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Abstract. Multiscale periodic homogenization is extended to an Orlicz-Sobolev setting.
It is shown by the reiteraded periodic two-scale convergence method that the sequence of
minimizers of a class of highly oscillatory minimizations problems involving convex functionals,
converges to the minimizers of a homogenized problem with a suitable convex function.
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1. INTRODUCTION

The method of two-scale convergence introduced by Nguetseng [35] and later developed
by Allaire [2] have been widely adopted in homogenization of PDEs in classical Sobolev
spaces neglecting materials where microstructure cannot be conveniently captured by
modeling exclusively by means of those spaces. Recently in [21] some of the above
methods were extended to Orlicz—Sobolev setting. On the other hand, an increasing
number of works in homogenization and dimension reduction (see [26-32,38]), among
the others) are devoted to deal with this more general setting. We also refer to
[42-44] for two scale homogenization in variable exponent spaces, which also evidence
Lavrentieff phenomena.

In order to model multiscale phenomena, i.e., to provide homogenization results
closer to reality, more than two-scales should be considered. Indeed the aim of this work
is to show that the two-scale convergence method can be extended and generalized to
tackle reiterated homogenization problems in the Orlicz—Sobolev setting.
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In details, we intend to study the asymptotic behaviour as e — 07 of the sequence
of solutions of the problem

min {F.(v) : v € Wy L? (Q)} (1.1)

where, for each £ > 0, the functional F. is defined on W L?(Q) by

F.(v) = /f (g,;,m(x)) dz, v e WLLB(Q), (1.2)
Q

2 being a bounded open set in RY, n, N € N, D denoting the gradient operator in
with respect to x and the function f : ]RyN x RY x R"™N — [0, 4+00) being an integrand,
that satisfies the following hypotheses:

(Hy) forall A € RY| f (-, 2,) is measurable for all z € RY and f (y, -, \) is continuous
for almost all y € RY;

(H2) f(y,z,-) is strictly convex for a.e. y € Rév and all z € RY;

(H3) for each (k,k') € Z?N we have f(y+k,z+k,\) = f(y,z,A\) for all
(z,A) € RY xRN and a.e. y € R);

(H4) there exist two constants ¢1,ce > 0 such that:

aB(A) < f(y,2A) <2 (1+B(A)

for all A € R"Vand for a.e. y € Rév and all z € RY.

We observe that problems of the type (1.1) have been studied by many authors in
many contexts (see, among the others, [2-8,10,11,17,18,20,22,34,40]. But in all the
above papers the two-scale approach or other methods (see in particular unfolding)
have been always considered in classical Sobolev setting. The novelty here is the
multiscale approach beyond classical Sobolev spaces. For the sake of exposition we
consider the scales € and &2, but more general choices are possible, as in [3]. We also
refer to [24] for extensions of the present results to higher order Orlicz—Sobolev spaces.

In particular we introduce the following setting.

Let B an N-function and B its conjugate both verifying the Ay (in words: delta-2)
condition (see (2.1) below), let © be a bounded open set in RY, Y = Z = (-1, )V,
N € N and ¢ any sequence of positive numbers converging to 0. Assume that
(uc). is bounded in W!LB(Q). Then, there exist not relabelled subsequences
g, (ue)e,ug € WHLE(Q),

(u1,uz) € L' (U WLLP (V) x L' (5 LY., (Vs WALLP(Z)))

per

such that: u. — ug in WLB(Q) weakly, and

/Dziuacp (w g ;2) dx — /// (Dz;uo + Dy,ur + Dy,uz) ¢ (2, y, 2) dvdydz
Q QXY xZ (1'3)
as ¢ — 0,
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1<i <N, and for all g € LB (Q;Cper (Y x Z)), where D,,, D, and D,, denote the
distributional derivatives with respect to the variables x;.y;, z;, (also denoted by %,

6% and %, respectively). (See Section 2 for detailed notations and Definition 2.4 and
Proposition 2.12 for rigorous results.)
Next, we define, following the same type of notation adopted in [21], (and referring
to subsection 2.1 for notation, norms and properties of functions spaces below) the space
FoL? = W LP(Q) x LY (B WLLP(Y)) x Lp (2 Ly, (V;WLLP(2Z))),  (1.4)

per

where

Ly, (uWLLP(Y)) = {ue LN WLLP(Y)) : Dyu e L, (2 x Y)V},

per

L. (% Ly, (Y;WLLP (2))) (1.5)

per

={ue L' (UL, (YiWLLP(Z))): D.ue LL (QxY x Z)N}.

per per

Observe that D, D, and D, denote the vector of distributional derivatives with
respect to = (21,...,2n), Yy = (y1,...,yn) and z = (21, ..., 2n), respectively.
We equip ]FéLB with the norm

[ullere = [|Duollp o + 1Dyl g gy + 102020l axy sz, u= (uo,ur,uz) € FoL”,

which makes it a Banach space.
Finally, for v = (v, v1,v2) € F§LE, denote by Dv the sum Duvg + Dyv1 + D v
and define the functional F : F}L® — RT by

Fv) = /// f(-,Dv)dxdydz. (1.6)

QXY xXZ

With the tool of multiscale convergence at hand in the Orlicz—Sobolev setting,
we prove the following result.

Theorem 1.1. Let 2 be a bounded open set in RY and let f : RY xRY xRN — [0, +00)
be an integrand satisfying (Hy)—(Hy4). For each € > 0, let ue be the unique solution of
(1.1), then as e — 0,

(a) ue — ug weakly in WiLB(Q);

(b) Du. — Du = Dug+ Dyuy + D us weakly reiteratively two-scale in LB(Q)N (i.e. in
the sense of (1.3)), where u = (ug,u1,us) € F§LP is the unique solution of the
minimization problem

F(u) = min F(v), 1.7
(w) = i, (v) (1.7)
where FYLB and F are as in (1.4) and (1.6), respectively.

The paper is organized as follows, Section 2 deals with notations, preliminary results
on Orlicz—Sobolev spaces, introduction of suitable function spaces to deal with multiple
scales homogenization, and compactness result for reiterated two-scale convergence,
while Section 3 contains the main results devoted to the proof of Theorem 1.1, together
with Corollary 3.6 which allows to recast the main result in the framework of T’
convergence (see also [23] for the single scale case).
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2. NOTATION AND PRELIMINARIES

In what follows, X and V denote a locally compact space and a Banach space,
respectively, and C(X; V) stands for the space of continuous functions from X into
V, and Cy(X; V) stands for those functions in C(X; F) that are bounded. The space
Cy(X;V) is endowed with the supremum norm ||u|js = sup,cy ||u(z)||, where || - ||
denotes the norm in V, (in particular, given an open set A C RY by Cy(A) we
denote the space of real valued continuous and bounded functions defined in A).
Likewise the spaces LP(X;V) and Li (X;V) (X provided with a positive Radon
measure) are denoted by LP(X) and L, .(X), respectively, when V = R (we refer to
[12,13,16] for integration theory).

In the sequel we denote by Y and Z two identical copies of the cube (—%, %)N

In order to enlighten the space variable under consideration we will adopt the
notation RY, Rflv, or RY to indicate, where z,y or z belong to.

The family of open subsets in RY will be denoted by A(RLY).

For any subset E of R™, m € N, by E, we denote its closure in the relative topology.

For every x € RY we denote by [z] its integer part, namely the vector in Z~, which
has as a component the integer parts of the components of x.

By £V we denote the Lebesgue measure in RY.

2.1. ORLICZ-SOBOLEV SPACES

Let B : [0,+00[— [0,400[ be an N-function [1], i.e., B is continuous, convex, with
B(t) > 0 for t > 0, @ —0ast— 0, and @ — 00 as t — 0o. Equivalently, B is
of the form B(t) = fot b(T)dr, where b : [0, +o0[— [0,+00[ is non decreasing, right
continuous, with b(0) = 0,b(¢) > 0 if ¢ > 0 and b(t) — 400 if t — +o0.

We denote by B the complementary N-function of B defined by
B(t) = sup {st — B(s),t > 0}.
s>0

It follows that
——= >1 (or > if bis strictly increasing),

B(b(t)) < th(t) < B(2t) for all t > 0.

An N-function B is of class Ay at co (denoted B € Ay) if there are a > 0 and ¢g > 0
such that
B(2t) < aB(t) (2.1)
for all t > tg. _
In what follows, B and B are conjugates N-functions satisfying the Ay condition
and c refers to a constant. Let Q be a bounded open set in RY (N € N). The Orlicz
space

LBQ)={u:Q—Ruis measurable,élir(r)lJr/B(é |u(z)|)dz =0
—
Q
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is a Banach space with respect to the Luxemburg norm:

el .00 = inf{k =0 /B('“f”)d:ﬁ < 1} < +o.

Q

It follows that: D(Q) is dense in L? (Q), LP(Q) is separable and reflexive, the dual
of LB(Q) is identified with L” (2), and the norm on L”(9) is equivalent to ||| 5, -

We will denote the norm of elements in L?(£2), both by || - || 1z(q) and with || - [|5,q,
the latter symbol being useful when we want emphasize the domain €.
Furthermore, it is also convenient to recall that:

(i) | fﬂu(a:)v(x)flx’ <2 ||uHB’Q Hv||§’Q for u € LB(Q) and v € LB(Q),
(ii) given v € LB(Q) the linear functional L, on L?(Q) defined by

Ly(u) = /u(m)v(w)da:, (u e LB(Q))
Q

belongs to the dual [LB(Q)]/ = LP(Q) with ||1;H§7Q <N Lollzs@y <2 ||’UH§,Q,

(iii) the property lim;, o0 @ = +oo implies LE(Q) ¢ LY(Q) C L} () Cc D' (Q),
each embedding being continuous.

For the sake of notations, given any d € N, when u : 2 — R?, such that each
component (u'), of u, lies in LZ(2) we will denote the norm of u with the symbol

d
lull 5 () := Z lu'|| B,
i=1
Analogously one can define the Orlicz—Sobolev functional space as follows:

ou
1rB _ B . B .
WL (Q)_{ueL (Q).—axieL (Q),lgzgd},

where derivatives are taken in the distributional sense on 2. Endowed with the norm

d
ot
=1

WILB(Q) is a reflexive Banach space. We denote by W} LZ (), the closure of D(2)
in W1LB(Q) and the semi-norm

ou 1.8
L7 (Q
oz, , ueWw (Q),

B,Q

lullws s @) = llul

d

u = lullyy o) = IDullpg =D
=1

o
Ba:i

B,Q

is a norm on W} LP (Q) equivalent to H-||W1LB(Q) .
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By WLLP(Y), we denote the space of functions u € W'LP(Y) such that
fY u(y)dy = 0. It is endowed with the gradient norm. Given a function space S
defined in Y, Z or Y x Z, the subscript Sp., means that the functions are periodic in
Y, Z orY xZ, as it will be clear from the context. In particular Cj., (Y x Z) denotes the
space of periodic functions in C(R})Y x RY), i.e. that verify w(y+k, z+h) = w(y, z) for
(y,2) € RN xRN and (k,h) € ZN x ZN. C33,.(Y X Z) = Cper (Y X Z)NC=(R) xRY),

and LP_ (Y x Z) is the space of Y x Z-periodic functions in L? (R;V x RM).

per loc

2.2. FUNDAMENTALS OF REITERATED HOMOGENIZATION
IN ORLICZ SPACES

This subsection is devoted to show some results which are useful for an explicit
construction of reiterated multiscale convergence in the Orlicz setting. Indeed all the
definitions are given starting from spaces of regular functions, then several norms are
introduced together with proofs of functions spaces’ properties. On the other hand
we will not present neither arguments which are very similar to the ones used to
deal with standard two scale convergence in the Orlicz setting, nor those related
to reiterated two-scale convergence in the standard Sobolev setting (for the latter we
refer to [25, Sections 2 and 4]).

We start by defining rigorously the traces of the form u (x7 Z, 6%), z e, e>0.
We will consider several cases, according to the regularity of u.

Case 1. u € C (2 xR} xRY)
We define .

5 L Lo

u® (x) := u(m, = 62) .
Obviously u® € C (2). We define the trace operator of order £ > 0, (¢.) by
terueC(QxRY xRY) — u® €C(Q). (2.2)
It results that the operator ¢° in (2.2) is linear and continuous.
Case 2. u € C (G (Ré\f x RY)).
C (20 (R) xRY)) cc (e (R xRY)) =C (xR xRY).

Then, we can consider C (ﬁ; Cy (Ré\’ X ]Riv)) as a subspace of C (ﬁ X ]Rév X ]Riv) Since
Q is compact in RY, then u® € C(2) and the above operator can be considered from
C (G (RY x RY)) to Cy(2), as linear and continuous.

Case 3. u € LP(; V) where V is a closed vector subspace of Cy (R} x RY).

Recall that u € LB(Q; V) means the function z — ||u(z) from Q into R, belongs
to LP(Q) and

||oo7

. [u(z)]]
||u||LB(Q;Cb(RngéV)) =inf¢k>0: /B (koo dr <15 < 4o0.

Q
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Let u € C (€ Cy (R) x RY)), then

@) = [u (2,2, 5)] < lu@)..

As N-functions are non decreasing we deduce that

B('“ﬁ) SB(U( oo ) for all k> 0 and all z € Q.

Hence we get
Q

thus [, B (%) dx <1 implies [, B ( I) dx < 1, that is,

el e () < HU”LB(Q iCy (RY xR )) *

Y
Therefore the trace operator u — u° from C (Q V) into LB(Q), extends by density
and continuity to a unique operator from LZ(2;Cy,(V)).

It will be still denoted by

t°ru—uf

and it verifies
1| 0y < ||u||LB(Q;Cb(R{,VxR§V)) for all u € LB (Q; (V). (2.3)

In order to deal with reiterated multiscale convergence we need to have good definition
for the measurability of test functions, so we should ensure measurability for the trace
of elements u € L™ (RN Cy (RN)) and u € C (Q L (RN Cy (RN))), but we omit
these proofs, referring to [25, Section 2].

Let M : Cper (Y x Z) — R be the mean value functional (or equivalently “averaging
operator”) defined as

uw— M(u // z,y) dxdy. (2.4)

YxZ
It results that

(i) M is nonnegative, i.e. M(u) >0 for all u € Cpe, (Y x Z),u > 0;
(ii) M is contmuous on Cper (Y x Z) (for the sup norm);
i

)
(ifi) M (1) =
)

(iv) M is translatlon invariant.

In the same spirit of [25], for the given N-function B, we define =8 (R{j;cb (Riv))
(or simply =5 (Rév ; Cb)) the following space

gB (R;V;cb) = {u e LB (RY; Cy(RY)) : for every U € A(RY) :

sup inf{k>0: /B(M}o)dx< 1} <oo}.
0<e<1 J k

(2.5)
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Hence putting

w(Z,) || pee
HUHEB(RN;C;,(]RN)) = sup inf< k> 0: / B(l(a)”]:>dx <1l;, (2.6)
v = 0<e<1 k

Bn(0,1)

with By (0,1) being the unit ball of RY centered at the origin, we have a norm on
=B (RZZ]V :Cp (Riv )) which makes it a Banach space.
We also denote by X2, (R}Y;Cy) the closure of Cpe, (Y x Z) in 2P (R];Cy) .
Recall that L7, (Y x Z) denotes the space of functions in L{? (R x RY) which

are Y x Z-periodic.

Clearly |||l 3.y x 7 is @ norm on LE (Y x Z), namely it suffices to consider the L?
norm just on the unit period.

Let u € Cper (Y X Z), we have

r T €T
[ wG@als [ oG] <205 000 Meseaey)-

Bn(0,1) BN (0,1)

The following result, useful to prove estimates which involve test functions on
oscillating arguments (see for instance Proposition 2.7), is a preliminary instrument
which aims at comparing the L” norm in Y x Z with the one in (2.6).

Lemma 2.1. There exists C € RT such that ||[u®| 5 Ba01) < Cllullgy 7 for every
0<e<landueX} (R);C).

per

Proof. Let ¢ > 0. We start observing that we can always find a compact set H C RY
(independent on €) such that

where

Zeo={k eV 2+ 2) N By(0,1) £ 0}

Define also
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Then By (0,1) C By 2. Thus

[ s(nCE))es [ B(u(EE))a
B (0,1) Usez , 2042

n(e?)

B 9N 2k, + €22 2k, + €22
Z —

_ Z 62N/B(|u(5ki+ez,z)‘)d2’,
=1 A

)iz

where we have used the change of variables x = ¢2(k; + z), in each cube &2(k; + Z),
the periodicity of v in the second variable, the fact that we can cover By(0,1) with
a finite number of cubes €2(k; + Z), depending on 2 and denoted by n(e?).

Since [%] = k; and [2] = 0 for every € €*(k; + Z) and z € Z and
LN(2(k; + Z)) = 2V, we can write

[ p(u(EE) e Z/Buu(e[;wz)\)dz

By (0,1)
n(e?)
Z / / + €z z)
=1 (it

IN

) dzdz

gBNEZXZB(j Z( [ }+sz 2)|) dzda
YR

where in the third line above we have used the fact that £ = ¢ [ ] + ez.

Now, making again another change of variable of the same type, i.e. y + h; = x /e,
after a covering of By .2 made by U, ¢ €(hi +Y), where

Z.={heZ" :e(h+Y)N DBy #0},

we have
[ sy =S [ (fs(2%e) o
By .2xZ =l ity xz

<Zs / B (|Ju(y, 2)|) dyd=.

= YxZ
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Up to another choice of 0 < gy < 1, we can observe that, given ¢ < gg,
By(0,1) C By 2 and also By(0,1) C U:L(El)e(hi +Y). On the other hand there
is a compact H, which contains UZ 1 5(hl +Y) and whose measure satisfies the

following inequality £V (H) > Y7 61) el
Essentially repeating the same above computations, we have for every k € R*, and

0<e<egandue LB (Y x 2):
)dx<5NZ// (

per
(z l
“\ere?)

3 IY

[l o

Bn(0,1)

For k = |[ul| g y « ; using the convexity of B, and the fact that B(0) = 0, we get

u(z.2) )
/ B((HLN( >>|u|B,sz>d
BN(O,I)
1 wz2) [\,
<aroray J B(uan)d

Bn(0,1)

NE(J)// (numz
e /17 (o
e

where the non decreasing behaviour of B has been exploited. Therefore, by the
definition of norm in By(0, 1),

1
)dydz X m

) dydz

) dydz < 1,

||UHB YXZ

||U||B Y xZ

||UEHB,BN(0,1) < (1 +LN (H)) HUHB,YxZ' O

Lemma 2.2. The mean value operator M defined on Cper (Y % Z) by (2.4) can be
extended by continuity to a unique linear and continuous functional denoted in the

same way from %pe,, (R éV;Cb) to R such that:

— M s non negative, i.e. for allu € X
— M s translation invariant.

per( g7cb)7u202M(u)20,

Proof. Tt is a consequence of (2.5) and the definition of }ﬁfer ( ¥:Cy), of the density
of Cper (Y x Z) in X8 ( Y ,Cb) of the continuity of M on X5 ( é\'; Cb) and of the

per per

continuity of v — v from X[, (R);Cy) to LZ(€) (see (2.3)). O
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Now we endow X5, (R); C) with another norm. Indeed we define X5, (R x RY)

the closure of Cpe, (Y x Z) in LB, (Rév x RY) with the norm

= o (2]
- 0<e<1 € €/1lB2BN

Via Riemann—Lebesgue lemma the above norm is equivalent to ||ul] LB(Y xz), thus
in the sequel we will consider this one.

For the sake of completeness, we state the following result which proves that the
latter norm is controlled by the one defined in (2.6), thus together with Lemma 2.1,
it provides the eqivalence among the introduced norms in XZiT(R;V ;Cp). The proof is
postponed to the Appendix.

Proposition 2.3. It results that
X0, (RY;C) C LY, (Y x Z) =%, (R} xRY)

per per

and ||ullg y 5 < CHUHEB(RQ’;CI,(RQ’)) Jor allu e x5, (RY:Cy).

per

2.3. REITERATED TWO-SCALE CONVERGENCE IN ORLICZ SPACES

Generalizing definitions in [21,25,39] we introduce

LE (QxYxZ){ueLfic(QijjxR;V);fora.eer,u(x,.,.)eLB

per per
and ///B(\u (z,y,2)|) dedydz < oo}.

QxZ

(Y x Z)

We are in position to define reiterated two-scale convergence:
Definition 2.4. A sequence of functions (u.). C L () is said to be:

— weakly reiteratively two-scale convergent in LZ(Q) to a function wuy €
LE,.(QxY x Z) if

/ e fodz — / / / wofdudydz, for all f € LP (Q:Cper (Y x Z)),  (2.7)

Q QXY xZ
as € — 0,
~ strongly reiteratively two-scale convergent in L?(Q) to up € LY, (2 x Y x Z) if

for n > 0 and f € LP (U Cper (Y x Z)) verifying [Juo — fll 5 oxyxz < % there
exists p > 0 such that [[u. — f*[|z o <nforall 0 <e <p. /

When (2.7) happens we denote it by “u. — ug in L? () — weakly reiteratively
two-scale” and we will say that ug is the weak reiterated two-scale limit in LZ (Q) of
the sequence (u.). .
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Remark 2.5. The above definition extends in a canonical way, arguing in components,
to vector valued functions.

Lemma 2.6. If u € LB (Q;Cper (Y X Z)), then u® —u in LB (Q) weakly reiteratively
two-scale, and we have lin%) lull g0 = 1ull g oxyxz-
e— ) )

Proof. Let u € LB(Q;Cper(Y x Z)) and f € Lg(Q;CpeT(Y x Z)), then uf €
L' (9;Cper (Y x Z)) and

lim [ u®f°dx = /// ufdxdydz.
e—0
Q QXY xZ

Similarly, for all § > 0, B (|%]) € L' (€% Cper (Y x Z)) and the result follows. O
We are in position of proving a first sequential compactness result.

Proposition 2.7. Given a bounded sequence (u.). C LP (Q), one can extract a not
relabelled subsequence such that (u.). is weakly reiteratively two-scale convergent
in LB(Q).

Proof. For ¢ > 0, set

Lo @) = [uete) (2.2, 5) de, v e 1P (@3 (V x 2).
Q

Clearly L. is a linear form and we have

€ ~ ~
Lo @) < 2uellp0 1950 < ¥l 50y (2.8)

for a constant ¢ independent on e and 1. Thus (L.), is bounded in
~ !/
[L2(9:Cper(Y % 2))]

Since LB(Q;Cper(Y x Z)) is a separable Banach space, we can extract a not relabelled
subsequence, such that, as ¢ — 0,

~ !/
L. — Ly in [LB (2 Cper (¥ x Z))} weakly * .
In order to characterize Ly note that (2.8) ensures
|Lo (W) < ¢ ||¢||§7ﬂxyxz for every 1 € LB (Q;Cper (Y x Z)).

Recalling that Lg(Q;CpeT(Y X Z)) is dense in Lfer (QxY x Z), Ly can be extended
by continuity to an element of

~ ,
B _ 1B
LE (QxY x2)| =LE (QxY x 2).

per
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Thus there exists ug € LE, (2 x Y x Z) such that

per

e—0
Q QXY xZ

lim [ we(x)y (m, g, ;2) dx = /// uo (z,y, 2) ¥ (z,y, z) dedydz,

for all ¥ € LP (Q; Cper (Y x Z)). O

The proof of the following results are omitted, since they are consequence of
“standard” density results and are very similar to the (non reiterated) two-scale case
(see for instance [21]).

Proposition 2.8. If a sequence (u.), is weakly reiteratively two-scale convergent in
LE(Q) toug € LB (2 xY x Z), then

per

(i) ue — [, uo (-, 2) dz in LB() weakly two-scale, and
(ii) ue = ug in LB (Q)-weakly as e — 0 where ug(z) = [[, , uo(x,-,-)dydz.

Proposition 2.9. Let

X0 (R):Cy) =% (R);C) N LR x RY).

per

If a sequence (u.). is weakly reiteratively two-scale convergent in LP(Q) to
up € LB (2 x Y x Z) we also have

per
/usfedz — /// ug fdrdydz,

Q QXY xZ

Jor all f €C(Q) @ X5 (R);Cy).
Corollary 2.10. Let v € C (2; X2 (R)5Ch)). Then v° — v in LP(Q)-weakly reiter-
atively two-scale as € — 0.

Remark 2.11.

(1) Ifv e LB (Q;Cper (Y x Z)), then v° — v in LB (Q)-strongly reiteratively two-scale
as e — 0.

(2) If (u.). C LP(Q) is strongly reiteratively two-scale convergent in LZ(Q)
toug € LZ, (2 xY x Z), then:

per
(i) ue — ug in LB (Q) weakly reiteratively two-scale as ¢ — 0,

(ii) fluellpo = lluollp axyxz ase = 0.

The following result is crucial to provide a notion of weakly reiterated two-scale
convergence in Orlicz—Sobolev spaces and for the sequential compactness result on
WLLB(Q). It extends and presents an alternative proof of [21, Theorem 4.1].

To this end, recall first that Ly, (Y;W4LP(Z)) denotes the space of functions

per

u € L}, (Y x Z), such that u(y,-) € WLLP(Z), for a.e. y €Y.

per
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Proposition 2.12. Let Q be a bounded open set in RY, and (u.). bounded in

WILB(Q). There exist a not relabelled subsequence, ug € W'LP (Q), (uy,uz) €
LY (4 WLLE(Y)) x L' (% Ly, (Y; WLLP(Z))) such that:

(i) u® — ug weakly reiteratively two-scale in LP (),
(ii) Dy,u® — Dg,ug + Dy,u1 + D,,us weakly reiteratively two-scale in LP(Q),
1<i<N,

as e — 0.

Corollary 2.13. If (u.). is such that u. — wvo weakly reiteratively two-scale
in WLLB(Q), we have:

(i) ue — [, vo (-, 2) dz weakly two-scale in WLB (1),
(ii) ue = 0o in W'LP (Q)-weakly, where 0o(z) = [[y. , vo(z,-,-)dydz.

Proof of Proposition 2.12. We recall that
LB (4 x Qs) € L' (Q1; L7 (22)) .
Moreover since B satisfies Ay, there exist ¢ > p > 1 such that
LY(Q) = LB(Q) — LP(Q),

(relying on [15, Proposition 2.4] (see also [9, Proposition 3.5]) and a standard argument
based on decreasing rearrangements), where the arrows < stand for continuous
embedding.

Let (u.), be bounded in L” (). Then it is bounded in LP(£2) and we have:

us — Uy weakly reiteratively two-scale in LZ (),
(i) ue — up in WILB(Q),

(i) ue — U} weakly reiteratively two-scale in LP(2),
ii)

I

By classical results (see for instance [3] and [20]), we know that
ugy = UJ.
On the other hand, using the embeddings W1P(Q))-weak — D'(Q)-weak and
WILB(Q)-weak — D'(Q2)-weak, we deduce that u) = ug € WILP(Q). Moreover,
since LP' (Q) < LB(Q), it results then LP (Q;Cper (Y X Z)) C LB (Q;Cper (Y x Z)),
thus
Uy = Uy,
and
U0:U6:UOZU6.
We also have

(ili) D, ,u. — 1 weakly reiteratively two-scale in LZ(Q), 1 <i < N,

(i)’ Dg,ue — Dgug + Dy,u1 + D, us weakly reiteratively two-scale in LP(2),
1 <i< N, with (u1,us) € L2, (Q; W;;P(Y)) x LP (Q; ., (Y; W;P(Z))) (see
[3] and [20]).
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Arguing in components, as done above, we are lead to conclude that

W = Dy,up+ Dy,us + Dyus € LE (QxY x Z)

per

and D,,up € LB(Q) C LE

per

(QxY x Z), as ug € WHLP(Q). Therefore

U2 ELB

W — Dg,uo = Dy,u1 + D, per (XY x Z).

By Jensen’s inequality,

B</|1D|dz> < (/B(|1D|)dz>,
//B /|1D\dz dxdyg///B(|tD\)dzdxdy<oo.

QxY QxY Z

then

Since B satisfies /Ao,

/u?dz = Dy, uo + Dy,uq € Lfer (QxY)
z

with D, ug € LB(Q) C LB (2 x Y). Therefore

per

/wdz — Dyug=Dyus € LY, (QxY)C L' (G LY (V).

per per

Z

On the other hand, u; € L}, (Q; W;’p(Y)), i.e. for almost all z,

uy (z,-) € W;&’p(Y) = {v e W (YY) : /vdy = O}

Y
and Dy, uy (x,-) € LE, (V). In particular u; (z,-) € Lb,,(Y) C Ly,,.(Y).

To complete the proof it remains to show that every v € LP(Y) with D,,v € LEET,(Y)
is in LZ (V).

Set u =u — M(u) + M(u), where M is the averaging operator in (2.4). Then, by
Poincaré’s inequality, it results

lullgy <llu=M@llpy +[1MW)lpy <clDullgy + M)y

< cllDullgy +ex (14 el agyy) < o0,
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the last inequality being consequence of the fact that lim;_,o B(t) = 0, and there exists
¢y > 0 such that B ( ) < 1. Hence,

[ (wemtme) = /7 (5)wer

that is,

M)y < @+ e = (14| [udy] | ex <ex (14l
Y

Thus we can conclude that uy € L, (Q; W%&LB (Y)).

For what concerns us we can argue in a similar way. Recall that
W = Dy,ug+ Dy,us + Doug € L, (XY x Z),  Dgug € LP(),
wp € L' (QWLLB(Y)) up € LP (Q e, (Y;W;f (Z))) .
So
D.up =W — (Dg,uo + Dyuy) € LY, (Qx Y x Z) c L' (% L., (Y3 LP(2))),
thus D uz (2,y,-) € LY, (Z) for almost all (z,y) € @ x R},
/UQ (x,y,')dz =0
z

as ug (z,y,-) € W;&p(Z) Consequently, since

’U,Q(SU, Y- ) € Lger<Z) C L;l)er (Z) ’ Dziu2 (l‘,y7 ) € Lfer (Z) )
exploiting Poincare’s inequality with the averaging operator M, as done above, it
results that uy (x,y,-) € W}, LP(Z). Since
1,
(Q Lper(Y; W#p(Z)))

(X Y;WLP(Z)) C Ly, (2 x YV W,P(2))

1067” per
LN Ly, (Y WP (2))),
we deduce that uy € L), (Q; L' (v; W#LB (2))). O

In view of the next applications, we underline that, under the assumptions of the
above proposition, the canonical injection WLE(Q) < LP(Q) is compact.
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3. HOMOGENIZATION OF INTEGRAL ENERGIES
WITH CONVEX AND NON STANDARD GROWTH

In this section we study the asymptotic behaviour of (1.1) under the assumptions
(Hy)—(Hy), stated above. We start by recalling the properties satisfied by F. in (1.2).

Since the function f in (1.2) is convex in the last argument and satisfies (Hy),
it results that (cf. [21]) there exists a constant ¢ > 0 such that

L+ BE2(1L+ [A[ + [u])

A= pl (3.1)

for all A, € R™ and for a.e. y € R]yv and for all z € RY. Hence for fixed ¢ > 0
and for v € WgLP(;R™), the function & — f(%, %, v(z)) from Q into Ry de-
noted by f¢(-,-,v), is well defined as an element of L'(Q) and it results (arguing as
in [21, Proposition 3.1])

||f€(77v)_f€(avw)||L1(Q) (3 2)
< etz g + 0+ ol + (w5 o) v = wll L5 @)y - .

Moreover, (Hy) ensures that for v € WILP(Q;R") such that ||Dv||(LB(Q))nN > 1,
we have

€1 ”DvH(LB(Q))"N <|feC, '7Dv)||L1(Q) <e(l+ ”DUH(LB(Q))"N)'

Consequently it results that F. is continuous, strictly convex and coercive thus there
exists a unique u. € W LE(Q) solution of the minimization problem  min  F.(v),
veWy LB (Q)
ie.
Fo(ue) = min  F.(v).
(ue) veWLE(Q) =(v)

Let ¢ € C(€; Cper (Y x Z))N. For fixed x € Q the function
(y,2) €RY x RY = f(y,2,9(z,y,2)) € Ry,

denoted by f(-,-,¢(z,-,-)), lies in L>®°(R});Cy(RY)). Hence one can define the
function x € Q — f(-,-,%(x,-,-)) and denote it by f(-,-,%)) as an element of
C(Q; L=(Ry; Cop(RY))).

Therefore, for fixed ¢ > 0, the function

I GERICEE))

denoted by f°(-,-,4) is an element of L°°(2). Moreover, in view of the periodic-
ity of f(-,-,4), which is in C(; Ly2,(Y;C52,.(2))) for all ¥ € C(;Cper(Y x Z))V,
the following result holds.
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Proposition 3.1. For every v € C ( i Cper (Y % Z one has

hm/f 2 (e dx—// f (420 (2,9, 2)) dadyds.
e—0

QXY xZ

Furthermore, the mapping

v EC (R Cper (V x 2)) Y 5 f () €L (XY X Z)

per

extends by continuity to a mapping still denoted by v +—  f(-,-,v) from
(LY (QxY x Z))N into L),..(Q x Y x Z) such that

per

||f ('a 'av) —f ('7 ) w)HLl(QxYxZ)

(3.3)
c (Illl\',;Q + {16 (L + [v] + [w])]

o = wl

= N
B,S2><Y><Z) LE (QxY xZ))

for allv,w € (L5 (QxYxZ))

Proof. Tt is a simple adaptations of the proof of [21, Proposition 5.1}, relying in turn
on Corollary 2.10. Moreover, (3.3) follows by (3.1) and by arguments identical to those
used to deduce (3.2), and omitted here since already presented in [21, Proposition 3.1],
which in turn require the application of Lemma 2.1 O

Corollary 3.2. Let

stoim e () (. 2)

per

for x € Q, where
Yo € C3°(Q), 1 € [C5O(Q) ®C;§r(Y)] and 1y € [C3°(Q) ® Cper(Y) ®CEZT(Z)] ,

then, as € — 0,

lim / f = 2, ) dx = // f (y, 2, Do + Dyip1 + D,1po) daedydz.

e—0
QXY xZ

Proof. Tt is a simple adaptation of [21, Corollary 5.1], relying on (3.1) and (3.2),
observing that

fa('a ) (DwO + Dy/(/)l + Dz’(/}Z) ) S C(Q xfe;)o(RN Cb))
and Corollary 2.10 applies. O

Now, we observe that, thanks to the density of D(Q2) in Wi L2(Q), of C,.(Y)/R

in Wi LP,,(Y) and that of Cp,.(Y) ® Cp2,.(Z) /R in L}, (Y; WLLP(Z)), thep:;)ace
Fg° = D(Q) x [D(Q) © C2,(Y)/R] x [D(Q)  C5.(V) © C2(Z)/R]  (3.4)

is dense in F{LE.
By hypotheses (Hy)—(Hy), it is easily seen that the following result holds.

per

Lemma 3.3. There exists a unique u = (ug,u1, us) € F§LP which solves (1.7).
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3.1. PROOF OF THEOREM 1.1

This subsection is devoted to provide an application of reiterated two-scale conver-
gence to the study of minimum problems involving integral functionals, i.e. to prove
Theorem 1.1. The proof will be achieved by means of several steps. First, following
the same strategy in [37], (see also [33]) we regularize the integrands in order to get
an approximating family of differentiable integrands with some extra properties which
will be detailed in the sequel.

Let f: RY x RV x R™™ — R be such that (H;)—(Hj4) hold. Set

fm o (4, 2,A) € RN x RN x R™Y / O0m(n) f(y, 2, A — n)dn, (3.5)
RnN

where 6, is a symmetric mollifier, namely 6, € D(R™) (integer m > 1) with 0 < 6,,,,
supp(0,) C L B,n(0,1), (Bun(0,1) being the open unit ball in R"Y), and

/ O (n)dn = 1.
Bun(0,1)
It is easily to verify the following conditions.
(H1)m fm(-,2,A) is measurable for every (z,\) € RY x R™™ and f,,(y,-,\) is contin-
uous for almost all y € Rév .

(H2)m fm(y,z,-) is strictly convex for almost all (y, z) € Ré\] x RY.
(H3)m There exists a constant ¢ > 0 such that

Jm(y,2,A) < c(L+b(|A])),

for every (z,A) € R x R*™Yand for almost all y € R

(Hy)m fm(-,-,A) is periodic for all A € R*Y

(Hs)m 8g§‘ (y,2,)) exists for all A € R™Y and for almost all (y, z) and there exists
a constant ¢ = ¢(m) > 0 such that

‘afm(% 2, )\)’ < e(m)(14b(|A))

(2
for all A € R™" and for almost all (y, z) € RY x RY.

All the convergence results established in Proposition 3.1 and Corollary 3.2

for f, remain valid with f,,. Moreover for every v € LL (2 x Y x Z)"V, one has

S (s 0) = f(,0) in LYQ; L, (Y x Z)), as m — 4o0.
The next result extends to the Orlicz setting an argument presented in [37] to

prove Corollary 2.10 therein.

Proposition 3.4. Let (v.) be a sequence in LP(Q)"N which reiteratively two-scale

converges (in each component) to v € Lfer(Q XY x Z)"N | then, for any integer m > 1,

we have that there exists a constant C' such that

o T T
— — < limi P — .
// fm(y, z,v)dxdydz s hmlnf/f(87 EQ,UE(x))dz

e—0
QXY xZ
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Proof. Let (v;);>1 be a sequence in D(Q; R) @ Cpe,.(Y;R) @Cpe,.(Z; R) such that v, — v
in LY (Q xY x Z)"" as | — oo. The convexity and differentiability of f,.(y,z,-)
imply (for any integer [ > 1),

JiE nto)onz [ e 5
+/%f;n<% (e 22) (0o 5

Q

(H1)m, (H2)m and (Hs),, guarantee that

8f7n o0 o0
() € C L3 (Vi Cie,(2)).

T per » Yper

Hence, by Proposition 3.1, it results

i [ 22 (2 22, 2) ()2 2

/// afw (y, z,vi(z,y, 2)) - (v(z,y, 2) — vi(z,y, 2))dzdydz.

QXY xZ

Next, we observe that for a.e. y and every z, A and a suitable positive constant c,
one has

1
Fmn(y,2:2) < fly, 2 A) + — (14 b(2(1 +[A))))- (3.6)
Indeed, for a.e. y, every z, A, u, by (3.1),

B(2(1 + Al +[x)

< fys 2 pm) + e+ b1+ A+ [ul) A — pl -

Replacing A by A —n and p by A respectively, we obtain

fy, 2, A=) < fy,2,A) + (L +b(1+ A =nl+[A]) |n]
< Sy, 2 A) + (1 +b(1+ [l +2[A]) In] -

< 1. Hence,

Let m > 0, and assume |n| < -
1
Multiplying both side of the inequality by 6,,, we get

F@zX=n)0m () < f(y,2,A) 0m (n) + %0(1 T 021+ [A))) Om (1) -
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Integration leads to (3.6). Hence, given v., we have

fo (2 50) < £ (5 5 )+ e 4b2(1+[o.)

thus
/fm SR dx</f S dx+%c|m+%/a%;"”5|»dx,
" O<a<l.

But
o22A+ D) “i'“ﬁ'” B (ab(2 (1+|us|)))+3<;) gaé(b(2(1+|va|)))+3<;).

Set

0 :{IGQQ(1+|’[}€($)|) >t0}, Qo :Q\Ql

Hence, we get

J R

«

IN

/aé b2+ |v.]))) de + B ( ) Q|

Q

aB (b(2 (1 +[v.]))) du

IN
—°

Qq

+/a§(b(2(1+ |v€)))dm+B< ) [e]

2

< 19aJaB (b a) + 5 (1 ) 190+ [ BAG+ o) da

Q1

Let C > 1+ |4 (1+ |v.])l| 5., then [, B (4“*70")) dr < 1.
Indeed,

s =5 () < ko p (D)

whenever % > tp.

Set

4(1
Qg{xeﬂli(—ngto}, 94191\03.
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Hence,

/3(4(1 o)) da

- /3(4(1 + |v5|))d:r+/B(4(1 + |vel)) dz

Q Qs

< 1B (Cto) + [ B+ ]o]))da
Q3

< |Q4|B (Cto) +Q/B (C“”C'“E)) da

4(1
< 1B (Cty) + K () [ B (HLE]D )dx

41
< 1B (Cty) + K () [ B (L LvD )

o [p(H
< || B (Cty) + K (C Q/B(4 +v5>
e

Since B € Ay, and (ve), is bounded in L7 () it results that [, B (4 (1 + |vc])) da
is also bounded.
Then, we have

T T 1
/fm X dmg/f(g,?,vg)dx—i—%ﬂm

Q

+;<Mm§w<»+3( ) 191+ aljulB(Cn)

+K(C))/B <4(12|“)) dx)
Q
< [1 (G 0

Q

for a suitably big constant C’.
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Thus,

hmlnf f (m, :2705 (x)) dx

> // fm (y>z7vl (x,y,z)) d{Edde

QXY xZ
3fm
- + yvzavl ($,y72)) : (U (.’K,y,Z) — U (fE,y,Z)) didydz
QXY xZ

Using (Hs),, we get

/ / / (201 (2, 2) - (0 (2,9, 2) — w1 (2,9, 2)) dedydz
QXY xXZ

<cllo- 46 (vl

EQXYXZ'

Since v; — v in Lp67 (QxY x Z)"N as | — 0o, it follows that, for § > 0 arbitrarily
fixed, there exists [y € N such that

/// afm (y, 2,0 (2,9, 2) - (v (2,y,2) — v (x,y, 2)) dedydz| < 6

QXY xZ

for every | > lg. Hence, for every [ > Iy,

/
hmlnf/f dx> // fm (y, 2,01 (2,9, 2 ))dxdydz—d—%

QXY xZ

Now sending I — oo we have

hmlnf/f POl dac> ///fm y,z,v(x,y, 2 ))clacdydz—é—g

QXY xZ

The arbritrariness of  concludes the proof. O
Letting m — 400, and replacing v, by Du., with u. reiteratively two-scale
convergent to
U(SU, Y, Z) = uO(x) + ul(xv y) + UQ(xa Y, Z)
in WILE(Q;R"), one obtains the following result:

Corollary 3.5. Let (u.). be a sequence in W LB (Q;R™) reiteratively two-scale
convergent to u = (ug,uy,u) € FSLB. Then

// fy,z,Du(z,y,z ))dmdydz<hm1nf/f -, 27Dug( ))d ,

QXY XZ

where Du = Dug + Dyuy + D us.
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Now we are in position to put together all the previous results in order to prove
our main result.

Proof of Theorem 1.1. For every €, let u. be a minimizer of F.. Hypothesis (Hy)
guarantees that (u.). is bounded in W} LZ (Q;R)". On the other hand, since the real
sequence (F: (uc)),.( is bounded, we can extract a not relabelled subsequence, such
that we have (a) — (b), in the statement, and iig%Fg (ue) exists.

It remains to verify that u = (ug, u1,us) is the solution of the minimization problem
(3.3). Let ¢ = (vo,¥1,92) € F§° with v € D(Q)",¢1 € [D(Q) @ Ce, (Y)/R],
Py € [C§° () ®CX(Y) ®C.(Z)/R]". Define

e = o + ey + €°a.
Then ¢. € WELE (;R)" so that we have

/f (% E%,Dua(x)) dz < /f (g E%,DQSE(:U)) dz.
Q Q

Therefore, taking the limit as e — 0, using the arbitrariness of ¢, the density of Fg*
in F} LB, the above inequality leads us to

xr X
. T oz -
glgg)/f (E, 627Du5(x)> dr < UE%(ll)fLB /// f (y, 2, Dv (z,y, 2)) dedydz.
Q

QXY xZ

This inequality, together with Corollary 3.5, leads to the equality

///f(y,z,mu(x,y,z))dxdydz:veiﬁfLB ///f(y,z,]Dv(x,y,z))dxdydz.

QXY xZ QXY xZ

Since (1.7) has a unique solution, we can conclude that the whole sequence (u.)e
verifies (a)—(b) and the proof is completed. O

The following corollary recasts the above results in terms of I'-convergence with
respect to reiterated two-scale convergence, thus extending the result proven in the
single scale case in [23] (see [14] for details about I'-convergence).

Corollary 3.6. Let Q and f be as in Theorem 1.1. Then, for every u = (ug,u1,u2) €
FLB, it results

T x
inf < lim inf/f (f, > Dus) dx : u. — u weakly reiteratively two-scale
e—0 g €
Q

e—0

_ /// Fly, x, Du(z,y, 2))dzdydz,

QXY XZ
where Du = Dug + Dyuy + D us.

= inf < lim Sup/f (f, %, Dug) dx : ue. — u weakly reiteratively two-scale (3.7)
e'e
Q
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Proof. The statement will be proven if we show that

/// F(y, z, Dul, y, 2))dedydz < hmmf/f )dx,

QXY xZ

for any sequence u. — u € F§L? reiteratively two-scale, and we exhibit a sequence .
such that 7. — u € FYL? reiteratively two-scale, and

limsup/f -, 2,Du6 dw< // f(y, z,Du(x, y, 2))dxdydz.

e—=0
QXY X Z

The first inequality is consequence of Corollary 3.5. For what concerns the upper
bound we preliminarily observe that a standard argument in the Orlicz setting allows
us to consider, for any given N-function B, a generating continuous function b such
that B verifies the A\, condition near 0.

Now let

6=(2) = +evn (2, T ) + %1 (2.2, 55)
for x € ), where
o € C3°(Q), 91 € [C5°(Q) @ Cpe, (V)]
and ¢ € [C3°(Q2) ® Co2.(Y) ® Ce,(Z)]. Then
lim, / £(2. 500 de = [[[ #2000+ Dyin -+ Do) dody

e—0
QXY xZ

Let

F'LP = WLP(Q) x LY (G WLLP (V) x LY (% Ly, (Y; WiLP(2)))

per

where Lgy (Q;W%LLB(Y)), L3 (L} (Y;W%LLB(Z))) have been defined in (1.5).

per

Recalling also that F'L?, equipped with the norm
[uollzs e = [1Dull g o + 1Dyl g gy +ID:u2ll g axyxzs o = (u,ur,uz) € FgLP,

is Banach space, thanks to the density of C*°(Q) in W!LB(Q), of C.(Y)/R in

per
WLLE, (V) and of Cp2,.(Y) ® Cpe.(Z) /R in Ly, (Y;WLLP(Z)), the space

mr(
F> = C=(Q) x [D(Q) ® €%, (Y)/R] x [D(Q) @ Cpe, (V) © €5, (2) /R]
is dense in F'LB.

As above, for vy = (v,v1,v2) € FLLP we denote by Dvy the sum Dv+Dyvi+ D, vs.
In view of the stated density, given é > 0, there exist

us € C%(Q),v5 € [D(Q) @ CE(Y)/R],  ws € [D(Q) & Ce, (V) ® €2, (2)/R]
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such that
v — u5||W1LB(Q) + [lor = U5||L1(Q;W;ELB(Y)) + [lvz = w‘sHLI(Q%LEW(Y%W;LB(Z))) <.

For every 4, > 0 and for every x € €, define

z T T
Ua,a(l’) = us(x) + evs (m, E) + 32w5 (x, E’ ;2> )

It results that
Dyuse(x) = Dyus () + eDyvs (ac, E)
€

T x T
+ e2Dyws (x, -, 7) + Dyvs (x, 7>
e e €
T T x
+eDyws (x, -, —2) + D,ws (x, —
e e €
As immediate consequence, for 0 fixed,
use — ugs in LB(Q),
Dgus.—Dgus + Dyvs + D ws strongly reiteratively two-scale in Lfer QxY x2),

as e — 0.
Next, setting

cse =t |use — UleLB(Q) + ”DU’&EHLB(Q) — [[Dv + Dyv1 + D?JUQHLB(QXYXZ) ’
using the above density results:

lim li =0.

61—r>% 61~I>I(1)65’6
Then, via diagonalization, we can construct a sequence ¢ (¢) — 0, as € — 0 and such
that:

(1) limgse)—o Cse),e = 0,
(ii) us(e),e — v in LE(Q),
(iii) Dug(e),e = Dyv + Dyv1 + D vy strongly reiteratively in LY (2 xY x Z).

In particular, it follows that Dus(.). — Dyv weakly in LB(Q), and

. T x
Eh_%/f (gv gaDué(e),e(x)> de = /// f(y,z,Dzv + Dyvl +Dzv2) dxdydz.
Q

QXY xZ

Since the above construction can be performed for every triple (v, vy, v9) € FLLE it is
enough to repeat the construction for ug = (u, u1,us) € F(l)LB as claimed. O]

Remark 3.7. It is worth to observe that the result in Corollary 3.6 holds, with the
exact same proof under weaker assumptions than those in Theorem 1.1: namely (Hs)
can be replaced by convexity, and in (Hy) it is not crucial to have f non-negative, it
is enough to have a bound from below. Moreover the same proof can be performed if
ue and u are vector valued and not just scalar valued functions.



Reiterated periodic homogenization of integral functionals . .. 139

4. APPENDIX
Here we present the proof Proposition 2.3 which establishes the equivalence between
the norms ||| 5y, and H~||EB(RJy\,;Cb(R£,)) in X7, (RY:Cy) .

Proof of Proposition 2.3. The inclusion is a direct consequence of the definition, and
clearly every element in LZ (Y x Z), can be obtained as limit in || - | g,y xz norm of
sequences in Cper (Y X Z).

On the other hand, by the very definition of X7 (R]';Cy), v € ], .(R);Cy) if and
only if there exists (vy)nen € Cper (Y x Z) such that (vy,)nen converge to v for the
norm ||'\|EB(Rg;ch(Ry)) :

Thus for every w € XfeT(RZIJV; Cp) there exist (wy)nen C Cper(Y x Z) such that as
n — 00, w, — w in ZB(RY; Cy(RY)).

We claim that for every u € Cpe,r (Y X Z), it results

”uHB,YXZ < Hu“EB(R{I\’;Cb)'
From the claim it follows that
[[wn — wm”B,YxZ < flwn — wm”EB(R;\f;cb(RgV)) )

for all m,n € N. Therefore (wy)nen is a Cauchy sequence in X5 (R} x RY) and in

X[, (RY;Cy). Hence there exist w' € X, (R)Y x RY),w? € XJ (R);Cy) such that

per per per

= lim Hwn 0.

lim ||wn
n—oo

L _wIHB,YxZ _w2||EB(R5j;cb(R;V)) =

Moreover the passage to the limit guarantees that

Hw1||B7Y><Z < sz“EB(Rg;cb(Rg))'

It is also clear, considering the convergence in the sense of distributions, that w! = w?.

It remains to prove the claim. To this end, let u,v € Cper (Y x Z); we have

[ G2 ER e [ REL )

Bn(0,1) Bn(0,1)
By 1Wss (my ey -

< 2|7

Passing to limit, as € — 0, we obtain:

/ u(y,2)v(y,2)dydz| <2 ||U||§,Y><Z |‘U||EB(Rg;cb(Rg)) .
Y xZ
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Using the density of Cpe, (Y X Z) in Lfe,. (Y x Z) we obtain (with the topology of the
norm)

| w202 dvd| <20l lullzaey e
YXZ

for all v € LB, (Y x Z). Thus

per
||U||B,sz <2 ||U||EB(R!yV;cb(R;V)) )

for all u € Cper (Y x Z), and we get the result for all u € X2 (R;V;cb), via standard

per
density arguments. O
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