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Abstract. We prove the existence of multiple positive solutions for elliptic systems
with linear boundary conditions of Neumann type. We suppose that the nonlinearities
grow quadratically with respect to gradient. A key step is to obtain a priori bound on
the derivatives by using a Gronwall-type inequality. Our approach is topological and
relies on the fixed point index.
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1. INTRODUCTION
In this paper we focus on the ellictic problem in R™, n > 3,

—Au = f1(|x|,u,v, [Vul,|Vv]) in E,
—Av = f2(|x|,u,v, |Vul,|Vv|) in E,

Ju Ju
o = 0 for || = Ry, a + B1[u] = 0 for |z| = Ry, (1.1)
@:Ofor |z| = Ry, @—l—ﬁg[v]:()for |z| = Ry,

r or

where
E={zeR": Ry <|z|] <R}, 0<Ryp< Ry <400,

is an annulus, the functions f,» are continuous, (3; are linear functionals and %
denotes (as in [11]) differentiation in the radial direction r = |z|. The problem with
Neumann boundary conditions has been an object of interest by a number of authors,
see for example [1-7, 20-22; 26] and the existence of solutions for this problem is
investigated via different tools. The approach that we want to use is topological and
relies on fixed point index theory. In fact, under suitable transformations, radially
symmetric solutions of a PDE can correspond to the solutions of an associated ordinary
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differential problem and therefore of a Hammerstein integral equation, see for example
[7,9, 10, 12-14, 16-19]. Nevertheless, when dealing with the existence of radial solutions
of the Neumann problem, the linear part of a local associated ordinary differential
problem is not invertible and the corresponding Green’s function does not exist, but it
is possible for the strictly nonlocal problem, i.e. 8;[w] # 0, to have a Green’s function.

The boundary conditions in our problem are nonlocal and can be read as some
kind of feedback mechanisms. For example, the single associate ordinary differential
equation under Neumann boundary conditions corresponds to a thermostat model for
a heated bar occupying the interval [0, 1], with the end at 0 insulated and a controller
at 1 adding or removing heat according to feedback received from measurements of
the temperature along some part of the interval (see [23]).

For problems with derivative dependence it is often supposed that the nonlin-
earities f; satisfy a Nagumo condition or the method of upper and lower solutions
is used. The Gronwall inequality is a well-known tool in the study of differential
equations and of Volterra integral equations in establishing a priori bounds. We make
use a Gronwall-type inequality due to Webb ([24, 25]), which, when applied to second
order ODEs, allows quadratic growth in the derivative and can be regarded as a possi-
ble replacement of a Nagumo condition in suitable circumstances. Moreover, even in
situations where other methods are available one can give explicit bounds and one
covers cases where no systematic methods are known.

In our problem we don’t need the assumption that f, are sublinear or superlinear,
and we don’t require any monitonicity hypotheses, but we assume conditions, relate
to some constants depending on the kernel and on the nonlocal BCs, on the upper
and lower bounds of the nonlinearity on boxes. Under these oscillation assumptions
the multiplicity of positive solutions is obtained.

As far as we know, our results seems to be the first one proving multiplicity of
positive solutions for this kind of problems that combine some topics in the literature,
in particular a system, the derivative dependence and the nonlocal Neumann boundary
conditions.

The outline of our paper is as follows. In Section 2 we construct the associated
integral equation, state the properties of the kernel and related to the BCs, and we
obtain the priori bound on the derivative of the solution. In Section 3 we give existence
and multiplicity results for the problem (1.1), and we briefly illustrate our theory
by an example.

2. PRELIMINARIES AND SETTING

2.1. THE ASSOCIATE ORDINARY DIFFERENTIAL PROBLEM

We consider in R™, n > 3, the equation

—Aw = f(|z|,w,|Vw]) in E. (2.1)
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Since we are looking for the existence of positive radial solutions w = w(r), r = ||
of the problem (1.1), we rewrite (2.1) for w in polar coordinates as

n—1

—w"(r) — w'(r) = f(r,w(r), |w' (r)|) in [Ro, Ri]. (2.2)

r

Set w(t) := w(r(t)), where, for ¢t € [0, 1],

0= (52) ”

n—2 n—2
= (ﬁ()ZRl) n—2 and B = nffl n—2
Ry — Ry Ry — Ry

(see [8, 9]). Take, for ¢ € [0, 1], the increasing function

i) = (Ro& (R — Ry ) ) 2 !
= — 2(n—1) *
no? (RY=2 = (Ry=2 = Ry ))

Thus, the equation (2.2) becomes

(1) = ()] (r<t>,w<t>, w

Hence, to the elliptic problem

—Au = f1(|x|,u,v, [Vul,|[Vv]) in E,
—Av = f2(|x|,u,v, |Vul,|Vv]) in E,

Ju U
B =0 for |z| = Ry, 8—+ﬂ1[u] =0 for |z| = Ry, (2.3)
?—Ofor |z| = Ry, gv—l—ﬁg[ | =0 for |z| = Ry

we can associate the ordinary boundary value problem

v/ (t)

u/(t)

), t € (0,1),

) ) || (%)
—0"(t) = ()2 (L ult), o), | 5G] [2@]) . e @), (2.4
W(0) =0, (1) + A(n 2)/31[ u =0,
V(0) =0, V(1) + 2 Bafo] = 0

By a radial solution of the problem (2.3) we mean a solution (u,v) of the boundary
value problem (2.4). We remark that the functions u,v are concave, i.e. the derivatives
u’,v" are decreasing; moreover, since u’(0) = v’(0) = 0, also u, v are decreasing,.
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2.2. THE ASSOCIATED INTEGRAL SYSTEM

We study the existence of positive solutions to the problem (2.4) by means of an asso-
ciate suitable Hammerstein integral system. When dealing with the existence of radial
solutions of the Neumann problem, the homogenous problem is at resonance and the
Green’s function does not exist; nevertheless in our case it would have to be found by
another method. We denote by h the function

t— if ¢t >
h(t,s)=14 = Lh=®
0, ift <s,
and by N the positive constant
Rn71
N:=——-1 _
A(n—2)

Proposition 2.1. Suppose that [[1] # 0, where 8 is a linear functional. Let
y € L'[0,1]. Then w is a solution of the boundary value problem

—w' (t) = y(t), for a.e. t € (0,1), w'(0)=0, w'(1)+NBwl =0 (2.5)

if and only if w € C*[0,1] is a solution of

w(t) = [ G(t, s)y(s)ds,
/

with

G(t,s) := ﬁ (]17 +m(h(',8)]) — h(t,s).

Proof. Suppose that w is a solution of the boundary value problem (2.5). By integration,
we have

Set t = 1, we have
1
NB[w] = [ y(s)ds. (2.6)
/

Integrating again gives

szmmf/ /Mﬂm ds

0 0
t

=w(0) — /(t — s)y(s)ds = w(0) — /h(t, s)y(s)ds.
0

0
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Applying the functional 5 to (2.7), we have

Blw] = w(0)8[1] - / BIA(-, 5)Ju(s)ds.
0

Using (2.6) we obtain

1 1 1 1
w(t) = 55 / Y)ds + 5o / SIAC 5)ly(s)ds - / A, $)y(s)ds

(Nl[l + ﬁ Blh(-,s)] — h(t, s)) y(s)ds.

Bl
O
Thus, we associate to the problem (2.4) the Hammerstein integral system
u(t) = fol G1(t,8)j(s)fr (s,u(s),v(s), 7:,/((3 , Z:gz; ) ds, te€]0,1], 25
{v(t) = Jy Ga(t,9)i(9) 2 (s,u(s), v(s), | 5| [445]) ds, tefo.1) o

where the Green’s functions G; are given by

1 A(n —2) ) — s
Gi(t,s) == Al (R?l—’—ﬂl[h(’ )]) h(t, s).

2.3. THE INTEGRAL OPERATOR

From now on, we assume that

(a) the functions f; : [Ro, Ry] x [0, +00)* — [0, +00[ are continuous,
(b) the linear bounded functionals 3; : C*[0,1] — R are positive, i.e. B;[w] > 0
for w > 0,

(c) A}S%:f) + Bilh(-,8)] > Bi[1](1 — s) for s € [0,1].
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The condition (c) is necessary to have G;(t,s) > 0. Moreover, one has, for ¢,s € [0, 1],

c(t)gi(s) < Gi(t,s) < ¢i(s),

where

AB2) 4 Gilh(., )

Bill]

We study the existence of solutions of the system (2.8) by means of the fixed points
of a suitable operator on the space C1[0,1] x C1[0,1] equipped with the norm

ct)y=1—t and ¢;(s) =

[[(w, )| := max{{|ullc, [Jv][cr },
where
wller == max {[|w]|sc, [[w'llc} and lyfloc = e [y ()]
If (u,v) is a positive solution of our problem, the functions w,v are concave and

decreasing, then it follows that u(t) > (1 —t)||u|le and v(t) > (1 —1t)||v]/co for t € [0,1].
Motivated by this fact, for i = 1,2 we consider the cone in C'[0, 1]

Ki = {we CY0,1] : w(t) > ca, b, ||| for t € [a;,bi]},
where [a;, b;] is a subinterval of [0,1) and

Ca; b, = min c(t)=1-10; >0,
t€(a;,b;)

and the cone in C1[0,1] x C*[0,1]
K= {(u,v) € ICl X ICQ}

The well-defined integral operator T : C'*[0,1] x C1[0,1] — C1[0, 1] x C[0, 1] given by
Ty (u,v)(t

B )

T(u,v)(t) == <T2(u, v)(t)>

fol Gi(t,5)5(s)
)j(s

Ji Galt,s)j(s)

f1 (&u(s),v(s)7
fo (s,u

satisfies the following result:

Theorem 2.2. The operator T leaves the cone K invariant and is completely
continuous.
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Proof. In order to prove that T leaves the cone K invariant, take » > 0 and (u,v) € K
such that ||(u,v)|| < r. Then we have, for ¢ € [0, 1],

1

0< T < [ 656, (s,u<s>7v<s>,

0

so that

u'(s)
r'(s)

1
T30l = [ (02 (0061, 005)

On the other hand, we have, for ¢ € [a;, b;],

u'(s)
r'(s)

T (u, 0) ] oo

v'(s)
r'(s)

)

)

In order to prove the complete continuity of 7', let us firstly note that the continuity
of fi, j, G; and f3; give the continuity of T'. Let U be a bounded subset of K; it follows
from (2.9) that T'(U) is bounded in K. It is a standard argument based on the uniform
continuity of the kernels G; and on Ascoli-Arzeld Theorem that T(U) is relatively
compact in C'*[0,1] x C*[0,1]. O

T0.0)0) 2 ) [ ()30 ( u(s). v(s).

2 c(ON|Ti(w,0)lloo = Casp

= i

2.4. A PRIORI BOUNDS ON THE DERIVATIVE
We will use the following Gronwall-type inequality due to Webb [24]:

Lemma 2.3 (Gronwall-type inequality). Let w € L°[0,to]. Suppose that there are
a constant ag > 0 and two positive functions oy, s € LY[0,t0] such that

t t

w(t) < ag+ /al(s)w(s)ds + /ag(s)wg(s)ds for a.e. t € [0,10]
0 0

and suppose it is known that there is a constant R > 0 such that

to
/ag(s)w(s)ds <R.
0
Then we have .
w(t) < ageltelo o (s)ds for a.e. t € [0, to].

We can now give a priori bounds on the derivative of the variables when the nonlinear-
ities have quadratic growth in the derivative term and arbitrary growth with respect
one of the variables.
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Theorem 2.4. For i = 1,2, suppose that there exist two constants c;, p; > 0 and
two functions h;,l; € Li_[O, 1] and a non-negative continuous increasing function g;
such that

fi(t,wl,wQ, 21, Zg) S c; + hz(t)gz(wz) + li(t)zi —|—pizg n [O, 1] X [O, +OO)4. (210)

Let A\ > 1, 0; > 0, p; > 0 and two non-negative functions u; € C*[0,1] such that
[willoo = pi and A(uy,u2)(t) = T(u1,u2)(t) + (01,02). Then, fort € [0,1],

1

, ] pii(1) i fl J(s)l; (s )d
|ui ()] < j(1) Ci+gz‘(Pz‘)/hi(5)d~9 e edo T = Qi(p;).
0
Proof. For i = 1,2, from the hypotheses we have

1"

g (t) = (Ti(ur, u2))” (t) = uﬁQmomm'

Thus,
t

Auj(t) = —/j(s) fi (S,Ul(s),w(s)a

so u}(t) <0 for ¢t € [0,1]. Then, since A > 1, we have

()] sl
wwn’waod

ui(5) M@V)@

TRG)E

%@HSM%@)S/ﬂ$ﬁ<&m@%w@%
0

SJﬂQ(Q+M®mWAD+lU

1

ol T ) [ (IS )
<30 (e (o) [ m(s)a +J( |xn+|(w|xn)d

7' (s)]
0

Because we have

[ pid(s) ) () [
|rmp|xnm—?|w@P< {(5))ds < !k {(5))d

=f?&<<m—mm>
)

pij(1 pij(1) pij(l)
= oy = o =

we can apply Lemma 2.3 to the function |uf|, and we obtain that

1
, . p/ij(l)2 i f J(s zl i(s )d
lui(®)] < §(1) | i + gi(pi) [ hi(s e edo T = Qu(py). O
0
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3. INDEX CALCULATIONS
In this section we study the existence of multiple solutions of the integral equation
(u,v)(t) = T(u,v)(t), te]0,1].

The following theorem follows from classical results about fixed point index (see,
for example, [15]).

Theorem 3.1. Let K be a cone in an ordered Banach space X. Let 2 be an open
bounded subset with 0 € QNK and QN K # K. Let Q' be open in X with Q1 C QN K.
Let F: QN K — K be a compact map. Suppose that:

(1) Fx # px for all z € 92N K) and for all p > 1,
(2) there exists h € K \ {0} such that x # Fx + M for all z € 9(Q' N K)
and all A > 0.

Then F has at least one fized point x € (AN K)\ (Q' N K). Denoting by ix(F,U)
the fized point index of F' in some U C X, we have

ik(F,QONK)=1 and ig(F,Q'NK)=0.
The same result holds if
ik(F,QNK)=0 and ig(F,Q'NK)=1.

For the index calculations, as in [25] we shall use the open bounded sets
(relative to K), namely, for p1, ps > 0,

Ky p = {(u1,u2) € K : |uilloo < pis |Juilloe < Qilpi) + 1, for i =1,2}

and

Vorps i= {(ul,ug) €K min u(t) < pg, ||[uh]leo < Qi ( pi ) +1, fori = 172}.
tela;,bi] Ca;,b;

Since the functions ); are increasing, the sets defined above have the following
properties:

(Pl) Kp1,p2 - VP17P2 CK_ o1 2,

Cay,by ' Cag,by

(P2) (u1,u2) € 0K, ,, if and only if (u;,us) € K and belongs to

U {lluillo = pis Capbupi < uit) < pi for ¢ € [a;, b, ]| oe < Qilpi) + 1}
i=1,2

U | {lluillse < pi and [Juf]|oe = Qi(ps) + 1},
i=1,2
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(P3) (u1,u2) € OV, p, if and only if (u1,u2) € K and belongs to

. Pi
{ min u;(t) = pi, [[uillee < Qi < : ) + 1}
7, t€lai,bi) Ca;,b;

K2

. Pi
@] ilt) < pi, ; oo = Wi Lo
U {teﬂﬁw ®) < pi Il = @ () * }

i=1,2
Set
—:maX/Gts and :mln/Gts
m; te[0,1] M; tefaq,b

and define the following sets:

0517 = 0.1 x oy s1,30] x 0,5a] ¢ [0, L) o o, 26l

Q512 = [0,1] X [0, 51] X [Cay by 52, S2] X {o, =0 } x {o, ij ((5)))],

]x [07 » }x o,Ql(C“T“)_ _o, @ (=)

AShSz — b ,
! [ah 1] . |:81’ Cay,by Cas,bs 7'/(0) . 7’/(0)
R ( >_ Q. ( =2 )_
S92 Caq,b Cag,b
AStS2 — b 0 0, — >4/ 0 — 7122/ |
2 [CLQ’ 2] . |: 7 Ca17171:| . |:S27 CG«27b2:| . ’ ’I“/(O) . ’ T/(O)

Theorem 3.2. Fori = 1,2, suppose that the function f; satisﬁes the condition (2.10).
Moreover, assume that for some p;, 04,7 > 0 with p; < oy and < 1; we have

l 7/
filt, w1, we, 21, 22) < mgp; in QWP
fi(t, w1, wa, 21, 22) > Mio; in A7V7?,
fi(t,wl,'lUQ,Zl,Zg)) < M;T; mn QZI’TZ.

Then the system

—u(t) = (O (8, o), [58] [ 58]) . te o),
—0"(t) = (1) 2 (L ult), o), | %3] |5g]) . e ), 51)
n—1 .
1) + %Bl[u] —0,

w'(0) =0, w'(
v'(0) =0, o'(1)+ - de—ayPlv] =0
admits at least two positive solutions in KC.

Proof. The choice of the numbers p;, o; and 7; assures the compatibility of conditions
on the nonlinearities f; and the inclusions

KP11P2 CV01,02 CK_ o oo CKTI T2

Cay,by ' Cag,by
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We want to show that
ic(T, Ky, p,) =1, ix(T,Vo,0,) =0 and ix(T, K, ) =1

From Theorem 3.1 it follows that the operator T has a fixed point in Vg, 5, \ K,, 5,
and a fixed point in K, -, \ Vs, 0, Then the system (3.1) admits at least two positive
solutions in K.

Firstly we claim that

Au,v) # T(u,v) for A\ >1 and (u,v) € 0K,, ,,

that ensures, by Theorem 3.1, that the index is 1 on K, ,,. Assume this is not
true, then there exist (u,v) € 0K,, ,, and A > 1 such that A(u,v) = T'(u,v). From
Property (P») derive that there are four cases on the estimates of the involved norms.
Without loss generality we can consider only the cases that involve the variable u.
If ||u|lo < p1, by Theorem 2.4 we have ||u/]|c < Q1(p1) < Q1(p1)+ 1, and so we must
have only the case ||u]lco = p1 and |u/(t)] < Q1(p1) for t € [0,1]. Now we have

1
< mip; /Gl(t,s)j(s)ds <pm
0

and taking the maximum over [0, 1] we can conclude that Ap; < p;. This contradicts
the fact that A > 1 and proves the result. Note that the constant function e(t) =1 for
t € [0, 1] belongs to K;. Now we claim that

(u,v) # T(u,v) + A(e,e) for (u,v) € V4, 5, and A >0,

which ensures, by Theorem 3.1, that the index is 0 on the set V;, ,,. If this is not true,
then there exist (u,v) € OV, », and A > 0 such that (u,v) = T'(u,v) — A(e, e). From
Property (Ps3) derive that there are four cases that involve the variables. Without
loss generality we can consider only the cases that involve the variable u. Since
(u,v) € OVy, 5, we have minge(q, p,) u(t) < 01 and |ul|e < C;Iilbl By Proposition 2.4,

this implies

g g
|u/(t)|§Q1< ! ><Q1< 1)+1.
Cay,by Cay,by
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g1

Thus, we must have only the case mingc(q, 5,)u(t) = o1, hence o1 < u(t) <

T Capby
for ¢ € [a1,b1], and ||u/]|ec < Q1 (;—21) So we have

1
u(t) = /Gl(t $)5(s) f1 <s,u(s),v(s), 'ﬁjg:, ||: 8') ds + X
[u'(s)] |v'(s)]
/Glts (st 000 oy

>M10'1/G1t8 ()d8+)\>0'1+)\

al

Taking the minimum on [a1, b1] gives the contradiction o1 > o1 + A. The proof that
the index of T"is 1 on K, -, is as in the first step. O

Define the following sets:
Q72 = [Ro, R1] X [Cay b, 51, 81] X [0, 82] X [0,Q1(s1)] % [0, Q2(s2)],
Q3°2 = [Ro, R1] X [0, 81] X [Cag b 52, 82] X [0, Q1(s1)] % [0, Q2(s2)],

A% — [p(ay), r(b1)] x - b] O’C J

X 0@1(C b) X OQz(C b)7

@@:W@MMW?vﬁ}XF’ﬁ}

Cay,by Ca27b2

X 0 Ql < ) X 0 QQ ( > .
Cay,by Cag,by

Theorem 3.3. Fori = 1,2, suppose that there exist two constants c;, p; > 0 and two
functions h;,l; € Lﬁ_[O7 1] and a non-negative continuous increasing function g; such
that

filr,wi, w2, 21, 20) < ¢ 4 hi(r)gi(w;) + 1i(r)z; + piz?  in [Ro, Ri] x [0, +00[*.

Moreover, assume that for some p;,o;, 7 > 0 with p; < o; and

< 1; we have

@04

7 )P1:P2
fi(T,lUl,U)Q,Zl,ZQ) < m;p; nQi )

r . 101,02
fi(r,wi,we, 21, 22) > Moy in A7V?,

fi(r, Wy, Wa, 21, 22)) < M;T; N Qiﬁ’”.
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Then the elliptic system

—Au = fl(\x|,u, v, |Vul,|Vov|) in E,
—Av = fo(|z],u,v, |[Vul,|Vv|) in E,

ou ou
5 = 0 for |z| = Ry, o + Bi[u] =0 for |z| = Ry,
ov ov
E:Ofoﬂx\:Ro, E+52[U]:0f07"|33|:R1v

admits at least two positive radial solutions.

01,02

Proof. We note that when f; acts on Q7272 A;

and Q]V™ . f; acts respectively

on QP2 A7V and Q7™ Since a radial solution of the problem (3.2) is a solution

of the problem (3.1), the thesis follows from Theorem 3.2.

O

Remark 3.4. The hypotheses of Theorem 3.3 can be directily verify for example for

the function

f(r,u,v, |V, |[Vo|) = 0.0019 arctan(u?(|z|) + [Vo|?)u® + 0.19|Vu|?

and the boundary conditions

ou ou 1
ahﬂ:l =0, Ehw\:Q + 5“(\$|)\|x|:$ =0

with the choices

E:={zcR:1<|z[<2} and [a,b] = [O,ﬂ.

In this case the positive Green’s function in the associate integral equation is

0, if £ <s 0, ift <s.

1
G(t,s):1+{4

— s, if%zs {ts, ift > s,

We note that the function G(¢, s)j(s) is a positive nonincreasing function of ¢. Thus,

we have
1 1 1
o= [ G9)i(s)ds = [ 6(0,5)j()ds
0 0
and
3 3
= mn [ At /G(3 )'()d
— = min ,S s)as = -, S s)as.
M wefo.3] g ) 1%)7

So by direct computations m = 0.85 and M = 2.56. Moreover, since

Fr wy, wa, 21, 22) < 0.0019%@ +0.1922 in [Ro, R1] x [0, +oo[*,
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we have Q(p) = 0.012p%e3*. With the choice of p; = ps = 1 and 0y = 09 = 7,
the function f satisfies the conditions of Theorem 3.3, i.e.

1
f(rywy,we, 21, 22) <0.003 < mp; in [1,2] x [4, 1} x [0,1] x [0,0.24] x [0,0.24],

f(rywy,ws, 21,22) > 49.5 > Moy in [1, i} x [7,28] x [0,28] x [0, Q(28)] x [0, Q(28)].

Remark 3.5. Based on the choice of the radii that assures the compatibility of
growth conditions of the nonlinearities and the properties of the fixed point index, we
can combine the results above in order to prove the existence of one, two or three
positive solutions. For example, we have: The elliptic problem (3.2) has at least three
radial solutions if there exist p;,04,7;,60; € (0,00) with p; < ¢q;,04, 03 < 7; and
Ti < Ca,.,b;0; such that

s AP1:P2

T,wl,UIQ,Zl,ZQ) > Mlpl m Al 3
i (O)O1,02

<myo; in £ ,

f )
) > MiTi in A?,Tz’
)

(
i (1w, wa, 21, 22
( z

fi

fi T, w1, W2, 21, 22

z . &01,0
filrywi, wa, 21, 22) < mips  in Q72
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