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Abstract. A hierarchy of Lax-type flows on a dual space to the centrally extended Lie
algebra of integral-differential operators with matrix-valued coefficients is considered. By
means of a specially constructed Backlund transformation the Hamiltonian representations
for these flows coupled with suitable eigenfunctions and adjoint eigenfunctions evolutions of
associated spectral problems are obtained. The Hamiltonian description of the corresponding
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1. INTRODUCTION

For the first time Lax representations [8] for integrable (1+41)-dimensional nonlinear
dynamical system hierarchies [4,13,18] on functional manifolds were interpreted as
Hamiltonian flows on a dual space to the Lie algebra of integral-differential opera-
tors in [1]. An algebraic method for constructing Lax integrable (2+1)-dimensional
nonlinear dynamical systems by means of two commuting flows from the hierarchy
on the suitable coadjoint action orbit of an integral-differential operator with an
infinite integral part was proposed in [5,27]. The relation of some Lax integrable
(141)- and (241)-dimensional systems with corresponding hierarchies of Hamiltonian
flows on dual spaces to centrally extended by means of the standard Maurer-Cartan
two-cocycle Lie algebras was intensively investigated in [6,19,22,23].

Every Hamiltonian flow of such a type on a dual space either to the operator
Lie algebra or to its central extension can be written as a compatibility condition of
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the spectral relationship for the corresponding integral-differential operator and the
suitable eigenfunction evolution. If the above spectral relationship admits a finite set
of eigenvalues, an important problem of finding the Hamiltonian representation for
the Lax-type hierarchy coupled with the evolutions of eigenfunctions and appropriate
adjoint eigenfunctions naturally arises. It was partly solved in the papers [7,16,17,
20,25] for the Lie algebra of integral-differential operators and its supergeneralization
by means of the variational Casimir functionals property under some Lie-Backlund
transformation.

Section 2 deals with a general Lie-algebraic scheme for constructing a hierarchy
of Lax-type integrable flows as Hamiltonian ones on a dual space to the centrally
extended Lie algebra of integral-differential operators with matrix-valued coefficients.

In section 3 the Hamiltonian structure for the related coupled Lax-type hierarchy is
obtained by means of the Backlund transfrmation technique developed in [7,17,20,25].

In section 4 the corresponding hierarchies of additional or so called “ghost” sym-
metries [2,7,12] for the coupled Lax-type flows are stated to be Hamiltonian too.
It is established that the additional hierarchy of Hamiltonian flows is generated by
the Poisson structure being equal to the tensor product of the R-deformed canonical
Lie-Poisson bracket [4,14,17,20,25,28] and the standard Poisson bracket on the related
eigenfuction and adjoint eigenfunction space [3,17,20,25], and the corresponding nat-
ural powers of a suitable eigenvalue are their Hamiltonian functions. The method for
introducing another independent variable into (2+1)-dimensional nonlinear dynamical
systems by use of the additional symmetries, which preserves their Lax integrability,
is proposed and an integrable (3 + 1)-dimensional analog of the Davey-Stewartson
system [26,29] is constructed.

2. THE LIE-ALGEBRAIC STRUCTURE OF LAX-TYPE INTEGRABLE
(24+1)-DIMENSIONAL DYNAMICAL SYSTEMS

Let G := C°(S x S;G) be a Lie algebra of smooth mappings taking values in a
semi-simple matrix Lie algebra G. By means of G one constructs a Lie algebra G of
matrix integral-differential operators:

a:=&M+ Zajfj,

j<m

where a; € G.j<m,jeZ meN, the symbol £ := 0/0x denotes the differentiation
with respect to the independent variable x € R/27Z ~ S. The Lie structure in G is
defined as

[a,b] ;==aob—boa

forall a, b € C;, where “o” is the composition of integral-differential operators taking
the form:
1 0% 9*b
b:= — .
aobi= ), 9E Do

aEZy
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On the Lie algebra G there exists the ad-invariant nondegerated symmetric bilinear
form:

2m 2m
(a,b) := / / Tr(aob) dxdy, (1)
o Jo
where T'r-operation for all @ € G is given by the expression:
Tra:=resgtra=tra_q,

and tr is the matrix trace. With use of scalar product (1) the Lie algebra G is

transformed into a metrizable one. As a consequence, its dual linear space of matrix

integral-differential operators ,C';* is identified with the Lie algebra, that is, _C';* ~ Q
The linear subspaces Q+ C G and G_ C G such that

n(a)—1
g+ =N aci= gn(&) + Z a‘jfj Paj € ga.] = O,?’l(d) )
=0
’ (2)
G :={b:= Zf_(j+1)bj 1 b € G.jelyy,
§=0

are Lie subalgebras in _C’; and Q = _C';+ &5 _C’;,. Owing to splitting Q into thq direct sum
of its Lie subalgebras (2), one can construct a Lie-Poisson structure on G* by use of
the special linear endomorphism R of G [4, 14, 28]:

R:=(P.—P_)/2, PiG:=G:, PiGy=0.

The central extended Lie commutator on C;c = Q @ C is given as [6,19,23]:

[(a,a), (b,B)] == ([a,b],w(a, B))’ (3)

where «, 8 € C, being generated by means of the standard Maurer-Cartan two-cocycle
on G:
w(a,b) := (a,[0/0y,b]),

where 9/0y is the differentiation with respect to the independent variable y € S and
[0/0y,b] := 0b/0y. Commutator (3) can be deformed by means of the endomorphism
R of G defined above:

[(a, @), (b, B)|r := ([a, blr, wr(a, b)), (4)
where the R-commutator takes the form:
[a,b]r := [Ra,b] + [a, Rb],
and the R-deformed two-cocycle is determined in the following way:

w(a,b)g :=w(Ra,b) +w(a,RD) .
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For any Frechet smooth functionals v, u € D(gAz‘) the Lie-Poisson bracket on QZ related
with commutator (4) and the extended scalar product:

((a’a)v (b, /6)) = (a’ b) +af,

where a,b € G and a, 8 € C, is given as

{'77 M}’R (l) = (I, [V’}/(Z), v:u(l)]R) + CWR(V'V(Z)v V,u(l)), (5)

where [ € G* and ¢ € C. Based on scalar product (1) the gradient V~(l) € G of some

functional y € D(G*) at the point [ € G* is naturally defined as
ay(1) = (VA(), 01) .

(&
Construct now the Casimir functionals ~, € I(G*), n € N, as

27 27
(1) := /0 /O Tr (€"ly)dxdy, (6)

being invariant with respect to Ad*-action of the corresponding to Gj abstract Lie
group G. and satisfying the following condition [22]

(I—¢c0/0y)o® =P o (lg —cd/Dy) (7)

at a point [ € G*. In (7)
lo=¢m"+> ¢¢ €6,
j<m

where ¢; € G, [€,¢;] =0, j <m, j € Z and m €N,

=1+) &L,

r>0

where ®, € G, r € N, and G_ “means the suitable abstract Lie group [5, 6, 22],
generated by the Lie subalgebra G_. As in [22] one can show that condition (7) is
equivalent to the following relationship

[l - Ca/aya V'Yn(l)] =0, (8)

for all n € N. In the case of ¢ = 0 the Casimir functionals take Adler’s form [1,17].

Lie-Poisson bracket (5) generates the hierarchy of Hamiltonian dynamical systems
on G: with Casimir functionals v, € I(G}), n € N, as Hamiltonian functions taking
the form:

di/dt, := [RV(1), 1 = cd/dy) = [(Vyn(l))1, | — cO/Dy] . 9)

where the subscript “4” denotes a differential part of the corresponding integral-diffe-
rential operator. The latter equation is equivalent to the usual commutator Lax-type
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representation. It is easy to verify that for every n € N the above relationship is the
compatibility condition of the following system of linear integral-differential equations:

(I =cd/Oy)f = Af, (10)

and
df fdt, = (Vyn(l))+ £, (11)

where A € C is a spectral parameter, f € W := W(S x S;H) and H is a matrix
representation space of the Lie algebra G. The dynamical system related to (11) on
the adjoint function space W* := W*(S x S; H) takes the form:

df* [dtn = =(Vyn (1))} 17, (12)
where f* € W* is a solution of the adjoint spectral relationship
(" +cd/Oy) f* = v, (13)

with a spectral parameter v € C.

Further we shall assume that spectral relationship (10) admits N € N different
eigenvalues \; € C, i = 1, N, and study algebraic properties of equation (9) combined
with N € N copies of (11):

dfi/dtn = (Vyn(l))+ fi, (14)

for the corresponding eigenfunctions f; € W(SxS;H), i = 1, N, and the same number
of copies of (12):

df fdtn = =(Vyn (D)1 7 (15)
for the suitable adjoint eigenfunctions f € W*(S x S; H) related with N different
eigenvalues v; € C, i =1, N of (13), being considered as a coupled evolution system
on the space G* ©@ WY @ W*N. The same problem has been studied for ¢ = 0 and
N =1 before in the papers [16,17].

3. THE POISSON BRACKET ON THE EXTENDED PHASE SPACE

To compactify the description below we shall use the following notation of the gradient
vector:

V(L £, £) = (6v/51, 6v/5t, 6v/5t) 7,

where f := (fi,-- s fn), T = (ffs - IN) and dv/6t == (6v/0f1,..., 0v/6fn),
6/t == (67/5fF,...,07/0f%), at a point (I,f, )T € G* @ WN @ W*N for any
smooth functional y € D(G* & WV @ W*N).

On the spaces Q: and WY @ W*N there exist canonical Poisson structures in the
forms

57/81 % ([ — cd/dy, (5/51)+] — [ - cd/Dy, 57/51)+, (16)
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where 6 : T*(G*) — T(G*) is an implectic operator corresponding to (5) at a point
le (_j'* and i
(6y/0E, 57/5E%)T L (—avy/ot*, 6v/01) T, (17)

where J : T*(WN@W*N) — T(WN@W*N) is an implectic operator corresponding to
the symplectic form w® = Zi\;l dfi* Adf; at a point (ﬂ f*) e WN @ W*N, It should
be noted here that Poisson structure (16) generates equation (9) for any Casimir
functional y € I(G*).

Thus, on the extended phase space G; @ WY @ W*N one can obtain a Poisson
structure as the tensor product © := 6 ® J of (16) and (17).

Consider the following Backlund transformation:

GET 2l ff), =1 =7, (18)

generating some Poisson structure © : T* GEaWNaW*N) - T(GraWN g W*N)
on G*&WN @W*N. The main condition imposed on mapping (18) is the coincidence
of the resulting dynamical system

(dl/dt,, df/dt,, df*/dt,)" = —-© V7, (I,f,{) (19)

with equations (9), (14) and (15) in the case of 7,, € I(G}), n € N, independent of
variables (f,f*) € WY @ W*N.

To satisfy that condition we shall find a variation of a Casimir functional 7, :=
Ynliziip ey € D(G* @ WN @ W*N), n e N, under the constraint 6l = 0, taking into
account evolutions (14), (15) and Backlund transformation definition (18). There
follows

7,5 . =

61=0

-

ﬁ
Il
-

(407,/07s,8F2) + (67,1057 ,6 1)) =

Il
.MZ

@
Il
-

((=afe fat, 6F) + (afifdtn, o5 )| =

f=f, f*=f=*

|
&MZ

((@wm/ 317, 0Fi) + (O [0+ i, 017)) =

S
Il
-
—
DO
o
=

I
.MZ

N
Il
-

((F755 (0 /1) 0 fi) + ((07n/00) 4 f1, 0 f7)) =

I
] =

(67 /OL, (B F)ET @ f7) + (67 /0L, fi£ L @ 617)) =

3

N
= (5%/5575Zfi§_1 ®f2‘> = (07n/61, 1),

=1

Il
-

where v, € I(,C';;‘), n € N and the brackets (.,.) denote the paring of the spaces W*
and W.
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As a result of expression (20) one obtains the relationship:

N
Ollsi_g =Y _0(fi£7 @ £7). (21)

i=1

If the linear dependence of [ on [ € G* are chosen, there directly follows from (21)
that

N
I=1+) f&'ef. (22)
i=1

Thus, Backlund transformation (18) can be written as

N
GER)T B =1+ fe o ff 067, (23)
i=1
Expression (23) generalizes results obtained both for the scalar Lie algebra of
integral-differential operators in [20] and for the matrix one in [17]. The existence of
Backlund transformation (23) enables the following theorem to be proved.

Theorem 1. Dynamical system (19) on GZGBWN@W*N is equivalent to the following
system of evolution equations:

difdtn = [(V7,(1)+:1] = [V3, (D), 1]+,
df /dt,, = &5, /6t*, df*/dt, = —07, /of,

where ¥y, := Ynli_yi g0y € DG aWNOW*N) and v, € 1(G*) is a Casimir functional
at a point 1 € G* for every n € N, under Backlund transformation (23).

Now by means of simple calculations via the formula:
©=B6B",

where B : T(GF@WN @ W*N) — T(Gr@WN @W*N) is a Frechet derivative of (23),
one easily finds the following form of the Backlund transformed Poisson structure ©
on G WN @ Ww*N:

[l —c0/0y, (67/61)+] — [l — cO/ Oy, 6/dl] | +
.0 Ly (FiETE @ (67/0f:) — (67/0f7)6 7 @ ff
V(1) 2 | 2= _5%4* _>(57(/%+f N I
5 /5 + (5y/80)% t*

where v € D(Q: ® W @ W*N) is an arbitrary smooth functional. Thereby, one can
formulate the following theorem.

Theorem 2. The hierarchy of dynamical systems (9), (14) and (15) is Hamiltonian
with respect to the Poisson structure © as in (24) and the functionals 7, = v, €

I(GF), n € N being Casimir invariants on GF.
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Based on expression (19) one can construct a new hierarchy of Hamiltonian
evolution equations describing commutative flows generated by Casimir invariants

Y € 1(G2), n € N, involutive with respect to Poisson bracket (5) on the extended
phase space G & WY @ W*V,

4. THE HIERARCHIES OF ADDITIONAL SYMMETRIES

Hierarchy (9), (14) and (15) of evolution equations possesses another natural set of
invariants including all higher powers of the eigenvalues A, k = 1, N. They can be
considered as Frechet smooth functionals on the extended phase space Q: oWV
W*N  owing to the evident representation:

Ak = (f, (L= cB/0y)” fr), (25)
where s € N, holding under the normalizing constraints

In the case of Backlund transformation (22), where
N
L=l +> fi&' o f (26)
i=1
formula (25) gives rise to the following variation of the functionals A\j € D(GF@WN @
W*N), k=1, N:
oML = (0, (I = c0/9y) fir)+
+ (i, (6L = 0/ 0y)*) fr) + (fic, (L = D/ 9y)> (6 /1)) =

N
= (Mj;,0Ly) + 3 (=M + 63,1 = 0/ 9y)*) 7,0 i)+
N i=1 |
+ (M 01— €0/ 0y)") i OF7),
i=1

where 47 is the Kronecker symbol and the operators M, s € N, are defined as follows:

s—1

M = (L= ed/Ay) fr)§ " @ (17 +d/ay) 7 ;) -

p=0

Thus, one obtains the exact forms of gradients for the functionals \; € D(éz oWNg
W*N), k=1, N:

(27)

VA2(1+7 f, f*) = (M137 (_Mlj + 6;@“ - ca/ay)s)*fi*7
(=M +6(1—c0/oy)*) f;i: i=1,N)".
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By means of expressions (27), (16) and (17) one finds a new hierarchy of coupled
evolution equations on G} & WN @ W*N,

L [dry s = M}, L — )yl | (28)
dfsfdres = (~ M} + 541 — c0/dy)") £ (20)
df; Jdre. = (M; — 541 — d/0y))" J7 . (30)

where ¢ = 1, N and 75, € R, s € N, £ = 1, NV, are evolution parameters. Owing
to Backlund transformation (26), equation (28) can be rewritten in the following
equivalent commutator form:

dl/drs ) = —[M;,l — c0/0y] =

AP s i-pippl p,s—1—p (31)
= -\, (M, 1l —c0/0y] = Ny, dl/dr i,

where p = 0, s — 1. Thereby, one can formulate the following theorem.

Theorem 3. For k = 1,N and s € N dynamical systems (31), (29) and (30) are
Hamiltonian with respect to the Poisson structure © as in (24) and the invariant
functionals 7, := \j € D(GF & WN & W),

Theorem 4. Dynamical systems (31), (29) and (30) describe flows on G* & WN @
W*N commuting both with each other and with the hierarchy of Laz-type dynamical
systems (9), (14) and (15).

Proof. To prove the latter theorem it is sufficient to show that
[d/dt,,d/dm ] =0, [d/dm g, d/dmq] =0, (32)

where k,g = 1, N and n € N. The first equality in formula (32) follows from the
identities:

d(Vyn(1)+/drige = [(Vn(D)+, M4, dMy/dt, = [(Vn())+, Mi]-,
and the second one is a consequence of the relationship:
dM,, [dry g — dMy Jdry g = [My, M,] .

Thus, for every k =1, N and all s € N dynamical systems (31), (29) and (30) on
Q: @ WY @ W*N form a hierarchy of additional homogeneous or so called “ghost”
symmetries for Lax-type flows (9), (14) and (15) on G* & W~ @& W*N_ For the first
time the additional symmetry hierarchies for integrable (1|1+1)-dimensional nonlinear
dynamical systems associated with the Lie algebra of super-integral-differential oper-
ators were described as commutator-type flows in [2]. They were used to construct
Lax-type integrable (2|1 4+ 1)-dimensional dynamical systems in [12].

If N > 2, one can obtain a new class of nontrivial Hamiltonian flows d/dT,, :=
d/dt, + Zg:_ll d/drn e, n € N, on G* @ WY @ W*N in the Lax-type form by
use of the invariants considered above for the centrally extended Lie algebra G. of
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integral-differential operators. Acting on the eigenfunctions (f;, fi) € W & W™,
i = 1, N, these flows generate some integrable (N + 1)-dimensional nonlinear dy-
namical systems.

For example, in the case of the element [ := 0/0x + 11 @ ff + f26 '@ f5 € G*
with (f1, f2, f1, f3) € W2 x W*? the flows d/dr := d/dr1 1 and d/dT = d/dT, =
d/dta+d/dm1 on Q: @ W? @ W2 acting on the functions f;, f7, i = 1,2, give rise to
such dynamical systems as

fln’ = fLw - cfl,y + f2u7 fl*,T = f]ia: - Cfl*,y + f;’aa (33)
f2,7’ - _flﬂa f2*,'r = _fl*uv

and

fir = fiee+ fier twfi +2f10;,
fir=—flae— firr —wfi —2f{0r,
Jfor = fore twfe— firu+ frlr,

for=—fpe —wfs + i u— [{ur,
cwy =wz —2(f1 @ fi + f2® f3)a,

Uy = fleQ*v Uy = fl*Tf% Vg = fleika

where one puts (V2 (1)) 4 := 92/0x2 4w for some function w € G depending paramet-
rically on variables 7,7 € R. Systems (33) and (34) represent a Lax-type integrable
(34+1)-dimensional generalization of the (2+1)-dimensional system being equivalent
to the Davey-Stewartson one [26,29] with an infinite sequence of conservation laws
which can be derived from formula (6) in the form

2 27
all) o= tr / / (RO )00 + £,07L £ /02" )dady,
0 0

where n € N. Its Lax-type linearization is given by spectral problem (10) and the
following evolution equations:

f‘r = _M11f7 (35)
fr=((Vy2(D)+ — MD), (36)

for an arbitrary eigenfunction f € W(S x S; H). Relationships (35) and (36) give rise
to the additional nonlinear constraint:



Integrable three-dimensional coupled nonlinear dynamical systems. . . 241

In the case of dimH = 1 Lax-type representation (10), (35) and (36) for
above mentioned (3+1)-dimensional generalization (33), (34) and (37) of the
Davey-Stewartson system [26,29] has an equivalent matrix form:

0 0 fl*
PTlo o 5 |k
v —fi —fa A+c0/dy
—(A+co/oy) u ff
CCITF: —U 0 O F,
T —fi 0 0
dF
. —_CF
dT CF,

where F = (FY,F2. F% = f)T e W(S x S;C?), C := {Cyn € gl(3;C) : m,n = 1,3},
and
Ci1 = —(AN+cd/0y)? —uu — 2f1 f7,
Cr2 = —fifs — (A +c0/0y)u — ur,
Ciz =2((A+c0/0y) 1 — fi.) — uf3,
Co1 = —(A+cd/0y)u —ur — f1f3,
Ca = —fof5 + u,
Ca3 = (A+c0/0y) f5 — [32 +uft,
Cs1 = (A +cd/0y) fr — fre — 1)
C32 = —(A+c0/0y)f2 — fou + 0f1,
Cs3 = (A +c0/0y)> +w — fof3,

to which one can effectively apply the standard inverse spectral transform method [9,
13].

The results obtained above can also be used to construct a wide class of inte-
grable (3+1)-dimensional nonlinear dynamical systems with triple Lax-type lineariza-
tions [17].

5. CONCLUSION

Several regular Lie-algebraic approaches [7,17,19,22,27] to constructing Lax-type in-
tegrable multi-dimensional (mainly 2+41) nonlinear dynamical systems on functional
manifolds and their supersymmetric generalizations are well known. In this paper
we have developed a new method for introducing another variable into Lax-type in-
tegrable (241)-dimensional dynamical systems arising as flows on dual spaces to the
centrally extended matrix Lie-algebra of integral-differential operators. It is based
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on the natural constructed hierarchy of additional invariants [18,20]. The resulting
integrable (3+1)-dimensional dynamical systems obtained by means of this method
possess infinite sequences of conservation laws and related triple Lax-type lineariza-
tions. Owing to the latter property, their soliton type solutions can be found by means
of either the standard inverse spectral transform method [9,13] or Darboux-Backlund
transformations [11,21,24].

The structure of the constructed Lie-Backlund transformation (23), being a key
point of the devised method, strongly depends on an ad-invariant scalar product
chosen for an operator Lie algebra G and on a suitable Lie algebra decomposi-
tion (see [4,18]). Since there exist other possibilities of choosing the corresponding
ad-invariant scalar products on G , such naturally decompositions give rise to other
Backlund transformations.

In an another paper this method will be developed for some special centrally
extended Lie algebras of super-integral-differential operators [10,15].
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