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Abstract. This paper is devoted to the Schrédinger-Choquard equation with linear damping.
Global existence and scattering are proved depending on the size of the damping coefficient.
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1. INTRODUCTION

Consider the Cauchy problem for the Schrédinger equation of Choquard type:

{Z’a + Au+iyu = — (o * [ul?) [uP~2u, (1.1)

U(O, ) = Uo,

where u : R x RV — C for some N > 3, v > 0,p > 1and 0 < a < N.
The Riesz-potential is defined on RY by

F(%) K
I, = = =
D(gymFael e [V

The free operator associated to the damped Schrédinger equation [21] stands for
U (0 = e " FH ey, v e HYRY).
Here and hereafter, we denote

24+« 2+«
=1+ — d pf=1 .
b Tty mdop TN 2
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We make the following standard assumption

1+g< <p*
N <P<p-

For any solutions to (1.1), let us define the following quantities called mass and energy:
M(®) i= [ fut)Pdz,
RN

B(u(t) = [ {[Vu®F = (o [u®P)u(t) .

RN
The classical damped Schrodinger equation
it 4 Au A iyu = —|u2P Yy, (1.2)

arises in various areas of nonlinear optics, plasma physics and fluid mechanics,
see [1,2,11,13,29,30]. Recently, in [21] M. Ohta and G. Todorova established that the
Cauchy problem associated to (1.2) is well posed in the energy space and the solution
is global for large damping. For other modifications of the classical equation (1.2), see
also [8,9,24,25]. The Schrodinger equation with nonlinear damping of power type has
been studied in [5], and in a recent work [3] on bounded domains.

For v = 0, in the physical case N = 3,p = 2, = 2, equation (1.1) has several
origin such as quantum mechanics [15], Hartree-Fock theory to describe an electron
trapped on its own hole [17] and non-relativistic quantum theory [14]. In [23], equation
(1.1) is used to describe self-gravitating matter in a programme in which quantum
state reduction is understood as a gravitational phenomenon. Recently, there are
many works interested in the general form of (1.1) (y = 0 and 2 < p < %fg‘ if
N > 3). Indeed, in [7,10,12,26,27] authors discussed local and global well-posedness,
existence of blow-up solutions, scattering and strong instability of standing waves
for the non-damped Schrédinger—Choquard equation. It is thus quite natural to com-
plete the nonlinear Choquard equation by a linear dissipative term to take into account
some dissipation phenomena. This paper seems to be the first treating well-posedness
issues for the damped Schrédinger—Choquard problem (1.1).

The purpose of this manuscript is two-fold. Firstly, we show that the Cauchy
problem (1.1) is well-posed in the energy space. Secondly, we prove that a large
damping prevents finite-time blow-up of solutions. Finally, global existence with
arbitrary damping is obtained for the above problem with data in some invariant set.

This paper is organized as follows: Section 2 summarizes the main results and
some technical tools needed in the sequel. In Section 3, we prove that (1.1) is locally
well-posed. Section 4 is devoted to show global existence for large damping. Scattering
of such global solutions is obtained in Section 5. In Section 6 we obtain global
existence, via potential well method, without any assumption on the size of the
damping. The Appendix is reserved to prove some useful modified Strichartz estimate.
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We close this section with some notations and definitions. We consider the Lebesgue
spaces L" := L"(R") equipped with norms

r

1l = 1l = / f@)rde | ifr < oo,

else
[ flloo := [IfllLe = esssup,crn[f(2)]-

For vector valued functions

1D = sup 15l

When r = 2, let || f|| := || f]l2. The usual inhomogeneous Sobolev space is denoted by
Wb .= Wb (RY) and endowed with the complete norm

T T 1
[l o= LA+ IV A7)

in the case r = 2 we denote H' := W12 which is equipped with
11l = (AP + V£

If X is an abstract space, the set of continuous functions defined on [0, 7| and valued
in X is denoted by Cr(X) := C([0,T), X), if necessary the interval of time may be
closed. Also, we denote LY(X) := L9(I, X) where I is an interval of R. The set X4
stands for the set of radial elements in X. Any constant will be denoted by C' which
may vary from line to line. For simplicity, let

/f(x)dx - /f(x)da: and /f(m,y)da;dy :://f(x,y)dmdy.
2

Finally, if A and B are positive quantities, we write A < B to denote A < CB.

2. MAIN RESULTS AND BACKGROUND
At first, let us introduce the following quantities
B:=Np—N-«a A:=2p—B.
For a,b € R, let
p=min(2a + (N — 2)b,2a + Nb), [ =max(2a + (N —2)b,2a + Nb)

and
A={(a,b) e R} xR:7>0,u>0and 2a(p — 1) + ba > 0}.
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We denote also
1127,) = )\av()fb‘), Lop(v) = (8Av2,b)|A:1.
Let S := M + E and define the so called constraint
Kop(v) : = Lo pS(W)
= (2a + (N = 2)b)||Vv|* + (2a + Nb)||v||?
1
— —(2ap + b(N + «)) /(Ia * [v[P)|v|Pdx.
p
Next, we define the so called energy subcritical ground state solution of the prob-

lem (1.1).

Definition 2.1. Any solution ¢ € H! — {0} of
Dd— ¢+ (Lo * [¢)|]" 26 =0, (2.1)
which minimizes the problem

{S(v) : Kqp(v) =0} (2.2)

Meqp =  inf
veEH'—{0}

is called ground state of the problem (1.1).

Remark 2.2. Existence of ground states in the energy subcritical case is proved
in [4] and [19]. In relation with the above notations, we refers to [27] adapted for the
homogeneous case. In particular, it is claimed that m := m is independent of any

(a,b) € A.

Finally, let us define
Q(X):=2NX? - (3N +2a+2)X + N +a.

Obviously

+ (3N +20+2)+ /(N +20a)% + 12N + 8a + 4

P AN

and

N (3N +2a+2) — /(N +2a)2 + 12N +8a + 4
Pov = AN

are the roots of Q. Since Q(p*) > 0 and Q(1 + %) < 0, then

(67

v <1
pa,N +N

<p:7N < p*.

For N =3 and a = 2, we have p;?) ~ 2.103912 56.
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2.1. MAIN RESULTS

Let us state our first result, the Cauchy problem (1.1) is locally well-posed in the
energy space.

Theorem 2.3. Let N > 3,max(0,N —4) < a < N,2 < p < p* and ugp € H'.
Then, there exists T := Ty, > 0 and a unique mazimal solution u € Cr- (HY) to
the problem (1.1). In addition, we have:

(1) we Li,.([0,T5), WhT), whe?"e( r) = (mkr— 72 )
(2) M(u(t)) = e "M (ug) and &S(u(t)) = —vKio(u(t)) on [0,T%).
Remark 2.4. We observe that:

(1) the restriction p > 2 is due to some contraction arguments used in the proof of
Theorem 2.3,
(2) non-existence of standing waves is a direct consequence of the mass decay.

Secondly, we show that global well-posedness of (1.1) holds for large damping.

Theorem 2.5. Let N > 3, max(0,N —4) < a < N,p > 2,p:,N < p < p* and
u € Crx (H') be the mazimal solution to (1.1) with data ug € H'. Then, there exists
a positive real number v* := v*(|[uo||g1) such that T = oo for all v > ~*.

Next, we establish a scattering result about the global solution given by Theo-
rem 2.5.

Theorem 2.6. Let N > 3,max(0, N —4) < a < N,v>~*,p> 27p;N <p<p*and
u € C(Ry, HY) be the global solution to (1.1) with data ug € H'. Then, there exists

uy € H' such that
Jim u(t) = U, (t)uy = 0. (2.3)

Furthermore, the mapping S : H' — H', ug — Uy 18 continuous and one to one.

The last outcome is about existence of global solution to (1.1) with arbitrary
damping. Indeed, whatever the size of the damping, we prove the existence of global
solution to (1.1) via some stable sets [22].

Theorem 2.7. Assume N > 3,max(0,N —4) < a < N, 1+ & < p < p* and
u € Or:(H") be the mazimal solution to (1.1) with data ug € H'. If there exists
(a,b) € A and to € [0,T5) such that

u(ty) € B;b ={ve H :S(w) <m and K,,(v) > 0},
then u is global.
Remark 2.8. In the sequel, we will prove the following interpolation inequality:

/(Ia s |ulP)|uPde < ||Vl NPT |||V NPT for every u € H.

Hence, the energy of any local solution u of (1.1) is well defined. So, the result of
Theorem 2.7 holds also in the case 1+ § < p < 2, if one succeeds to prove the local
well-posedness of (1.1) in such case.
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2.2. BACKGROUND AND TOOLS

We start first by some classical Sobolev injections [18] which give a meaning to
the energy and different computations done in this note.

Lemma 2.9. Let N > 3. Then:

(1) H' = L1, for every q € [2, 225],

(2) the injection H};, < L9 is compact for every q € (2 2N

s N-2)
Recall the Hardy—Littlewood—Sobolev inequality [16].

Lemma 2.10. Let N > 3,0 < A < N, 1 < r,s < oo and f € L",g € L*.
If% + % + % = 2, then there exists C s.x > 0 such that

[z
[ 2998 10y < el ol

One deduces the following.

Corollary 2.11. Let N > 3,0<a < N, 1< q,r,s<oo and f € L",g € L®. Then,
there ezists Cn 5,0 > 0 such that:

(1) if ++1 =1+ %, then
/ (Lo * )(@)g(y)dzdy < Crmall fll 9]

()Zf +14+1=1+%, then

U+ Pglle < Cnsall fllrllglls-

The second previous result is known as the Hardy-Littlwood—Paley inequality.
Existence of ground states and the best constant of a Gagliardo—Nirenerg inequality re-
lated to the problem (1.1) are investigated in [27], if one omits the inhomogeneous
term.

Proposition 2.12. Let N > 3,p. < p < p* and (a,b) € A. Then:

(1) m :=mgqp is nonzero and independent of (a,b),
(2) there is a ground state solution to (2.1) and (2.2).

Remark 2.13. If the set A is relaxed to
A" :={(a,b) e R} xR :2ap+ (N + a)b>7>0and p > 0}.

Then, the previous theorem holds for any exponent 1+ & < p < p*.
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Proposition 2.14. Let N > 3 and 1+ 5 < p < p*. Then the following assertions
hold.

(1) There exists Cnp.o > 0 such that
for every u € Hl,/(Ia  |ulP)|ulPde < C’N7p7a||u||A||Vu||B.

(2) The minimization problem

1 ot o[ AV ®

CN,p,a veH!—{0} f(la * |u|1’)|u|pdx

is attained in some Q € H' satisfying

Crpa = [ Lo 1QPIQPs

and
2p
CN,p,a

(3) Moreover, there is i a ground state solution to (2.1) such that

—BAQ + AQ — (I *|Q)QP*Q = 0.

2 AN —9(p—
Cnpa = (5) " vl 720,
Remark 2.15. In [19], the authors established that equation (2.1) admits a radially
symmetric ground state solution in H'. In addition, any ground state ) has fixed sign
and satisfies the following Pohozaev identity:

(N —2IVQI? + N|QP = Yo

/m*@W@Wm (2.4)

The following result summarise some classical properties of U, (¢), the free damped
Schrédinger kernel [21].

Proposition 2.16. We have:

1) U,(t)ug is the solution to the linear problem associated to (1.1),
) Uy()uo + 4 fot U, (t — 8) (Lo * [u(s)|P)|u(s)[P~2u(s)ds is the solution to (1.1),
) Uo(t) is an isometry of L?,

) 1T fllr S tNETD|f]lr,2 <7 < oo,

) Uy(t) = e " Un(t),

) Uy(t+5) =Uy(t)Us(s),

) Uny (6)Us, (£) = Uyy 4, (1),

) Uy(t)" = U_y(—t).

Strichartz estimate [6] is a standard tools to control the solutions of a Schrodinger
equation in Lebesgue spaces.

0 ~J O U W N

(
(
(
(
(
(
(
(
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Definition 2.17. A couple of real numbers (g, r) is said to be admissible if

.

1 1 2
2<q,r <00, (¢,7)# (2,00) and N(i—;)—

Proposition 2.18. Let N > 3,7 > 0 and ug € L?. Then for any admissible pairs
(g,7) and (4,7), there exists Cyq g n > 0 such that

lllzg o) < Cogn (luoll + i+ Aull gr 50y ) (2.5)

Using Proposition 2.16 and the one dimensional Riesz potential inequality, we give
some modified Strichartz estimates which will be proved in the Appendix.

Proposition 2.19. Let T >0,N >3 and2<r < % Taking 0, p € (1, +00) such

that 11 1 1
N(i-hy=ipL
2 r

Then, there exists Cn 9 > 0 such that

t

| [t ss)as

0

L%(Lr) S CN,T,OHfHL;/(LyJ)' (26)

Corollary 2.20. LetT > 0,N >3,2<r < % and (q,r) be an admissible pair.
Then, there exists Cn 4 > 0 such that
lellzg ry < Cova(loll + i+ S+ iyl ) ). (2.7)
We end this section by showing the following absorption lemma [28].
Lemma 2.21. Let T >0 and X € Cp(Ry) such that X(0) =0 and
X(t) <a+bX(t)? on[0,T),

where 1 < 0,0 <band0<a < (1— %)(bH)_%. Then

X(t) <

o 4 on [0,T].

3. LOCAL WELL-POSEDNESS

In this section we have to establish that the Cauchy problem (1.1) is locally well-posed
in H'. Precisely, we are going to prove Theorem 2.3. For any T' > 0 which will be
fixed later, let

R = 2||Uo(-)uoll Lee (mrrynre (wiry,

4p 2Np
(Q’T) ::( ) )'
Np—N—-a a+ N

where
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Next, let us define
Br(R) :={u € Or(H") N LE(W") : [lu]l ne (ar1)nne wrry < R}
The closed ball is equipped with the complete distance
d(u,v) := [Jull Lge (£2)nLe (L7 -

Taking ug € H' and define the function

t

o(w)(t) := Up(t)ug —l—i/Ug(t — 8){iyu + (I * [u(s)[P)|u(s)[P~%u(s) }ds.
0

Thanks to Strichartz estimate (2.5), for all u,v € Br(R), we have
¢

[ttt = 9)tirtu )

0

d(p(u), ¢(v)) =

+ (Lo * [ulP)ul"™u — (Io * [v[") [o]P~2v) }ds

L2 (L2)NLL (L")

S i = o) + (o [ul)[ulP "2 = (Lo [o) 0P 20) | )

Sl = 0l oy + I P22t = (Fa ol ol 201 e

ST+II.

Since p > 1 + %, then % > 1. By a convexity argument, one have
lu = ol < flu—wvf|?.

So

4
7

T
AT, 3 3
Ig'y(/Hu—qudt) AT |fu = vl (22) < AT d(u,v).
0
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Knowing that 2 < p < p*, then by Sobolev injections we have H' — L". Using
the Mean Value Theorem and the Hardy-Littlwood—Paley inequality, one gets

11 = |l )20 = (T % o) o720
< (Fa % el = [P D2l
(a5 o) P2 = 020y
< [l o — w2
T o) (P2 o) = ol
S NP0 + o] 20 ) = o) ]

2(p—1 2(p—1
SIll e + IolFE ™) = ol

(L)

La (L)

1) 2(p—1)
S (Il ey + IR ) e = ol gy

< TV RV g(u, v).
In summary, we obtain
d(®(u), ®(v)) S (4TV + T~ RX=D)d(u,v).

It is interesting to remark that the condition p < p* gives 1 — % > 0. Taking v =0
and T small enough, we get

L _2 _
||(I>( )||L°°(L2)OL (L7) < HU()( )uOHLs—?(LQ)ﬂL?F(LT‘) +C(’qu’ +T1 qR2(P 1))R
< g +C(T7 + T R2e-D)R

R R
<-+—-=R
-2 + 2
Now, it remains to estimate ||<I>(u)||L%o(H1)quT(W1,T). Once again, using Strichartz
estimate (2.5), it follows that

R
1P| e 1)z irnry S §+7T‘1 IVull g 22y + IV (o [ul?) P 2wl 0

")
+ATT R+ || (Lo [ul? ™ [V ]~ o

II(Ia  [ul?)[ul? =2 Vul||
T

(L")
'y
Let

R 5
I = 1900 e g iy — (5 + 3T R).
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By using the Hardy-Littlwood—Paley inequality, Sobolev injection and Hélder estimate,
we obtain

LTS el [V ullell

2(p—1
< Ml Z ™l

2 1
S Il 22 Il oy

1_7 2 1)
ST ul 22l pa wry

1-2 pop—1
<T 7aR .

Consequently,

R _2 _
1)l Lo (rr1ynLeinry S 5 + (T¥ + T i R2P-D)R.
T T 2

Therefore, the functional ® is a contraction of Br(R) for some T > 0 small enough.
So, fixed point arguments prove the existence of a unique local solution in Br(R) to
the main problem (1.1). The rest of this section is devoted to establish uniqueness of
solutions to (1.1) in H!. Let T > 0 and u,v € Cr(H') be two solutions of (1.1). So,
w := u — v is solution to the following Cauchy problem

i + Aw + iyw = (I, * |v[P)|v|[P~20 — (I, * |u|P)|u|P~2u,
w(0,-) = 0.

Taking 7 € (0,T), with a continuity argument we can suppose 7 small enough such
that
max(||ul| oo sy, [Vl Lo (1)) < 1.

Using Strichartz estimate (2.5) and arguing as previously, one gets
loll e zoniacery S el g gy + 1o o) oI~ = (Lo ¢ Jul?)ulP2ul 1y .o

2 1
Tl ZE G+ S el s

a1

SATY |wll oo (r2) + 7'
i 2

S(yre + 7t 9)||wll e (£2ynLe (Lry-

Thus, uniqueness follows for small time 7 and then on [0, T") with a standard translation
argument.

4. GLOBAL WELL-POSEDNESS

This section is devoted to prove Theorem 2.5 about existence of a global solution to
(1.1) in the energy space, for large damping coefficient. Let v > 0 and u € Crx (HY)
be the maximal solution to (1.1). Fix

_ 4p _ 2Np _2q(p—1)
=——— 7r:= and 0 := ———.
Np— N —«a N+a q—2
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Since 2 < p < p*, then ¢ > 2 which implies > 0 and r €]0, 25 [, so H! — L".
Thanks to Proposition 2.16, we have

T
_0s 7
[0 Culzs ooy S ([ € W0n(s)uolllds)

9
0

T 1
S ([ uolltpds)”
0
+oo 1
S ol ([ e %as)°
0
< luollm
S g
We deduce that
im0 Oalag, sy =0 (4.1)

Let T' € [0,T5), by using Strichartz estimate (2.7) and the Hardy-Littlwood-Paley
inequality, we obtain
el g cory S Nluoll + 1l (T # [ulP )l ull o 0o

S lluoll + Ml 2=l el

Since % = % + 2”0%2, then the Holder inequality gives
2(p—1
lulleg ery S uoll + Il 392 lull g, o).
Taking p € R such that %L = % — %, one can see that p > 1. Indeed, the condition

ﬁ > 0 is equivalent to % > 21)%1 which is satisfied because p:’ N <p <p*. In addition,
the condition /% < 1 is equivalent to gp > 2p — 1 which is satisfied because ¢ > 2.

Now, applying Strichartz estimate (2.6) and then using the Hardy-Littlwood—Paley
inequality, we get

lllzg zry S 10 (ol g ory + 1o fulP) [l =2 ull e )
SN0 Cuollz, ory + Mo )P 2ull] o
Y
SOy (uollze, ory + Ml -
~ T

We compute

, n 2p—1 2p—1
w2p—1)=—=@2p-1)= = 5T
pm—1 -5 1-(5-3)
. 2p—1 2p-—1 _ 0

1-2)+; 2241
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Then
2p—1
||U||L9T(Lr) < 11Uy ()UOHLB*(U + ||U||LZ; (L)’

Taking account of (4.1) and applying Lemma 2.21 with the previous estimate for
large enough, we get

lellzg.zry S U5 Cuollzg, oy on [0,15). (4.2)
Thus, by using Hardy-Littlwood-Paley and Hoélder inequalities, it follows that
(T [l P~ 20| = V(o ) ulP 2wl o oy
S o * [ulP > R(@VW) [ulP~2ul| o
+ 1T [ul?) [ulP~*Vul|

(W)
F (L)
LI (L")

S 3~ IIVUIerLq'

S IIUHL )HVUHL“ (L)

2 1
s ||Uw<->uou;§*(gr)||uHL ir):

So, by Strichartz estimate (2.7), one obtains

2(p 1

lull Lo (mr1)nLs (wiiry S lluollmr + [|Uy ()UOH T (wir)

2(p—1
< O(HUOHHl + ||Uw(')U0HL(§*(L)r)||UHL;°(H1)0LEF(W1>T))~
Y

For ~ large enough, one gets

C
lull oo (rrynLa.(wrry < s llwolle on [0,T7). (4.3)
re L= ClU, (Yuoll 7~

Therefore ||ul| e (z1) < o0 and then 17 = oo. This finishes the proof.

5. SCATTERING

Our aim in this section is to prove Theorem 2.6. Mainly, we prove scattering for global
solutions to (1.1) given by Theorem 2.5. Thanks to Proposition 2.16, it is sufficient to
show that

Jim ([ (=yu(t) = =0

For this purpose, we are going to prove that v(t) := U_.(—t)u(t) satisfies the Cauchy
criteria in H'. We have

= uo—l—z/U V(o * [u(s)[P)|u(s)[P~2u(s)ds.
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Taking £ > t, using the Strichartz estimate, Hardy-Littlwood-Paley and Holder
inequalities, we obtain

lo(t) —v@®llm < II/ ) (Lo [u(s)[P)u(s) [P~ 2u(s)ds| m
2
< II(I # |ul?)|ulP~ UH W)
1
S IlZ oy llleg, -
Thanks to (4.2) and (4.3), we get
w € Ly 4oo) (L") VLY Loy (WD),

Therefore, the function v satisfies the Cauchy criteria in H' and then it is sufficient to
take

+oo
e = i v(t) = o+ [ U (=) (T (o) P)u(s) P uls)ds.
0

Now, our goal is to establish that the scattering mapping S is one to one. If u, € H',
we have to prove that there exists u € C(Ry, H') solution to problem (1.1) with
data «(0) such that (2.3) is verified. For this purpose, we use fixed point argument
at infinity. Let us define

“+o0
o(w)(t) = U, (uy +i / U, (t = )L * [u(s)P)u(s)/P2u(s)ds.

Let T'> 0 and Cy n be the constant produced in Strichartz estimate (2.7), we define

Br = {u € O([T, +o0), H') :

max (||u| g (), ) llull e )(le““)) <20y N |y || me,

(T4 o0 (T,4o00

[ HL(T+ L(LNL (L) S 20U (usllee, | )(LT)}'
The set Br is equipped with the complete distance ([6])
d(u,v) = llu =wllpg, @)

Taking account of the fact that

im0l =0,
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using Strichartz estimate (2.6), the Hardy—Littlwood—Paley and Holder inequalities,
for T large enough, we get

)
HQS(H)HL?T&OO)(LT) < HU“/(')UJrHL?T poy @) T Cll(Zo * |uf?)[ul? UHL%&M)(L“)

< HU"/(')UJr”L? ot C||U||2p '

ooy (L)
<0 Ouallze, _ we) +C2% o JuslB
<2\ U, (- )quHL?T+ (@)
< 2l|ug || a-
Once again, arguing as previously, for T' large enough one gets
llp(u )||L‘(1T+ J(WLDALE, | (HY)
< Coa (s + 1o PP 2l )
1
< G (sl +Clullpd ™" )l ||L<T+ i)
2(p—1
< Cynlug|m (1+C|U, <>u+|| )
< 20N lug |l
According to Strichartz estimate (2.7), one has U, (-)uy € L?O,+oo)(Lr)’ then
A (U Gulleg, ) =0 (5.1)
So, in a similar way as previous, for 7" large enough we get
2p—1
6@y, < 10, Ousles, | wn +CITOued B
<2||U, ()u+||L(T+ (L)

In conclusion, By is conserved by ¢ for T sufficiently large. It remains then to prove
that ¢ is a contraction on Bp. Taking u,v € Br, using the Mean Value Theorem and
compute as previously, it follows that

lo(u) = S)llzs,,  2ry S N a [ul)ul"u = (Lo * Jo]?) o]~ QvHLq L
(T, +00) fooy (ET)
S o [Jul? = JoPDlulP~2ull, "

+ [ (Za s JolP) [P0 — o] 2 ]H
(T+ )

< p—1 p—1 — p—2 ’ ’
S [lufP™ + [P~ ju = v))|ul U’HL‘(?T ry )

oy (L)

(L)

P p—2 P=21|y, — ,
e o) {ul?™= 4 [l = wlll ey

< (JJu ||2<” Y +||v||2<“ ooyl = ol e
(

sy (L7) (T, 400) (E7)

2 1
g oA <>u+|| ““ D ol vllg,



480 Lassaad Chergui

Thanks to (5.1), for T large enough, the functional ¢ defines a contraction on Br.
Therefore, for some T > 0, ¢ admits a unique fixed point in By, which satisfies
+o0
u(t) =U,(t)us +1 / Uy (t = s)(Io * [u(s)[P)|u(s) [P~ 2u(s)ds, t>T,. (5.2)
t
Now, let us define 1 := U, (=T )u(T}). Since
+oo
U (0% = U (@) 1 U (=) (T x ) us) 7~ u)ds)
Ty
400
U0+ [ U= Lo+ () Pu(s)ds,
Ty
then
400
u(t) = U0 i [ Ut = ) (T x uls)P)us) P~ uls)ds
T+
+00
i / U, (t — 8) (L % [u(s)]P)|u(s) [P~ 2u(s)ds

t

t
= Uy (00— [ Ut = 8) T (o)) us) ).
Ty
Hence, u resolves the problem (1.1) on (T4, 400) and by Theorem 2.5 w is the global

solution to (1.1) with initial data ¢. Furthermore, using (5.2), one has for ¢ large
enough

+o0

Ju(®) = Uy @i = i [ Uste = ) s o)) o)l 2ulspas]
+00

s [ vatr = o) sutPluts) P 2us)as]

b ()

< P p—2
S e [Pl 2ull ()

< 2(p—1)
ST ol vy

Thanks to (4.2) and (4.3), we have u € LY, (L") N L?

(0,-+00) (0.400)(W'T), then by the

previous estimate one obtains

lim [u(t) — U, (t)up || g = 0.

t——+oo
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Finally, it remains to prove uniqueness of such solution u. Let v € C(R,, H') be
another solution to the first equation in (1.1) such that

lim |Jv(t) — Uy(t)uy|| g = 0.

t—+oo
With the integral formula of Duhamel, v satisfies

+oo
v(t) = Uy (tuy +1i / Uy (t = )L * u(s)[P)u(s)["~*u(s)ds.

t

Arguing as previously, we get

lu =]l

2(p—1)
(t,+oo)(L7.) 5 HUW(.)UJr||L((1t,+oc)(LT)Hu - v||L?t,+oo>(LT.).

Using (5.1), yields for ¢ large enough

1
lu—vllzs, , @ < glu=vle, @

This close the question of uniqueness. The continuity of the scattering mapping S is
a consequence of previous computations.

6. GLOBAL SOLUTIONS VIA INVARIANT SETS

In this section, we are going to prove Theorem 2.7. Precisely, the solutions of (1.1)
are global if the initial data belongs to some invariant sets. For this purpose, we need
to prove at first some auxiliary results.

6.1. INTERMEDIATE RESULTS
Let us start by showing the continuity of the energy functional S on H'.

Lemma 6.1. Let 14§ < p < p*. The functional u — S(u) satisfies the local Lipschitz
condition on H'. Precisely, for all u,v € H* we have

15(w) = S@)| S (lullar + ol + llullfr’ + o) llu = o).
Proof. Let
I:= /(Ia  |ul?)|u|Pdz — /(Ia  |v|P)|v|Pdz.
We have

1= / (L * (Jul? — [o]?))ul?dz + / (L * |of?)(Jul? — [of?)da
- / (L * (Jul? — o]?))ul?dz + / (L * (uf? — o]?))o]Pdz.
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Thanks to the Hardy-Littlewood—Sobolev inequality, we get

< P P D _ ||
TS APl 2, + W01l 2o HICul® = [olP)] 2 -

Next, by using the Mean Value Theorem, the function x — 251N is convex and
the Holder inequality, one gets

P _ |y|P < p—1 p—1 _
uf” = 0PIl 20 S I{lulP™ + [0 Hu = ol || 2x

a+N
2N(p—1) 2N(p—1) 2N

o el e el PR g

N(p—1) atN

N(p—1)
S (Ilge™ +Iolg™ ) ™ vl ang.
+ “F N

Applying the inequality (a + b)? < 2(a” + b”) for a,b nonnegative and 0 < p < 2,
we deduce

lel? = JolPll 2x < (lull’z m + vl «.wp)llufvll ELTR

2Np

Since 1+ § < p < p*, then 2 < I7¢% < N 2 So, by Sobolev injections one gets
lal? = o]l 2 S (lallin” + ol e = ollae
Moreover, we have
el?ll 2y = Ml Zan Sl
and
lullz = lollEn | < (i + o) e = ol
This finishes the proof by combining previous inequalities. O

Remark 6.2. In the same way, the functional K, is continuous on H' for any

(a,b) € A.

Lemma 6.3. Taking (a,b) € A, u € H' and denote u* := e*u(e="*.). Then
for all X < 0 we have S(ut) < S(u).

Proof. Denote p := 2ap + N(b+ «) and write
1
S = [P + IV 2 = = [ (Lo « [P Pda

1

= AN [y |2 4 ACHN=20) gy |2— ~e / (Lo * |uf?) ul dz
p

— 6/\;4{6(7/\)(#7(2a+Nb)) ||u||2 + e(*x\)(uf(2a+(Nf2)b))||VUH2

1 PY|ulPda
75/<Ia*|u| J[ulPdz)

< MeNETB G (y) < MS(u) < S(u). O
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Let us define
B,,={ve H': S(v) < m and K,,(v) <0}

Lemma 6.4. The sets B:’b and B, are independent of (1, =2) # (a,b) € A.

Proof. Recall that m is independent of (a,b) € A ([27]). Then, the reunion sz uB,,
is independent of (a,b) € A. So, it is sufficient to prove that sz is independent

of (a,b). Obviously S(u) < |ul|%., then S(u) < m for |jul|g small enough. Since
(a,b) # (1, 52) then 2a + Nb > 0, it follows that

2 4
2a+(N—2)b>2afﬁa(N—2):Na>O.

Hence, one has 1z > p > 0. Thanks to the Gagliardo-Nirenberg inequality, there exists
C' > 0 such that

[ el ulrde < Yl val
Therefore
2(p—1
Kop(u) > plluld — Clul | ValB > [ull2n (u — Cllul 22 7).

Consequently, K, p(u) > 0 for ||u| g1 small enough. From previous, one deduce that
B, contains an open small ball B(0,6) of H' centered on 0 and of radius ¢ > 0.

a

According to the definition of m, if S(u) < m and Kq4(u) = 0 then u = 0. Hence
Bib = B(0,0)U{u € H' : S(u) < m and K, (u) > 0}.

Thanks to Lemma 6.1, the set B;b is open in H'. We take u € B:b such that

Kap(w) > 0 and denote u* = e*u(e ®*.). By using Lemma 6.3 one gets
S(ut) < S(u) < m for all A < 0. In all cases, the scaling {u*, A < 0} defines
a continuous path from u to 0 in H'. Therefore, the set Bib is contracted to 0 and
then it is connected. Now, let (1, 52) # (a’,V’) € A and write

B, =B, n(Bf,UB,,)=(B5,nB},)U(B,NB,,).

Thanks to Lemma 6.1, the set Ba_,’b, is also an open set in H'. Since 0 € sz N B:,’b,,
then a connectivity argument gives B;:b C sz N B;‘,’b, C Bj,’b,. Conversely, one gets
B:,’b, C B;b. This finishes the proof. O

Lemma 6.5. For all (1,5%) # (a,b) € A, the set B;b is invariant under the flow
of (1.1).
Proof. According to the previous lemma, it is sufficient to prove the desired result

for the set Bf . For this purpose, let ug € B, and u € Crx (H') be the maximal
solution to (1.1). Suppose that there exists to € (0,77) such that u(ty) does not

belongs to B, means that K1 o(u(to)) < 0, and u(t) € B for all ¢ € [0,%0). Since



484 Lassaad Chergui

that £S(u(t)) = —vKi1o(u(t)), then S(u(t)) is non-increasing on [0, ty). Thanks to
Lemma 6.1, the function ¢ — S(u(t)) is continuous on [0, T7). Thus

§(u(t)) < S(u(0)) <m for all t € [0,%0]. (6.1)

Since K1,0(u(to)) < 0, with a continuity argument, there exists an instant of time
t1 € (0,to) such that K; o(u(t1)) = 0. With respect to the definition of m, one gets
m < S(u(ty)). This finishes the proof by contradiction with (6.1). O

6.2. PROOF OF THEOREM 2.7

Without loss of generality, assume ty = 0 by translation argument. Using the two
previous lemmas, one gets u(t) € By, for all ¢ € [0,77). Then

m > S(u) — %Kl,l(u)

1
=W §
2
N +2

2
>
T N+2

Kl,l(u)

2(p-1) 4+«
Vau|? + o —

/ (L * [uf?) u[ dz
|Vl

Hence

sup [|[Vu(t)||* < oc.
t€[0,T)

Since [[u(t)]|? = e " [Jug|* < [Juol|?, then u is bounded in H*, so T = co.

Remark 6.6. Let p = p, and @ be the positive radially symmetric solution of (2.1),
see [19]. If ||ug|| < ||@]], then the solution of (1.1) emanating from ug is global. Indeed,
from the conservation laws and Proposition 2.14, one has

1
B(uw) = [Vul? = = [ (Lo s juP)luPda

P A
> [|Vul]? - TQIIUII IVl

*

> [Vl = QN2 [luo ||** 2| Vul|?
> (1= QI luo|*=~2) | Vuu]|*.

Therefore, whenever ||ug|| < ||Q||, the solution u is bounded and then it is global in H*.
The condition ||ug|| < [|Q|| is sharp in the following sense: for every real constant
C > 1, if up(z) := CQ(z) then |ugl > ||Q]] and the solution of (1.1) with data ug
blows up in finite time. Indeed, using the identity (2.4), one gets

1 % 10|P Plr — 2
= [t iQmiQpas = vQl®
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Thus
E(ug) = C*(1 - C*==1)|VQ|1* < 0,

Let J(t) := [ |z|*|u|*dz, according to computations made in [6], the damping term
has no effect, so when p = p, we obtain

7(0) = 8wl - T fig g

= 8E(ug) — 16.J(t) < 8E(uqg) < 0.

p*)

ul|P*dx

It follows that the solution w with data wug blows up in finite time.

7. APPENDIX

Recall the so-called Riesz potential inequality, see [20, Appendix A].

Lemma 7.1. Letd > 1,¢>1,0< a < 4 and%: 1—%, Then, I, : LY — L" is

a bounded operator. Precisely, there exists Cg.,q > 0 such that

[ Lo * fll < Od,a,q”f“m

7.1. PROOF OF PROPOSITION 2.19

Elementary computations give

O<r< 2N
N

Thanks to Proposition 2.16, one have

t t
_ —y(t—s) _
H/Uw(t s)f(s)ds‘LeT(Lr)g /ev Uo(t s)f(s)ds’LeT(U)
0 0
’ 1
< — I f(s T/ds‘
S O/|ts|é+ﬂ||f< s,
T
S IO ”
0

Applying Lemma 7.1 with d = 1 and taking account of § + 5(% -3 = ;%” we obtain

< 4 Iy

| [ote=s)s)as
0
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7.2. PROOF OF COROLLARY 2.20

Using Proposition 2.16 and the standard Strichartz estimate, one gets

10U, (#)uoll g, ry = lle™ " Uo(t)uoll g (L)
S 0o(Wuoll e (e
< lluoll-

On the other hand, applying the previous Proposition with § = u = ¢, one obtains

t

| [ 9ses1as

0

< ro -
o < Wl

In summary, if
i+ Au+iyu = f

with data wug, then

t
Jullg oy S 105 Ol ooy + | [ U5 = 5 s],
J L. (L)

/S ||UOH + ||fHLqT/(LT/)
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