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Abstract. In this paper we study the existence of nontrivial solutions for a boundary value
problem on the half-line, where the nonlinear term is sublinear, by using Ekeland’s variational
principle and critical point theory.
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1. INTRODUCTION

We consider the problem

—(p(m)u'(x))’ = )\q(x)f(x,u(x)), T € [07 +OQ)7 (1 1)
u(0) = u(4o00) = 0, '

where f : [0,400) x R — R is a continuous function and A is a positive parameter.
Boundary value problems with Dirichlet conditions are an area of the fast developing
differential equations theory. Problems of this type arise in various fields of physics,
biology, biotechnology etc. Thus, existence and multiplicity of solutions to boundary
value problems on the half-line were studied by many authors. These results were
obtained using upper and lower solution techniques, fixed point theory and topological
degree theory, see for example, [6-9,14] and [13,16,18,19]. However, as far as we know,
the study of solutions for second order boundary value problems, possibly singular
on the infinite intervals via variational methods has received considerably less attention.
For example, see [5] and [1,2,4,12,15]. We are interested here in the existence of
solutions for a second order boundary value problem with the Sturm-Liouville operator
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on the half-line. We take as a model a Dirichlet problem. Our results are obtained by
applying Ekeland’s variational principle technique, and under sublinear condition of
the nonlinearity f € C([0, +o0) x R;R), with a positive parameter, the weighted ¢ has
a constant sign on the whole half-line, with ¢ > 0 for x > 0. We give some new criteria
to guarantee that the problem (1.1) has at least one classical solution. Moreover,
we assume that the following conditions are satisfied:

(H1) there exist constants a,b € R* \ {0} and r € (0,1) such that
Ve e R"Vu € R : |f(x,u)| < alul” + b,

(H2) p:[0,4+00) — (0,400) is continuously differentiable, ¢ : [0, +00) — (0, +00)
with %, q € L'(0,+c0), and

+o0o  +oo d ﬁ
M, = / ( / —s>dx < +o0,
p(s)
0 T
—+o00 “+o0 ﬁll

My = O/q(x)(/pczi))ﬂgldx < 400,

x

(H3) f(2,0)=0and lim £ — o0 uniformly for z € [0, 4+00).

u—0+ U

Let the space H{ (0, +00) defined by
H (0, +00) = {u € AC([0,+00), R) : y/pu' € L*(0,+00), u(0) = u(+00) = 0

be endowed with its natural norm

400 400 2
fulo= | [ @+ [ ol e)ds
0 0

Hj ,,(0,400) is a Hilbert space with the following inner product

+oo +oo
Vu,v € Hg ,(0,400) : (u,v) = / w(x)v(x)dx + /p(x)u’(x)v'(m)dm.
0 0

We define the weighted Lebesgue space

+oo
r+1 o . s r+1
Ly (0,4+00) = u: (0,+00) = R ’ u is measurable and / q(z)|u(z)|" dr < +o0
0
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equipped with the usual norm

+oo

sy = / o(@)ue)| " da

0

3
+
)

Consider also the space

Co[0,4+00) = {u € C([0,+00),R): lim wu(x)= 0}

T—+00

endowed with the norm

[ullos = sup |u(z)].
z€[0,400)

In our considerations we shall need the following corollary and lemmas.

N

Lemma 1.1 ([5]). On Hj ,(0,400) the quantity |lu| = (f;oop(x)ua(z)dx)

is a norm which is equivalent to the norm |lul|,, i.e.

Vu € Hg ,(0,+00) : fJull < flull, < v/ + Milul.

Lemma 1.2 ([5]). Hj ,(0,400) is a reflexive Banach space.

Lemma 1.3 ([5]). Hj ,(0,400) embeds continuously in Cy[0, +00) with

1
Julle < /]| el

Corollary 1.4 ([5]). H;,(0,+00) is compactly embedded in Co[0,+00).

Further we will also use the following lemmas and corollaries.
Lemma 1.5. Cy[0,+00) is continuously embedded in L) (0,400).

Proof. For any u € Cy|[0,+00), we have

—+o0 —+oo
lulrt, = / o) s s ()] / ¢(z)dz.
xe|0,4+00
0 0

1
Consequently, we obtain ||u||,41,q < C|lulo, where C = |g||;1". O
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Lemma 1.6. Hj ,(0,400) embeds continuously in L] T'[0,+00).

Proof. For all u € Hg (0, +00), we get

1 400 r+1 +o0 1 r+1
Ju(z)|" Tt = ‘u(—i—oo)—u(x) = /u’(s)ds = /\/@u'(s)mds
+oo 2 ) 400 1 # CL
< /p(s)u’Q(s)ds /mds

Therefore, we olg)ctain )

+0oo +o0 = +00 +0o0 1 il

/q(x)\u(mﬂ“‘ldxg /p(s)u’Q(s)dS /q(m)( / ZTS)CZS) * dx

0 0 0 :v

Thus, we have
[ullr1,q < Ma|lull

which finishes the proof. O
Corollary 1.7. H&p(O, +00) is compactly embedded in L;*l(O, +00), namely
Hg, < Co — Lyt

We are now concerned in the principal eigenvalue A; of the nonlinear problem

—(p(2)d (2))" = Ag(@)|u()]", = >0,
{u(O) = u(+00) =0, (12)
namely
+oo +oo
A1 = inf / p(x)u' (z)?dx : u € H&p \ {0}, / q(z)|u(z)| " rde =1
0 0

Arguing as in [17, Proposition 3.2], one can easily establish the following lemma.

Lemma 1.8. The value A\ is positive and is achieved for some positive function
¢1 € Hg (0, +00) \ {0}

We need the following technique to prove our main result.

Theorem 1.9 (The weak Ekeland variational principle, [10]). Let (E,d) be a complete
metric space and let J : E — R a functional that is lower semi-continuous, bounded
from below. Then, for each ¢ > 0, there exists u. € E with

J(uz) < inf J +e,

and whenever w € E with w # u., then

J(ue) < J(w) + ed(ue, w).
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2. MAIN RESULT

To get the existence of solutions of problem (1.1), we consider the energy functional
J: Hg ,(0,+00) — R defined by

+oo
T(u) = %IIuIIQ A / g(x)F(z,u(x))dz, ue HE (0, +00),
0

where F denotes the primitive of f with respect to its second variable, i.e.
F(z,u) = [, f(z,s)ds.

Proposition 2.1. Suppose that the conditions (H1), (H2) hold. Then the functional
J is Fréchet differentiable on H{ ,(0,+00). Moreover, one has

—+oo

+oo
Yo € Hy (0, +00) = (J'(u),v) = / p(x)u (x)v' (z)de — X [ q(z)f(z,u(z))v(z)d.
0 0

Proof. First we show that J is Gateaux-differentiable. Indeed, for all v € Hé’p((h +00)
and for each ¢ > 0, we have

“+oo “+oo
Tt o)~ ) =5 [ s+ )@)Pdo = [ a@)F o, (0t t0)w))do
0 0
“+oo “+o0

“+o0

~ 00 [ ale) o (u+ t90)(a))o(a)da,

0

where 0 < 0 < 1.
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Then

+oo
[ @t a+ 90)@)ela)da
0

Let t — 0, then, by using the Lebesgue dominated convergence theorem and (H1),
we have

+o0 +oo
Yo € Hy (0, +00) = (J'(u),v) = /p(x)u'(sc)v’(ac)dw - A / q(x) f(z,u(z))v(z)dz.

Next, we show that J” is continuous. Indeed, let (u,) C Hg (0, +00) with 1, — u when
n — +o0o. Then there exists R > 0 such that |lu,| < R for all n € N. Furthermore,
from (H1), (H2) and Lemma 1.3 we derive that

q(@)|f (2, un(2))] < aq(x)un(z)[" + bg(x)

<a sup |un(z)|"q(x) + bg(x)
z€[0,4+00)

= (allunll% +b)a()

< <a((Rm>r + b> q(z) € L'(0, +00).

Consequently, according to the Lebesgue dominated convergence theorem, we obtain

+o00 +oo

i / a(@) (&, wn (2))dz = / 4(@) f (&, u(z))d.
0 0
So, we have

+o0 +oo

(' () — (), v) = / p()uly ()’ (2)dz — A / 0(@) (@, wn (2))o(2)de
0 N O+oo
_ /p(x)u’(:r)v’(x)dm—l—)\/q(:r)f(%u(m))v(x)dx

0 0

+oo
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Passing to the limit in (J'(u,) — J'(u),v), when n — +o00, and taking into account
that f is continuous, we obtain J'(u,) — J'(u) as n — +oo. O

Definition 2.2. We say that u € Hj ,(0,400) is a weak solution of problem (1.1)
if for every v € Hj ,(0,+00) we have

“+o0 “+o0
o= [ s @@ - A [ g i uw)e()ds =0
0 0

Remark 2.3. Since the nonlinear term f is continuous, then a weak solution of
problem (1.1) is a classical solution.

Our main result is as follows.

Theorem 2.4. Assume (H1)—(H3) hold. Then there emistsg > 0 such that problem
(1.1) has at least one nontrivial solution uy for each A € (0, \).

Proof. From (H1) there exists d; > 0 such that

|u|" Tt 4 blu| < K|u|™™'  for all |u| > &, for some K > 0.

1
|F(z,u)| < o
Also, from (H1), there exists M3 > 0 such that
|F(z,u)] < M3 forall ue€[—d1,01] and all xz € (0,400).
Therefore,

|F(2,u)| < M3+ K|u[""' forall w € R and all z € [0, +00). (2.1)

From (2.1) and (H2) and by using the continuous embedding of Hj ,(0,+00) in
Lyt1(0,400) (i.e. note that [[ufly 1,4 < Ma|ul|) we get

+oo
Tw) = Ll ~ / 4(@)F (z,u(x))dz

I \/

Sl = A / )(Ma -+ KJul 1 (2) ) da

Y

1 9 r+1
- “\M; _
2||u|| AM. / x)dx — AK / |u|"" (z)dx

+oo
1 T
= SllulP =3 [ a(o)dz < 2Kl
0

1 T T
llull® = ARG Jul| ™+ = AMes|lq| 1

Vv



544 Dahmane Bouafia and Toufik Moussaoui

Fix large enough R > 0. Then for u € Hg ,(0,+00) such that [Ju|| > R we have

1 T
J(w) = 5[l = A(BM5 " + Mg ).

2
(KM T R4+ Ms]lq|| 1)

Note that if A < X := 5
p > R satisfying

, this gives the existence of a real number

Jw)>0 if ||u||=p, and inf J(u) >0, (2.2)
u€dB,(0)

and
J(u) > —=C if |u|| < p, for some C > 0.

Since J is a Fréchet diffgentiable functional, hence it is lower semicontinuous and
bounded from below on B,(0). We claim that

inf  J(u) <0. (2.3)
u€B,(0)
Indeed, let ¢; € H(}’p(O, +00) be the eigenfunction corresponding to the principal

eigenvalue of problem (1.2) as described in Lemma 1.8. Then for any fixed A in (O,X),
by (H3), for any D,

tl*T 2
7”ﬁ1+”1 : (2.4)
2Mle1ll751,4
there exists 0 < ep < 1 such that
flz,u) > Du" for 0<u<ep.
Note that since 0 < u < 1, therefore
f(z,u) > Du” implies F(x,u) > Du"t!. (2.5)

Since the function ¢; is continuous on [0, +00) and ¢1(0) = ¢1(+00) = 0, there exists
¢ > 0 such that sup,¢jo 1) 1() <€ Thus, for every 0 <t < 1/¢ (¢ near 0), owing
to (2.4), (2.5) and Lemma 1.8 we have

+oo

Iten) = SleilP = [ a@)F @ tor(@)ds
0

AN

+oo
t2 T T
< Sl =anet [ ga)et @)
0

t2
= §H<P1||2 — ADt" gy |74, < 0.

So (2.3) is proved.
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From (2.2) together with (2.3) we obtain

inf J(u) <0< inf J(u).
weB,(0) uedB,(0)

We define a distance on B,(0) as follows:
d(u,v) = [[u—v| for u,v € B,(0).

Clearly, B,(0) is a complete metric space. It is known that J € C*(B,(0),R), therefore
J is lower semicontinuous and bounded from below on B,(0). We put

ex =inf{J(u) : u € B,(0)}.

By the Ekeland variational principle (see Theorem 1.9) in B, (0), there is a minimizing
sequence (u,) C B,(0) for all n € N'\ {0} such that

1 1
ex < J(up) < inf J(uw) + = <ex+ —, (2.6)
u€B,(0) n n
_ 1
Vw € B,(0) : J(uyp) < J(w)—i—EHw—unH. (2.7)

If we put w = uy, + th in (2.7) for t > 0, h € Hj (0, +00) and n € N\ {0}, then
we get J(un) < J(uy + th) + Lt||h]|. Thus, we have

%[J(un) — J(un +th)] < %Ilhll»

and taking into account that J is a Fréchet differentiable functional we see that
(T (), B) < %HhH for all n € N\ {0},

Similarly, if we put w = u,, — th, then we get
(T (), h) < %th for all n € N\ {0}.

So

1
sup [(J'(un),h)| < = for alln € N\ {0}.
llpll<1 n

Therefore, we have
|7 (up)|| = 0 and J(u,) — cx as n — +oo,

where ¢y stands for the infimum of .J(u) on B, (0). From the above discussion, we know
that (u,) is a bounded (P.S)., sequence (see [11, Definition 2.3]), and B,(0) is a closed
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convex set, and from Corollary 1.7, then there exist uy € B,(0) C Hg ,(0,+00) and
a convergent subsequence still denoted by (u,,), such that

Up —> Uy, weakly in Hy (0, 400),
un(x) = up(z), for a.e. in (0,+00),
Uy — U, strongly in L} +1(0, +00).

Consequently, passing to the limit in (J'(u,),v) as n — +o00, we deduce that

“+oo “+o0
[ i@ @ds - [ @) feun@)o@ds = o
0 0

for all v € Hj ,(0,400), namely (J'(ux),v) = 0 for all v € Hj (0, +00).
Now it remains to show that J(uy) = c¢y. Indeed, by (2.1) and Lemma 1.3, for all
z € [0,4+00) and n € N\ {0}, we obtain

(@) |F (2, un(2))] < M3q(z) + Kq(z)|un(z)|"

< Mzq(x) + Kq(x)  sup  Jup(2)|™
z€[0,400)

< Msq(z) + Kq()||un |23

< <M3 + K(pm>r+l> q(z) € L'(0, 4+00).

Thus, by the Lebesgue dominated convergence theorem and (2.6), we conclude that

ey < ngrfoo J(un) = J(uy) < ex.

Hence, c is a critical value of the functional .J at the point uy in Hg ,(0,400). [
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