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Abstract. We describe the set of the scattering data for self-adjoint Sturm—-Liouville oper-
ators on the half-line with potentials belonging to L1(R4, p(z) dx), where p : Ry — R4 is
a monotonically nondecreasing function from some family %Z. In particular, #Z includes the
functions p(z) = (1 + «)® with a > 1.
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1. INTRODUCTION

In the Hilbert space La(Ry), we consider the Schrodinger operator generated by
the differential expression

t(f) =—f"+af
and the boundary condition

f(0)=0
with the potential ¢ belonging to the class

Q,:={¢€ Li(Ry,p(z)dz) | Imqg =0}, pe .

Here %, is the class of all monotonically nondecreasing weight functions p : Ry — R,
such that = < p(z) for all x > 0. In particular, the class %, includes the weight
function w(z) := x.

In the present paper, we study the problem of an efficient description of the
scattering data for operators from the class 7, := {1, | ¢ € Q,} (for more details on
the operator T, see Appendix A). For the class 7, such description was given by
V.A. Marchenko [3]. As shown in [4], the scattering data for operators from the class
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T can be efficiently described in terms of some functional Banach algebra introduced
below. Our aim is to describe the class Z of weight functions p € %, for which a result
analogous to that can be obtained.

To formulate the main result of the paper, let us recall some definitions. The scat-
tering function S = S, of the operator Tj, is defined as

where e(A) := e(),0) and e(A, -) is the Jost solution of the equation
—y +qy=Xy, XeC,:={\eC|Im\ >0}, (1.1)
i.e., a solution of (1.1) satisfying the asymptotics
e\ z) =™ (14+0(1), = — 4oo.

The spectrum of the operator T, with ¢ € Q, consists of the absolutely continuous
part filling the whole positive half-axis and the point spectrum consisting of a finite
number of negative simple eigenvalues (see, e.g., [3]). Let us enumerate these eigenvalues
in the ascending order of their moduli and denote them by —x?2, s =1,...,n, where
ks = ks(q) > 0. To each eigenvalue A = —x2, there correspond the eigenfunction

e(iks,-) and the norming constant ms = ms(q), which is defined as

1
2

oo
mg = /\e(ims,x)|2dx
0

The scattering data of the operator T;; are defined as the triple s4 := (Sy, Rq, Mq),
where £ 1= (ks(q))7=1, Mq = (Ms(q))7—;. If n =0, then s, := (5S4, 0,0). Let us put

Qp i={(k1,...,6n) ERL |0< Ky <+ <HKp}, meN.

For an arbitrary open set O C R, we denote by AC(O) the set of all functions
f : O — C that are absolutely continuous on each compact interval A C O. For
an arbitrary p € %y, let us denote by X, the Banach space consisting of functions
u € AC(R\ {0}) N L;(R) with the norm

lullx, == / Pl (@) de < .
R

Similarly, we denote by X;‘ and X the Banach spaces consisting of ui €
AC(R:)NLi(R4) and u— € AC(R_) N L1 (R_), respectively, with the norms

fusls = [ pllaluta(@)]do < o
Ry
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Let us agree to identify the spaces X;—L with the subspaces {f € X, | f|r, =0} in
the space X,. Then X, = X + X .
Recall that w(z) = « and w < p. Therefore, X, C X, and Xpi C XZF. As will be
shown in Section 2 of this paper, the space X, is continuously embedded in L; (R).
Consider the Banach space

B, ={al1+¢|aeC, peX,}
with the norm
lol + &lls, = [o + [lellx, - (1.2)
Here 1(z) =1 and @ is the Fourier transform of a function .

Definition 1.1. A weight function p € % is called regular if

dm:=§£p@xﬂp@)<al

Denote by Z the set of all regular functions p € %.

Theorem 1.2. Let p € Z. Then there is a norm on B, (see the formula (3.1) below)
equivalent to the norm (1.2) which turns B, into a unital commutative Banach algebra
in which the multiplication is the standard pointwise multiplication.

The main result of this paper is:

Theorem 1.3. Let p € %. Then the set {Sq | ¢ € Q,} coincides with the set
S, ={5€B,|S(c0) =1 and YA€ R S(A\)S(=X) =|S(\)| =1}

The following result follows from Theorem 1.3.

Corollary 1.4. Let p € Z and n € N(resp.n =0). A triple (S, R, m) (resp. (S,0,0)),
where S : R — C, & € Q,, m € R, is the scattering data of some T € T, if and only
if S €S, and [-indS/2] = n, where ind S := ((In.S)(c0) — (In S)(—00))/27i and [z] is
the integer part of x.

This paper is organized as follows. In Section 2, we study properties of the spaces X,
and their subspaces X;E. In Section 3, we consider properties of the algebra B, and
prove Theorem 1.2. In Section 4, we prove Theorem 1.3. Finally, in an Appendix,
we give the explicit definition of the operator 7.

2. PROPERTIES OF THE SPACES X,

Denote by || - ||, the norm in the space L,(R), p € [1,00], and denote by f * g the
convolution of functions f, g € L1(R), i.e.,

U*mmyz/fu—ogwa,xeR_
R
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It is well known that the convolution is a commutative operation in L;(R) and that

1F* gl < W flhllgl, £ € La(R),

and L
fxg9=19,
where @ is the Fourier transform of a function ¢, i.e.,
300 = / FMo(t)dt, AR
R

Let us denote by P, and P_ the projections in the space L;(R) acting by the
formulas

(Pef)(@) = x+(2)f(z), (P-f)(z):=x-(2)f(z), z€R,
where x4 (resp. x—) is the indicator function of the half-line R} (resp. of R_).
Remark 2.1. If f,g € L;(R) and P_f = P_g =0, then P_(f *xg) =0 and

z/2 z/2
(fxg)(z /fa:—t t)dt = /fx—t dt—l—/ gla —t)f(t)dt, x>0.

Clearly, P, and P_ are the projections in every space X, (p € %,). Moreover,
PLX,= Xpi and
1fllx, = 1Py fllx, + 1P-fllx,, fe€Xp (2.1)
Note that the reflection operator I', given by the formula
) (@) = f(-x), =z€R,
is an isometry of X, onto itself and maps the space X1 (X,) on X, (X ). Moreover,
Tf)«Tg)=T(f*g), [ g€ Li(R). (2.2)
Next, denote by A, the operator acting on the space Ly 1oc(R) by the formula
(Ap (@) = p(lz]) f(z), zeR.
Lemma 2.2. Let p € %y. Then

(i) the space X, is continuously embedded in Li(R) and
lully < lullx,, we Xp; (2:3)
(ii) the operator A, maps continuously the space X, into Loo(R) and

||APU’||OO < ||u||Xp7 u e Xp- (24)
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Proof. Clearly, it suffices to prove the estimates (2.3), (2.4), and only for u € X|.
Fix an arbitrary u € X 1. Since u(z) vanishes at +oc and thus

o) < [ W@ldr, ek,

we have - -
p@lu@)| < p(o) [ WO [ O]d, ceRy  (25)
/\u(gc)|dx < //|u’(t)|dtdx:/t|u'(t)\dt§ /p(t)|u’(t)|dt.
0 0 0 0
Using these estimates, we obtain (2.3) and (2.4). O

Consider the spaces
Y*:={f € X3 | f has compact support and f € C'(R+ U{0})}.
Lemma 2.3. Let p € %y. Then the set Y (resp. Y ) is everywhere dense in the
space X (resp. in X).

Proof. Obviously, it suffices to prove the statement for the set Y+ only. Take f € X;‘
and consider the sequence f,, := 0, f (n € N), where the functions 6,, : R — [0, 1] are
defined as

1, if 0<z<n,
Op(z) =< 2—x/n, if n<x<2n,
0, if <0 or x>2n.

It is easily seen that each function f,, belongs to Xp+, has compact support and

I£ = fallx, = [ o01£®) - fu0lde < [ plolr@lde+ - [ polso)dr
0 n n

It follows from (2.5) that

plf@l < [plrOld == n

Thus -
19 =, <2 [ plo)l /()]

and hence f, )ii fasn— oo.
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It remains to prove that every function u € X;r of compact support can be
approximated by elements from Y in the norm of X,. Let u € Xj be a function of
compact support. Fix an arbitrary non-negative function ¢ € C*°(R) for which

supp C [0, 1], / G(t)dt = 1.
R

Obviously, for an arbitrary € > 0, the function

U (.13) — { %I]Ru(t)(b(t—sm) dt, if =z >0,

0, if <0,

belongs to Y. Note that for z > 0,

1
u(a) — ue(x) = / (u(x) — u(z + e9)) B(y) dy,

and

plx) ——(u(z) —u(z + ey)) = v(z) — v(z +ey) + vz + ey) me(z, y),

where v(z) := p(x)u'(z) and me(z,y) :=1— p(g(ja)y). Thus

lu—uelx, < / / [o(2) — v(z +ey)|é(y) dy dz + / / oz + )| me (2, ) b(y) dy da
0 0 0 0

Since v € L1(R), 0 < m, < 1, and m.(z,y) — 0 as ¢ — 0 almost everywhere
X
on R, x [0,1], we conclude that u. =% u as ¢ — +0. O

Proposition 2.4. Let p € Z and ¢ = c(p). Then for an arbitrary f,g € X,, the con-
volution f x g belongs to X, and

1 *gllx, < 4ellfllx,llgllx, - (2.6)
Proof. Note that in view of Definition 1.1,
p(2x) < ep(x), x>0. (2.7)
1) Let f,g € Y*. Then (see Remark 2.1) (f % g)(z) = 0 for < 0 and

z/2 x/2

(f*g) (@) = f(z/2g(/2) + / f( — Hg(t)dt + / J@—Of)d, x>0,
0

0
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Using this fact and the estimate (2.7), we obtain that for z > 0
p(@)|(f * 9)' (@) < cp(x/2)|f(x/2)|lg(x/2)|
z/2

e / ol — O1f (x — )] |g() dt
s

+e / ol — 1)lg(x — 1) | F(B)] dt.
0

Therefore, taking into account (2.3) and (2.4), we get that for all f,g € YT,

1 *gllx, < 2¢l[Ap flloollgll + ell fllx, gl + ellglix, [l < 4ell flix, lgllx, . (2:8)

2) Since the reflection operator I' maps Y+ onto Y~ and is an isometry of the
spaces X, taking into account (2.2) and (2.8), we obtain that

1 *gllx, < delflx,lglx,. frge¥™. (2.9)
3) Let f € YT and g € Y. Then
0 0
p(@)|(f * 9)' ()] < plz) / /(@ — )] lg()] dt < / ol — 0)1f (& — 1) lg(t)| dt
for z > 0 and
pl2DI(f * 9)' ()] < pllz]) / 9/ — )] |F(0)]dt < / ol —tlg'(x — )] |f(1)]
0 0

for z < 0. Since ¢ > 1, using the estimate (2.3), we get
1f # gllx, < 1, Dol + gl 171 < 2elfllx, lgllx,, £ €Y+ gey™. (210)
4) Let f,ge YT @Y™ and fi := Py f, g+ :== Prg. Then
frg=[frxgy+[oxg-+ frxg-+ [ *g;4.
Taking into account (2.9), (2.10) and (2.1), we obtain
1f *gllx, < 4elflxlglx, frgev* @y, (2.11)

Let f,g € X, and u = f * g. In view of Lemma 2.3, there exist sequences (fy)nen
and (gn)nen in YT @Y™ converging in X, to f and g, respectively. It follows from
(2.11) that the sequence (fy * gn)nen is Cauchy in X, and

[l fr *gnHXp < 4Can||XpHgnHva n e N.

Since the space X, is complete and continuously embedded in L;(R), we conclude
that the sequence (fy, * gn)nen converges in X, to some u € X,. Thus, letting n — oo,
we get that || f * gl|x, < 4c||fl|x,|lgllx,, and the proof is complete. O
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3. PROPERTIES OF THE SPACES B,

Let us consider the classical Wiener algebra (see, e.g., [7,8]), i.e., the commutative
Banach algebra
A={al+p|aeC, pecLi(R)}

with the norm
a1+ @l[a = |a| + [[o]]1-

The multiplication in A is the usual pointwise multiplication and

If9lla <[ fllallglla, f.g€ A

It is known that every function f € A is continuous on R U {oc0}.
In the algebra A, we consider the closed subalgebras

At:={f=al+h |aeC, he Li(R), h|z_ =0},
AO = {f:h ‘ hGLl(R)}, AE)’_ Z:AomAJ’_.

Remark 3.1. Each function ¢ € AT is the restriction onto R of a function ® which
is analytic in the upper half-plane C, and continuous in C; U {co}. We will identify
the functions ¢ and .

The following statement follows from the well known results of Wiener (see, e.g.,
[2], Chapter VIII, 6) and is an analogue of classical Wiener’s lemma.

Lemma 3.2 (Wiener). An element f € A (f € AY) is invertible in _the algebra A
(resp., in AT) if and only if f does not vanish on R U {oo} (resp., in Cy U{cc}).
Remark 3.3. Since )?\p and X, are isometric, then )?\p and B, are Banach spaces.
It follows from (2.3) that the space X, is continuously embedded in Agy. Thus the
algebra B, is continuously embedded in A.

Proof of Theorem 1.2. Let p € # and f,g € X,. In view of Proposition 2.4, the
convolution f * g belongs to X,. Since f x g = f/g\, the product j?/g\ belongs to X,. Thus
X, is a complex algebra. By the definition of B,

B,=X,+{al|acC}

Hence B, is a complex algebra with unit 1.
Let ¢ be the constant from Definition 1.1. Obviously, the formula

[0l + @l := laf +4cllollx,, acCpeX, (3.1)

defines a norm on B, which is equivalent to the norm (1.2). We now show that B,
with the norm || - ||, is a Banach algebra with unit. Clearly, it suffices to prove that
the norm || - ||, satisfies the multiplicative inequality. Let f = a1+ @ and g = f1+ 1//;,
where o, 8 € C and ¢,9 € X,. Then

19 pe T lad¥llpe + 18] p.c-

lo.e < leIB] +18]lI0
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It follows from the inequality (2.6) that

o= delloxvlx, <16 |0lx, [Vllx, < [18]pel

[pc-

Thus N
1£9llp.c < (lal + 1815, )UBI+ 1¥llp.c) = 1 fllp.cllgllp.e

as claimed. O

In the algebra B, we consider the closed subalgebras B/} := B, N A*.
Lemma 3.4.

(i) Let p € Z and b be a rational function that has only simple zeros and does not
vanish on RU {oo}. Then 1/b € B,.

(ii) Let p € Z and uw € YT and, moreover, assume that the function g =1 + U does
not vanish in Cy U{oc}. Then 1/g € B}.

Proof. Let the conditions of (i) be satisfied. Then

n

1
s = eR
b(\) CO+ZA+aJ ’

where {c;}7_, C (C and {a;}7_; C C\ R. Thus, it suffices to show that the functions
fa(X) = (>\ + o)~ ! with a € C; belong to B}. Note that f, is the Fourier transform

of the function uy(z) := —ie*®x, (x). Since lir}rl p(x)e " = 0 for v > 0, then
T—+00
fa € X, .

Let the conditions of (ii) be satisfied. We consider the function v(z) := iu(z) +
u'(x) (x # 0). This function belongs to Ls(R), has compact support and

6(/\):ia(/\)+i/ Dy (2) de = (A+ 1)a(V) — i(u(+0) — u(—0)).
R

Thus
u(+0) —u(=0))  T(A)

i
) = Ati oo €6

Using this fact, we conclude that
a(\) =o(A7Y), A — oo,
uniformly in each strip {z € C | [Imz| < v} (v > 0). Thus

RPN 1oV
o~ TN TR

where the function h is analytic in some half-plane {z € C | Imz > —§} (6 > 0) and

=1-a(\) +h(N),

sup /\ x + iy)h(z + iy)|? dz < oco. (3.2)

ly|<d
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Therefore, it suffices to show that h € X,. It follows from (3.2) that h = @, where w
belongs to the Sobolev space W4 (R). From known properties of the Fourier transform
(see, e.g., [6, Chapter 5]), we obtain that

%/a%%ﬂm%m:/wﬁwmw+mﬁm7yeea&
R R

Using this fact and (3.2), we get that

ﬂw:/¥WW%W%<m,y€®®
R

Using the Cauchy—Schwarz inequality, we derive that
2

/6y|£||w/(§)| | < J(u)/eQ(y*“”E' d¢ <oo, 0<y<u<d.
R R

p
The proof is complete. O

Since 1151_1 p(x)e ¥ = 0 for y > 0, we conclude that w € X}, and hence h € XI.
Tr—r+00

Lemma 3.5. Let p € Z, ¢ = c(p), w € YT and ||ul|y < 1/4c. Then the function
g = 1+ is invertible in the algebra B} and, moreover, (see (3.1))

11/9llp.c < 4llg

[

Proof. Since ¢ > 1, we conclude that the element ¢ = 1 + @ is invertible in the
algebra A™ and, moreover, 1/g = 1 + 0, where v € L;(R) and

[ulla  _ _llulh
T—|fulla 1= lulh

< (3.3)

o0
-~ 1
vl =11/ = 1l|la < lalx = o
n=1

In view of the Wiener Lemma and Lemma 3.4, we obtain that v € X;r. Since
(1+2)(1+70) =1, we have that u + v + u * v = 0. Taking into account that u € Y+
and v € X5, we get the equality

u(z) +v(z)+ [ u(z—t)v(t)dt =0, x>0,
/

from which we can easily see that v € C'*[0, 00). We represent the convolution u * v in
the form w % v = wy + we, where (see Remark 2.1)
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and wy (z) = wa(z) = 0 for x < 0. It is clear that wy,ws € C1[0,00) and

z/2

wi(z) = %u(m/2)v(x/2) + / o (z—t)v(t)dt, = >0,

0
) z/2
wy(z) = 5u(m/2)v(x/2) + / o' (x = t)u(t)dt, = > 0.
0

Let us estimate the norm [Jw | x,. Taking into account the inequality (2.7), we have
that for an arbitrary = > 0,

z/2
p(o)w (z)] < §|P($/2)U($/2)HU($/2)| +e / plz = O (x = 1)lv(®)] dt.

Thus, using (2.4) and (3.3), we get
lwnllx, < cllullx, ol + cllullx, vl < 2¢fullx, ol < lullx, - (3-4)

Similarly, we obtain that

1
lwallx, < 2¢l|vllx, llull < 5llv]x,. (3.5)

It is easily seen that [|v|x, < [Jullx, + [|wi|lx, + [[wz]|x,. Taking into account (3.4)
and (3.5), we obtain that [|v|x, < 4[|ul/x,, so that

11/9llp,c = 1+4clv]lx, < 4(1 +4ellullx,) = 4lgllp.
as claimed. O

The main result of this section is following analogue of the Wiener Lemma.

Theorem 3.6. Let p € Z. Then g € B;‘ is invertible in the Banach algebra B;‘
if and only if g does not vanish in C, U {oco}.

Proof. Let g be invertible in the algebra Bf. Since B C A™, the element g is
invertible in the algebra A™*. Thus, in view of Wiener Lemma, g does not vanish
in C; U {oo}.

Conversely, let g € Bj not vanish in C; U {oo}. From Wiener Lemma, we can
conclude that 1/g € AT. Let us show that 1/g € B;’. Without loss of generality, we
can assume that g = 14, where u € X .

First, we consider the case |ju|l; < 1/4c. By Lemma 2.3, there exists a sequence
(tn)nen in YT converging to u in Xj. Since the space X, is continuously embedded
in L1 (R), we can assume that ||u,|1 < 1/4c for all n € N. Let g, := 1+ U, n € N.
Then the sequence (gn)nen converges to g in B;,“ and, in view of Lemma 3.5,

1/gn S B;i)—a ||1/gn||p,c S 4||gn||p,67 n e N
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Since the sequence (1/gn)nen is bounded in B}, we conclude (see, e.g., [5, Chapter 10])
that 1/g € B/.

Now we consider the general case when g =1+, u € X; and g does not vanish
in C; U {oo}. By Lemma 2.3, there exists a sequence (u,)nen in YT converging to u
in X;. Since X, is continuously embedded in L;(R), we can assume that all functions
gn =1+, (n € N) do not vanish in C; U {oo}, so that (see Lemma 3.4) 1/g,, € B}
for all n. Hence (see Theorem 1.2) the sequence f, := g/gn (n € N) belongs to the
space Bj and, obviously, converges to 1 in the space AT. Using this fact, we conclude
that f,, = 1 + Uy, where the sequence (v,,),en belongs to Xp+ and converges to zero
in L1 (R). Thus (see Lemma 3.5) 1/f, € B} for sufficiently large n. Let 1/f,, € B/
for some m € N. Since 1/g = 1/gm, - 1/ fm, in view of Theorem 1.2, we arrive at the
conclusion that 1/g € B;‘ and the proof is complete. O

4. PROOF OF THEOREM 1.3.

First, we prove two auxiliary Lemmas that are generalizations of the similar Lemmas
in [3, Chapter 3].

Lemma 4.1. Let p € %o and ¢ € L,(Ry) (r € [1,00]). If a function ¢ € X is such
that the function g is given by

g(z) := p(x) + /w(t)w(a: +t)dt, zeRy, (4.1)
0

belongs to the space X, then ¢ € X f.

Proof. Let g,v € X. Since X C Li(Ry), then (see [4], Lemma 3.1) ¢ € L1(Ry).
Taking into account the equalities

oo

amz—/wo%,wmz—/w@%,me&ﬂ

x

(4.1) can be represented as

o)== [ g(©de+ [ o(t) [ ¥(§+1)dgdt. (4.2)
oo fo]

Since - -
[ [wierorasa= [t ae< g,
0 0 0

applying Fubini’s theorem to the iterated integral in (4.2), we get

o0 o0

o) = [ (4@~ [ewwecroa)a ser,.

T 0
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Consequently, the function ¢ belongs to AC(R,) and

o0

¢'(z) =g'(z) - /@(t)w’(:v +8)dt, zeRy.
0

Thus
/mmw%was/ﬁumﬂme+//wmwm@+www+wMHm
0 0 0 0

and, therefore, @]+ < gllx+ + el [l x+ < oo. O

Lemma 4.2. Let p € %o and ¢ € L1(Ry) and i € X be related via

oo

o(x) +¢(z) + /cp(t)zb(:c +H)dt=0, zeR,. (4.3)
0
If the function f is given by the formula

FO) =1+ / o(t)erdt, MeR,
0

and f(0) = 0, then there exists g € B} such that f(\) =

)\j-i g()‘)

Proof. Let the conditions of the lemma be satisfied. From Lemma 4.1, it follows that
¢ € X.f and thus f € Bf. Let us show that the function

oo

h(z) = /<p(t) dt, zeRy,

x

belongs to X . Note that it follows from the condition f(0) = 0 that h(0) = —1.
Consider the auxiliary function

B(z) = / B () / V(e dedt, 7> 0. (4.4)
0 x4+t

Integrating by parts, we obtain that

o0 o0

O(z) = /1/)(5) d£+/h(t)1/1(x+t) dt. (4.5)

T 0
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On the other hand, it follows from (4.4) that

B(x) = — 70<p(t) 7¢(y + 1) dydt = / / Hdtdy.  (46)
0 T

Taking into account (4.3), (4.5) and (4.6), we get

oo

/ B(E)de + / B(typ(e + 1) dt = / (o) +(y)) dy
x 0

x

and, therefore,
o0

h(z) +/h(t)(f1/)(x +1¢)dt =0, zeR,.
0

Since h € Loo(Ry) and —¢p € Xf, in view of Lemma 4.1, we conclude that h € X |
Consequently, the function

/h yerdt, AeR,
0

belongs to B;r . Integrating by parts, we get

i) = [ 100 (e ) = -n0)+ [ el ar = £
0 0
Let g(\) := f(\) +ig1(\). Since g1, f € B, we deduce that g € B;}. Moreover,

AA+1)7g(N) = Agi(A) = (). O
Below, we list some facts from [3, Chapter 3|. Let ¢ € Q,, and

2) = / 9(©)dE, o1() = / €la(€)] e,

1°. The solution of the Jost equation (1.1) can be represented in the form
o0
e\, x) = ™ 4+ /K(x,t)ei)‘t dt, XeCy, zeRy,

where the kernel K is continuous on the set Q := {(z,t) € R? | 2 <t} and

K@ <o (S5 enln@), @oen
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2°. For A € R\ {0}, the estimate for the derivative of the Jost solution
le/(\, ) — iAe™| < o(x) exploi(z)}, 2 €Ry, (4.7)
holds, and the formula

e(—=A,0)e(A, x) —e(N, 0)e(—A, x)

w(Az) = ) , TeR,, (4.8)
defines a solution of the equation (1.1) satisfying
whz) =2(1+0(1)), w'(\z)=1+0(1), x— +0. (4.9)

3°. The function C; \ {0} 3 A +— e()) := e(},0) has a finite number of zeros which
are simple and lie on the imaginary line.

4°. The kernel K is a solution of the Marchenko equation

[oe]

Flx+1t)+ K(z,t) + /K(JL‘,f)F(E +1)dE=0, (x,t) €, (4.10)
with F' given by
F(z):= ste_"‘sx + Fs(x), x>0, (4.11)
s=1
where
Fo(a) = o /(1 _ SO AN, zeR. (4.12)
R

5°. The function F' belongs to the class AC(R,) and there exists a constant Cy > 0
such that

|F'(2z) — q(x)/4] < C1o?(x), x> 0. (4.13)

Lemma 4.3. Let ¢ € Q,, and the function F be given by formula (4.11). Then for
each p € % the function q belongs to the class Q, if and only if F € X:‘.

Proof. 1) Let p € #Z and q € Q,. Then for an arbitrary v > 0,

px)o(x) < / p(la(t)] dt < / POl dt, = >,

and
o0

7J(x) dz = / oo|q(t)| dtdz < /t|q(t)\ dt < oo.

ol

o0

v
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Thus

< (/p |dt) (/t|q(t)|dt) < . (4.14)

Y

It follows from (4.13) that
|[F'(22)] < lq(2)] + C10®(2), = >0.

Using this estimate and (2.7), we get

/ p(20)|F(22) | da < ¢ / p(a)|F (22)| de
0 0
< [ ala@lds+cCr [ paro@) s < o,
0 0

and hence F € X;f as claimed.
2) Let ¢ € Q, and F € X} Tt follows from (4.13) that

lq(z)| < 4|F'(2z)| + 4C10%(x), > 0. (4.15)

Let us fix v > 0 for which

T 1
t dt < 4.16
[tawiar< o (1.16)
5
and put
pn(z) ;== min{p(z),n +x}, x>0, neN.

Obviously, that p, € Z. Using the estimate (4.15), we obtain that for an arbitrary
neN,

/ pu(@)]g()] dz < 4 / po(22)|F'(22)] da + 4Ch / (@) o2 (z)de.  (4.17)

From (4.14) and (4.16), we deduce that

oo

161 [ o) 0*(a) do < 1€, / €lq(€)] e / pa®la(t)] < / w(Ola(0)] .

Y
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Thus, in view of (4.17), we get

oo oo oo

/ml um<s/}4muﬁ@@mxgg/m@w%mmx

ol bl 0

Using the monotone convergence theorem, we have

o0 o}

[ rtala@lde <4 [ o) F @) do < o,

o 0
and hence q € Q,. O

Proof of Theorem 1.3. First, we prove sufficiency. Let p € #Z, S € S, and n :=
[—ind S/2]. Since S, C S,,, in view of the results of [4], we conclude that S is the
scattering function for some operator T, with ¢ € Q.. Since S € S,, the function
Fg (see (4.12)) belongs to the space X,. Therefore, the function F, given by the
formula (4.11), belongs to the space X;r. In view of Lemma 4.3, we have that ¢ € Q,
so that every function S € S, is the scattering function of some operator 7, with
q € Q, as claimed.

Let us prove necessity. Let ¢ € Q,. We need to prove that S, € S,. Since ¢ € Q,,
in view of Lemma 4.3, we conclude that F € X/‘f. It follows from the Marchenko
equation (4.10) that

(oo}
F(t) +K0t+/K F(+t)d¢=0, t>0.
0

Thus in view of Lemma 4.1 the function Ry > ¢ — K(0,t) belongs to the space X;f
and, therefore, the Jost function

1+/K Yerde, \eCy,
0

belongs to the space B .

1) Suppose that €(0) # 0. Then, in view of 3°, the function e has a finite number
of zeros in C4 U {oo}. All these zeros are simple and can be represented as z = iKg,
where {r;}7_; C R. Let us consider the Blaschke product

i A — ilij
b(\) = st T i (4.18)
and the functions \ \
0= = 5 AeR
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It follows from Lemma 3.4 and Theorem 1.2 that f,g € B,. Obviously, g € A*, and
thus g € Bj. Moreover, the function g does not vanish in C, U {co}. Therefore, in
view of Theorem 3.6, we obtain that 1/g € B;r. Since S = f/g and B, is an algebra,
we deduce that S € B,,.

2) Suppose that e(0) = 0. Taking into account (4.10) and Lemma 4.2, we get that
e(N) = /\%rih()\), where h € B}. Let us show that h(0) # 0. It follows from (4.7)
that there exists C' > 0 such that |e/(\, z)| < C for z € Ry and A € [—1,1]\ {0}. Thus
(see (4.8))

WA 2)] < C(R(=N)]+ [h(N]), 2z €Ry, A€ [-1,1]\ {0}
Therefore, taking into account (4.9), we have

L= lim [\ 2)] < C(A(=A)]+ R, A€ [=1,1]\ {0}

Since the function h is continuous, we obtain that h(0) # 0. In view of 3°, the
function h has a finite number of zeros in C; U {oco}. All these zeros are simple and
can be represented as z = ir;, where {x;}7_; C R,. Let us consider the functions

FOV = ifi hb((s) g0 = Z((i)) AeR,

where b is the Blaschke product given by the formula (4.18). It follows from Lemma 3.4
and Theorem 1.2 that f,g € B,. Obviously, g € B:; and the function g does not

vanish in C; U {oc}. It follows from Theorem 3.6 that 1/g € B,. Since S = f/g and
B, is an algebra, we arrive at the conclusion that S € B,. Therefore, the proof is
complete. O

APPENDIX

A. OPERATOR T,

In this appendix, we will give the explicit definition of the operator Tj,.

We denote by C§° the linear space of all functions on the half-line with compact
support that are infinitely often differentiable. Also we denote by W4 the Sobolev
space of functions f € ACJ[0, c0) for which

oo

£V = [1F@F + |F @) do < o

0

Let ¢ be a locally integrable real-valued function on Ry and

o0

/m\q(x)| dz < oo. (A1)

0
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We consider the symmetric sesqulinear forms ty and g that are defined on the common
domain W3, := {f € W3 | f(0) = 0} by the formulas

Wl g = / f@) @ de, qlf.g) = / 4(2)f(z) 9(z) da.

Note that the form ¢, is nonnegative and closed (see [1], Ch.VI-§1.3). We will show that
the form q is to-bounded (see [1], Ch.VI-§1.6). We represent the function ¢ (see (A.1))
as the sum ¢; + ¢2, where ¢; € C§° and ¢» satisfies the following condition:

oo

/x|q2(x)| dz <b< 1
0

Using the Cauchy—Schwarz inequality, we get that for f € W21)0

x 2 x
f@)P =] f@®)dt) <z [[fOPd<ztolf], =Ry,
[rom) =]
where to[f] := to[f, f]. Thus for all f € Wy

lalf1] S/Iql(fv)llf(w)Ide+/IqQ(:v)l\f(x)lzdxSaHf||2+bfo[f],
0 0

where a := max |q;(z)|. Consequently, the form q is to-bounded with b < 1. Therefore
(see [1, Chapter VI, §1.6]), the symmetric form t =ty + s is bounded from below and
closed. By the first representation theorem (see [1, Chapter VI, §2.1]), there exists
the unique self-adjoint operator T}, that is associated with t. Its domain consists of
functions f € Wy, for which there exists h € Ly(R ) such that

tf,9l=(hlg), g€Way. (A.2)
If (A.2) holds, then T, f = h. Let f € domT,. Then for some h € La(R4)
(f'lg)=(h-aflg), geCq.

Thus we have that —f” = h — ¢f in the sense of distribution theory. It means that
f' € AC(0,00) and (—f" 4+ qf) = h € L3(0, 00). Therefore,

domT, := {f € Wy | f' € AC(0,00), (—f"+qf) € La(Ry)}

and
T,f =—f"+qf, f€domT,.
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