2M,

exp(—pu(v —t)) (v — t)e = Meqy

Tt~

(5.18)

T
< T/exp(— (,u—./\/lg)(l/—t))du < M—TMe'

A combination of two evaluations (5.17) and (5.18) and Sobolev embedding as in (5.9)
allows us to give that

| exp(—u(T =) (20(t) = 20D, o, o

lexp(—p(T = 1)) (2w(t) = 25()) o )
< Kf(M )

IN

1> = Pl

The right hand side of the above expression is independent of ¢, we deduce that

K (M,
esssup [ exp(— (T~ 0)(200) = PEO)I, gy o < LI L gy,
0<t<T =
which allows us to provide that for any 1, € L5 (0,75 L™ (Q))
~ K¢(M,
|26 — P, < ;;()w) e (5.19)

Let us choose pu > 2K;(M.)?T + M.. Then we follows from (5.19) and (5.13)
that & is a contraction mapping from Lg° (0,7 L™ Q) — Ly (0,T; L~ ().
By applying Banach fixed point theorem, we obtain that & has a fixed point
W: € L (0,T; LN%W(Q)) Next, we show the regularity result for W,. By looking
at the estimate (5.19), we take ¢» = W, and 7;/; = 0, and noting that W, = Z2W,,
P = ST — t)H(t)Quq.ge in order to get

HWE“M = ||9W5||u
< | PWe = 8 HT ~ H)Qut el + 87T ~ M) Q.
1 _ p 2N
S Il + (14 TM) M)~ T g 11,

where in the last above estimate, we have used (5.12). Thus, we obtain that

Np—2N
4p

el < 2(1+ TMC) (M)~

||LP(Q)7

which allows us to give that the desired result (5.5). O
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The following theorem provides the error between the regularized solution and the
exact solution in space the space of LP type when the noisy data in LP.

Theorem 5.2. Let us assume that Problem (1.1)=(1.2) has a unique solution

u € L0, T;H 9 (Q)) for any b > 0 and 0 < 6 < . In addition, we assume

that there exists a postive constant M > 0 such that

2

M = esssup <Z/\29° exp (2tA;) (u(t), ej>2> )
0<t<T
where 8y > 0. Let us take the noisy data g. € LP(Q)) such that
lge = gllro) <&, 1<p<2.

Let us choose M. such that for any t > 0

lim M. = oo, lim (M)~ H TMe o — ), (5.20)
e—

e—0

Then the error |We(-,t) — u(-, t)|| is of order

LN 49(

max ((ME)Z’, (./\/lg)e*eo, (ME)HO* =T eTM%) .

Remark 5.3. Let us choose M. = 1=2log(1) for any 0 < a < 1. Then it is easy to
check that (5.20) holds. The error ||We(-,t) — u(-, t)|| is of order

N 49(
p—2N
e* .

e (O

Proof. Our purpose is to provide the upper bound for the term |[[W. (-, t) —u(-,t)|ge )
We use the inequality to obtain that

Ve, 1) = uls )l 2 @) < [Wel51) = Quauls )|z () + [[ul 1) = Quacul D) L2 (0)-

From the definition of the mild solution as in (5.3), one has

Queult) = 87T — )Qui H(t)g / (v — )5 (v — ) Q. F(u(v))dv.

From (5.4), we know that

We(t) — Qu u(t) = STHT — t)yH(t)Qu, (9 — 9)

~ [ =087 0 = 0] Qu FOV.0) - @t Flulo)] e
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This implies that

W)~ u(t) 220y
< 87T~ OHOC. (92 — ) 2@ + (- 2) ~ Qua,u(- )2
T

[0 =080 = D[ QuFOV0) - Qur Pl ]

=91+ Dy + Ys.

(5.21)
+

L2(9)

Let us first consider the first quantity of the above expression. For 1 < p < 2, we
follows from Lemma (2.2) in order to get that the Sobolev embedding

Np—2N

Q) = H 5 (Q). (5.22)

Using a similar technique as in (5.11) and in view of Sobolev embedding (5.22), we
arrive at

Py = |STHT — t)H(t)Qurm. (9- — 9) |l 220

< (14 TM) (M)~ 555 M g, — gy,
H & (Q) (5 23)
< C(N,p) (1 + T/\/le> (M)~ B (T-OM. ge — 9llr (@) .

_ Np—2N

S C(NJ?)(l + TMG) (M)~ T Me

For the second term on the right hand side of (5.21), we derive that

Do = ||ut) — Que.u(t)| 20

:< D exp (—2tA;) A; % exp (2tA;) A3 <u(t),ej>2>2

)\j >M.
< (M) % exp (—tM.) M,

where we have used that )\;200 < (M,)~2% for \; > M. and we also denote by

M = esssup <Z /\?(90 exp (Qt/\j) (u(t), 6j>2 ) .

0<t<T \ S
By using the similar argument as in (5.15), we also find that
D5 = 57 (v = )| Que FOV- () = Qua F@(v) | 22

< WTOMY FW.(v)) — F(u(v))] L2
< Kpe" MW (v) — u()| r2(q)-
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This implies that the second term on the right hand side of (5.21) is bounded by

T
D3 < K; / (v —t)e”=OM|\ W, (1) — u(v)| p2(q)dv. (5.24)
t

Combining (5), (5.21), (5.23), (5.24) and (5), we deduce that

W= 8) =l )2y < IWLC,8) = Qg Bll gy + - £) = Qg e, D)l 2oy
< C(N, p) (1 + TM€) (Me)7 Np4—P2N ST-OM.

+ (M) e MTT
T

+ Ky /(V — t)e—HMe

t

We(v) = u(v)||L2(q)ydv.

Multiplying both sides by e**< and then applying Gronwall’s inequality, we find that

e MWL t) = ul, )2

Np—

C(N,p) (1 + TME) (M)~ TMe 4 (Me)‘eﬂM] exp (KfT(T - t)).

<

This leads to

”Ws('vt) - u('vt)||L2(Q)

< e tMe | O(N, p) (1 n T/\/le) (M)~ 3 eTMeg 4 (MS)GOM] exp (KfT(T - t))-

(5.25)

By in view of the Sobolev embedding H?(Q) — L~ (€), we know that the following
inequality

W) = ul ), sy ) < OOV O)WE1) = e 8 e

In the following, we continue to estimate the term [[W.(:,t) — u(-,t)|| o (). Indeed,
it is easy to observe that

W= (s t) — u(- )llme @) < Ve ) — Quau(s D)l ) + lul- 1) — Quaul-, ) [|me (o) -

D1 D2
(5.26)
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Now, we treat the first term on the right hand side of (5.26). Indeed, we find that

An M

D, < Z )\?0</(W5(x,t) - u(x,t))wn(x)da:)z
n=1 Q
< (M)W= t) = ul D)l 20

< e tMe [C(N, ) (1 + T/\/l5> (M)~ e TMe ¢

+ (ME)OGOM] exp (KfT(T - t))

where in the last estimate, we have used (5.25). And we also note that 0 < 6 < 6.
The second term on the right hand side of (5.26) is bounded by

Dy = ( Z )‘]‘_Qb)‘?bA?G <U(t)a€j>2> < (Ms)ibHUHLW(O,T;HH"(Q))-
Aj>M.

From some above observations, we deduce that
W) = s, s
SO, OWe (-, 1) — ul-, 1) |me
< C(N,0) (M) ™" |lull Lo (0,740 (02))

+O(N, 0)e=Me | C(N,p) (14 TM. ) (M)~ 557 T Mee

+ (Me)g_"“M] exp <KfT(T - t)).

6. CONCLUSION

In this work, we focus on the regularized problem for bi-parabolic equation when the
observed data are obtained in LP. By applying the Fourier series truncation method,
we introduce the error between the Fourier regularized solution and the exact solution
in LP spaces. Moreover, under some reasonable smoothness assumptions of the exact
solution, the error between the the regularized solution and the exact solution are
derived in the space LP. O
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