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Abstract. Chebyshev subspaces of L(IT,(T) are studied. A construction of a k-dimensional
Chebyshev (not interpolating) subspace is given.
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1. INTRODUCTION

Let K be the field of real or complex numbers and let (X, || - ||) be a normed space
over K. Let extSx+ denote the set of all extreme points of Sx«, where Sx~ is the
unit sphere in X*.

For any z € X, we put

E(z) = {f € extSx. : f(z) = ||} (1)
and with any Y C X we associate the set
Py()={y €Y : |l —y| = dist(z,Y)}.

Note that, by the Hahn-Banach and Krein-Milman Theorems, E(z) # (.

A linear subspace Y C X is called a Chebyshev subspace if for any x € X the set
Py (z) contains one element only.

If Y is a linear subspace of X, then the following holds

Theorem 1 ([3]). Assume X is a normed space, Y C X is its linear subspace, and let
x € X\Y. Then yo € Py (x) if and only if for every y € Y there exists f € E(x —yo)
with ref(y) < 0.

Let us recall a well-known definition
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Definition 1 (see e.g. [7]). An element yo € Y is called a strongly unique best
approximation for x € X if and only if there exists » > 0 such that for every y € Y,

lz =yl = [lz = yoll + 7lly — oll-

The largest constant r satisfying the above inequality is called the strong unicity
constant. There exist two main applications of the strong unicity constant:

1. The error estimate of the Remez algorithm (see e.g. [10]).
2. The Lipschitz continuity of the best approximation mapping at xo (assuming that
there exists a strongly unique best approximation to xg) (see e.g. [5,8,9]).

The following holds true:

Theorem 2 ([14]). Let x € X \Y and let Y be a linear subspace of X. Then yo € Y
is a strongly unique best approximation for x with a constant r > 0 if and only if for
every y € Y there exists f € E(x — yo) with ref(y) < —r|lyl.

In this paper, we consider X = L(I7,1), n > 1 (the space of all linear and
continuous operators from [T to I} equipped with the operator norm denoted by
|+ lop), where

n
n = {x: (21,72, ., 20) ER™ ¢ lzf| = | | }
i=1

It is known [11] that for any operator A € L(I7,1}):

Allop, = Azx||.
4oy = s 421

Since (see [1])

EItSl;L = {ei = ((511',(521‘, ceey (57”), i = 1, 2, ce ,n},

then for any A = [a;;]i j=1,2,...n € L(I},1}), we obtain

n n
| Allop :max{z lai |,y > | ain | }
=1 i=1

The aim of this paper is to show that, for any k < n, there exists a k-dimensional
Chebyshev subspace of L(I},1}) which is not an interpolating subspace.

This result is quite different from the result obtained for the space L(I7,co) (see
[6]), where any finite dimensional Chebyshev subspace is an interpolating subspace.
Additionally, as the space L(I7,17) is a finite dimensional space, we get (see [13])
that the unicity of best approximation is equivalent to the strong unicity of best
approximation.
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2. ONE-DIMENSIONAL CHEBYSHEV SUBSPACES OF L(I7,17)

Let an operator A € L(I7,17) be represented by a matrix [a;;]; j=1,2
[4,12])

n- Since (see

.....

extS -y i) = extS ® extSyy, (2)
where
= {:c = (x1,22,...,25) : ||z|] = ie{{l,lzz??f,n} | z; | }
we get
extSe-qnimy ={r®e; 1 j=12,...,n},
where e; = (014,025,.--,0n5), j = 1,2,...,n, and = = (21,%2,...,%y), T; €

{-1,1}, i =1,2,...,n. So, for any operator A € L(I},I}) represented by a matrix
[aij]i,j:Lg _____ ns there iS

(z@e)(A) =) zia.
=1

Since E(A) # (), then by (1) and (2), we get that there exist z € [ and j €
{1,2,...,n} such that
[Allop = (z ® €5)(A).

Let us recall [2] that a k-dimensional subspace V of the normed space X is called
an interpolating subspace if and only if for any linearly independent f1, fo,..., fx €
extSx+ and for any v € V, the following holds: if f;(v) =0, i =1,2,...,k, then
v = 0. It is known [2] that any finite dimensional interpolating subspace is a finite
dimensional Chebyshev subspace.

Theorem 3. Let V C L(IF,1}) be a k-dimensional (k < n?) subspace such thatV =
lin{Vi,Va, ..., Vic}, Vi € LUATIY), m = 1,2,...,k and V1, Va,..., Vi are linearly
independent. For m € {1,2,...,k}, let the operator Vi, be represented by the matric
[(Vm)ijlij=1,2,...n.- ThenV is an interpolating subspace if and only if

(@ ®@e)(V1) . . (@7 @e;)(V)
. .o : 20,
(xjk ® e]k)(vl) ©o (xjk ® ejk)(vk)
where (7' ® ej,), (27" ® e;,) € extSpwqnny are linearly independent for I # r,
lL,re{l,2,...,k}.

Proof. This is a consequence of (2), the definition of a k-dimensional interpolating
subspace and the theory of linear equations. O

Example 1. Let V. € L(I},1}) be represented by a matric [’Uij]i’j:LQ _____ n, Where
vi;=7,0;; =0,1=2,...,n, j=1,2,...,n. ThenV =lin{V'} is a one-dimensional
interpolating subspace.
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Theorem 4. Let V = lin{V}, V € L(T,1}), n> 1, V #0, V = [vlij=1,2,...n-
V is a Chebyshev subspace of L(IT,1}) if and only if V is an interpolating subspace.

Proof. Let us assume that V is not an interpolating subspace. Hence, there exists
F=ah @i, jo € (1,20}, 230 = ((@90)1, (270)s,..., (90),), (@); € {~1,1},
i=1,2,...,n, such that f(V)=0. Let us define A = [a;;]; j=12,..n as follows:

A5, = —(Ijo)i, Qai; = O, j;éjo, j S {1,2,...,’[7,}, 1= 1,2,...,?’7,.

Note that ||A|| = n. Let us consider an operator A — aV, where o € R. For small
enough a we get |4 — aV|| = ||A||. The proof is complete. O

3. k-DIMENSIONAL CHEBYSHEV SUBSPACES OF L(I7,17)

Theorem 5. Let V = lin{Vi,Va,...,Vi.} C LYY, k< n?, Vi, € LU, 1}) (where

Vin are linearly independent for m = 1,2,...,k) be a k-dimensional subspace of
LA 07). Let Vi, m € {1,2,...,k} be represented by a matric [(Vm)ijlij=1,2,...n-
If V is a Chebyshev subspace, then vectors wy,ws, ..., wy, where

w1 = (fl(vl)a RS fl(vk))a
w2 :(fQ(Vl)’va(Vk))’ (3)
whp = (fa(V1), - fn(Vk))

are linearly independent for any fi,..., fn € extSc-qn iy such that fp, = zIm @ €l
m = 1,2,...,h, jm # jr for m # 1, where h = k if dimV =k < n, h = n if
n < dimV =k < n?.

Proof. Let us assume that (3) does not hold. From this assumption there follows
that there exist fi,..., fn € extSc«qn ip) such that f,,, =2/ ®e;,, m=1,2,...,h,

where j,, # j. for m # r and wy,ws,...,w, are linearly dependent. Hence, there
exists [ € {1,2,...,h} and there exist v, € R, p € {1,2,...,h}, such that
(i), -, ilVe)) = > W fp(Vi), s (Vi) (4)

pe{1,2,...,h}, p#l

From (4) we obtain:

filVin) = S wh(Vim), m=1,2,... k.

pe{1,2,...,h}, p#l

We shall construct an operator A € L(I},1}) which has more than one best appro-

ximation in V. Let [a;;]i j=1,2,...» be a matrix representation for A. If in (4), v, <0
for some p € {1,2,...,h}, p#1, we put

iz, = (xj”)i, 1=1,2,...,n.
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If in (4), v, > 0 for some p € {1,2,...,h}, p # 1, we put
aij, = —(277);, i=1,2,...,n.

Additionally, we put .
aij, = (@);, i=12,...,n

Ifj#jp, 5€{1,2,...,n}, we put a;; =0, ¢ =1,2,...,n. Let us consider the
operator

Alar, gy ) = A— (Vi +agVo + ...+ Vi), where aj,a9,...,ar € R.

For (ay,as,...,ax) = (0,0,...,0) there is ||A(0,0,...,0)| = ||A]]. As we have
assumed that (3) does not hold, we conclude that there exists (ay,ag,...,ar) #
(0,0,...,0) such that

[A(e; @z, ) || = [ Al

For «; small enough for i = 1,2, ...k, the norm of the operator A(ay,as,...,qx) is
equal to the largest of the following values:

[A]] = fea fp (Vi) + a2 fp(Va) + . + ar fp (V)]
for some p € {1,2,...,h}, p# 1 for which v, < 0;

[l + [ea fp (Vi) + a2 fp(Va) + . + an fp(Vi)],
for some p € {1,2,...,h}, p# 1 for which v, > 0; or

Al = [oa fitVh) + o fi(Va) + ... + o fi(Vi)] =
=Al -1 > w@fo(Vi) + ot anfp (Vi) (5)

pe{1,2,...h}, pAl
From the above, if for some af,a3,...,a we want to obtain
A}, 03, .., o) | < [,
we need the inequality
[ fp(V1) + aafp(Va) + - + awfp(Vi)] > 0
to hold for p € {1,2,...,h}, p # for which v, < 0, and
[ fo(Vi) + aafp (Vo) + ...+ arfp(Vi)] <0
for p € {1,2,...,h}, p # 1 for which 7, > 0. But then, by (5), we get

IA(ed, a3, ..., aR)]| > [|A].
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Note that (3) is satisfied for any k-dimensional interpolating subspace. But the
condition presented in Theorem 5 is not sufficient for a k-dimensional subspace (k > 2)
to be Chebyshev.

Example 2. Let V = lin{V1, Va}, where

12 31
i U R

Note that (3) is satisfied for V = lin{V1,Va}. Let

0 O
A= [100 o} '
Then ||A|| = 100. Let

-] — 30[2 —20&1 — Qg

A(Oq, 042) = A — (041‘/1 + 042V2) = |: 100 0

Hence, for (a1,a2) = (0,0), we get

[ Afar )l = Al =100 = inf_ [ A(as,az)].

But for (a1,02) = (3,~1) we get || A(ax, az)|| = | All = 100.

Now we shall construct a k-dimensional Chebyshev subspace of £(I7,1}) which is

not an interpolating subspace.

Theorem 6. Let Vi, Va,..., Vi € LUIT,1T), k <n, n>1 be linearly independent and
let Vi, m € {1,2,...,k} be represented by a matriz

ool oco o

where vy, # 0 for any j = 1,2,...,n, m = 1,2,...,k. V(mq,...,m,) =
lin{Viny, - s Vi b, ma,...,mp € {1,2,...,k}, my, # mgy, p# q is an r-dimensional
Chebyshev subspace of L(IE, 1) for any 1 <r <k if and only if

forall 1<r<k, 1<j1<jo<...<jr<m,

1<iy <ig<...<i,<k, x',2% ... 2" €{~1,1}" there is

det[(z™ )i, jlm=1,2,....r, 1=1,2,....r # 0. (6)



Best approximation in Chebyshev subspaces of L(IT,IT) 63

Proof. Let us assume that (6) holds. If r = 1, then V(my) = lin{Vin, }, m1 €
{1,2,...,k} is a Chebyshev subspace, because it is an interpolating subspace. Let us
now assume that for 1 < r < k the space

Ve :=V(my,...,mp) =Uin{Viyy, .-, Vi, b
mi,...,My € {1727"'7k}7 mp#mqa p#q
is a Chebyshev subspace of L(I,1}) and let
Veg1 :=V(my, ... omp,mppr) = in{ Vi oo, Vin, Vi, 0 1
mi,...,mp € {1,2,.. .k}, mey1 €{1,2,... k}\ {ma,....,m;}

be not a Chebyshev subspace. From this we conclude that there exists an operator
A€ L(IT,17) such that § Py, (A) > 1. We can assume that 0, W € Py, ,, (A), where
W #0. Let U :={j € {1,2,...,n} : [[Acel| = ||Al|}, where e; = (61;, ... ,0n;). For
any j € U, we put

E, ={z=(z1,22,...,2n) : v; €{-1,1}, i=1,2,...,n : (zoA); =|A|}.

Since 0, W € Py, ., (A), we conclude that for j € U and € E; the following holds
(z®e;)(W) = 0. (7)
Let
U ={jeld :JzcE; : (x@e;)(W) =0}
Since 0 € Py, (A), then U; # . Now we shall show that

Viel I zeE; : (xe;)(W)=0. (8)
Let us assume that (8) does not hold. Let z # y, x,y € E; be such that
(z@e))(W) =0, (y®e;)(W)=0.
Without loss of generality, we may assume that

=Y, t=12,....,p, p<r+1, z,=-vy;, t=p+Lp+2....,r+1.

Then we get
P r4+1
in(w)ij = 0, Z xi(w)ij =0. (9)
i=1 i=p+1

Since x; = —yi, t=p+1L,p+2,...,r+1, weobtaina;; =0, e =p+1,...,r+ 1.
By (7) there follows:

T

Z i (w)ij — Trg1(w)rg1; >0,
i=p+1
T
Z —2i(w)ij + Tpp1(W)rt1; > 0,
i=p+1
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and then

Z zi(w)ij = Trp1(W)rt1y-

i=p+1
Applying (9) we conclude that z,11(w),11; = 0 and then (w),11; = 0. Hence W €
Ve = lin{Vin,y ..., Vi, b Additionally,0 € V, := lin{Vi,,,...,Vin,.}. But V, is a
Chebyshev subspace and hence (8) is proved. We shall show that there exists ag > 0
such that for any 0 < a < g the following holds:

B(A—aW)={e@¢; : jelh, @0e,)(W)=0, (2@e,)(A) =] Al}.  (10)

Let f ¢ E(A). Then there exist cg > 0, b > 0 such that for any 0 < o < g the
following holds:
flA=aW) <b <Al < [|A = aW|.

Let f € E(A—aW), f(A) =||4|. If f(W) > 0, we get
[A—aW| = f(A—aW) = [[A| - af (W) < [|A].
From the above we conclude that if f € E(A — aW), then f € E(A), f(W) =0.

Since

A = aW|| = ||A] = dist(A, V1),
(10) is proved. Since aW € Py, (A) we obtain (see [13]):

q
J1<qg<r+2, IA,..., 7 >0, Z)\i:L
=1

such that .

Z Ai(z? ® eji)|V7~+1 =0, (11)
i=1
and (271 ®e;,)(A—aW) = [|[A—aW]|. By (8) we get j; # ji, i #1, i,l €{1,2,...,q}.
Let us take the least ¢ such that 1 < ¢ < r+2 and (11) is satisfied. If ¢ = r + 2, then
(see [15]) we get that aW is a strongly unique best approximation for A in V4. If
1 < q <r+1, we have a contradiction with (6).
Let us assume that V, = lin{V,,,,,..., Vin, .}, ma,...,m, € {1,2,...,k}, my # my,
p # ¢ is a Chebyshev subspace of L(I},1}) for any 1 < r < k and let (6) does not
hold. Hence, there exist

1<7 <k, i1,ocrip, jioogr €41,2,...,0}, 2t 2%, . 2" € {~1,1}"

such that
det[(z™)1vi,, ) m=1.2,...r, 1=1,2,...r = 0.

From this we conclude that there exist

Ao A €R DDA >0

=1
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such that .
> M@ @)y, =0. (12)
1=1

Without loss of generality, we may assume that \; > 0, [ = 1,2,...,r. Let us now

define an operator B = [b;j]i j=1,2,....n as follows:
bijl = sgn(le)i, bij = 0, j 75]'[, le {1,2, . ,7‘}, 1 E {1,2, A ,n}.

Then (27! ®ej,)(B) = ||B||, | = 1,2,...,r. By (12), there follows that 0 € Py,_(B)
and _
dim span{z’' ® e;,|V,} <,

where dim)V), = r. It means that there exists V' € V,. \ {0} such that
(27 @e;)(V)=0,1=1,2,...,r.
Note that if f ¢ E(B), then there exist ag > 0, b > 0 such that for any o € (0, ap):
f(B=aV) < ||B-aV].
From the above we conclude that ||B — oV = || B|. O

Corollary 1. Let V C L(I7,1}) be a k-dimensional subspace from Theorem 6. Any
operator A € L(IT,17) has a unique best approzimation in V if and only if A has
a strongly unique best approximation in V.

Proof. Tt is a consequence of [13] and the fact that £(I7,17) is a finite dimensional
space. O]

Example 3. We shall construct a k-dimensional Chebyshev subspace V C
LAY, k < mn. The construction is as follows. Let 0 < t; < tg < ... < tp_1.
We put Vi, = [(vm)ijlij=1,2,...o m=1,2,....k —1 as follows:

(Um)mj:tzm 1=12,...,n,
(Um)ij =0, i#m, j=1,2,...,n.

Let us assume that the subspace Vi_1 := lin{V1,Va, ..., Vk_1} satisfies formula (6)
forany 1 < r < k—1. We shall construct an operator Vi, € L(IT,1}) such that
Vi = lin{V1, Va, ..., Vik_1,Vi} satisfies formula (6) for any 1 < r <k, which means
that Vi = lin{V1,Va,...,Vi_1,Vi} is a Chebyshev subspace of L(IT,I}). We are
looking for such x € R that, for anyr € {1,2,... k}, there holds:

149 T4
3/17537111 B yﬂ‘gnl
1 o . L . P
W(x7y7"'7y7.717"'7.7Tam17~~~m7‘71) = 7&07
1 45 L
yrflt'rrl},,.,l - . yrfltw;,.,l
Yo o yrxl
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for any ji,j2,...,jr € {1,2,...,n}, y'...,y" € {=1,1}", mi,ma,...,m,_1 €
1,2,... k- 1}.
By the assumption, W (z,y,...,y" J1,- s JryM1,...myr_1) is not identically

equal to zero. Hence, the set of roots of W(x,y', .. ,y" 51, vy e, M1y- - Mp1)
is finite for arbitrary fized y',...,y", 51,1 GrsM1,...My_1. Hence, the set of
roots of W (x,yb, ooy Gty e es s My oo oM 1)y YL e YT Gl ey Gy MUy oo o My 08

countable. But R is not countable, so there exists © € R which satisfies (13).
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