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Abstract. We establish that the Segre product between a polynomial ring on a field K in
m variables and the second squarefree Veronese subalgebra of a polynomial ring on K
in n variables has the intersection degree equal to three. We describe a class of monomial
ideals of the Segre product with linear quotients.
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1. INTRODUCTION

Let A = K[x1,...,2,] be the polynomial ring over the field K with the standard
graduation and let I be a graded ideal of A generated in the same degree. The property
for I to have linear quotients, introduced in [17], has been studied by many authors
([18,19,21]) and it implies that I has a linear resolution. Monomial subalgebras of A
are of particular interest, since they are connected to the study of the subtended affine
semigroup ([4,16]). In this direction, in [18] the authors prove that the rth-Veronese
subalgebra A’ of A (r > 2) has the maximal irrelevant ideal with linear quotients and, as
a consequence, with a linear resolution. If A is the 2nd squarefree Veronese subalgebra
of A, the maximal ideal has linear quotients and it admits a linear resolution([1,2]).
More in general, let A and B be two homogeneous graded K —algebras and let A * B
be their Segre product K[uy, ..., uy], where all generators have degree one. In [18] the
notion of strongly Koszul algebra is introduced and the main consequence is that its
maximal irrelevant ideal has linear quotients and a linear resolution. In particular if A
and B are polynomial rings, A x B is strongly Koszul and the maximal ideal has linear
quotients and a linear resolution. If A and B are monomial algebras, the generators
u1,...,uy are monomials and the degree of intersection can be investigated for A x B.
In [15] a number ¢ > 0 is called the intersection degree of a homogeneous monomial
algebra K[uy,...,uy] if all colon ideals (u;;) N (ug,),1 < ij,i < n, are generated in
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degree less than or equal to t. A conjecture arising from computational arguments
says that if A and B have intersection degree r and s respectively, the intersection
degree t of the Segre product is less than or equal to max(r,s). The conjecture is
true if A and B are polynomial rings with r = s = ¢t = 2 and in general for A and
B strongly Koszul algebras or any two Veronese subrings, in which case A x B is a
strongly Koszul algebra and r = s = ¢t = 2. In this paper we consider the Segre product
C of a polynomial ring B on a field Kand the 2nd squarefree Veronese subring A of
A = K|z1,...,x,], whose intersection degree is three for n > 5 ([1,2]). The aim is to
compute the intersection degree of C. Then we consider ideals generated by subsets
of the generators of the maximal irrelevant ideal of C. Clearly, in general they do
not have linear quotients and now we will discuss the problem to find combinatorial
conditions on the generators.

The plan of the paper is the following: In the first section, we consider the polyno-
mials rings A = K[x1,..., x,] and B = K|y, .., Ym| with the standard graduation
and the Segre product B* A generated in degree one. We prove that the intersection
degree of B x A®?) is equal to three, in other words we show that not all principal
colon ideals of the maximal ideal of the Segre product are generated in degree one.
We give the explicit description of the generators of degree one and degree two. In
the second section, we focus our attention to monomial ideals of B % A®), that admit
linearly generated quotient ideals. We describe explicitly a class of ideals generated by
a suitable subset of the set of the minimal generators of the K-algebra B s A()
by applying a combinatorial condition on certain pairs of elements of the subset, which
generalizes a condition given in [1] for A®). In particular, we prove that the maximal
irrelevant ideal of B * A®) has linear quotients and a linear resolution, since it is
a Koszul algebra ([3]).

2. INTERSECTION DEGREE

Let A = K[z1,...,2,] and B = K|[y1,...,ym] be two polynomial rings in n and
m variables respectively with coefficients in any field K. Let A®) c A be the 2nd
squarefree Veronese algebra of A and let C' = B xg A be the Segre product of B
and A®). Then C is a standard K —algebra generated in degree one by the monomials
Yaixj, with 1 < a < m, 1 <14 < j < n. For convenience, we will indicate such
a monomial by azj.

In order to compute the intersection degree, we compute first all quotient ideals of
principal ideals of C, whose generators are that ones of the maximal ideal m* of C.

Theorem 2.1. Let C = B xg A be the Segre product and let m* = (uy,...,uy),
N = m(g) the mazimal ideal of C. Let (u,) : (us), 1 <r,s < N,r # s, a colon ideal
of generators of m*, in the lexicographic order. Then we have:

L (O"Ul) : (Oéljz) = (ﬁkjlvk 7£ jlaj27 5 S {17 .. 7m});
2. (auijh) = (2ijo) = (cukjr, k # j1,J2),
3. (Oéilj) : (Oéigj) = (ﬁllk,k 7é i1, %2, ﬂ S {1, . ,m}),
4. (anirg) : (aaizf) = (uirk, k # i1,142),
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5. (0”1.]) :(aij):(ﬁilkvk#ilaj%ﬂe{l?"'?m});

6. (al]l) (Ot?:zi):(ﬂkjl,k#jl,iz,ﬁE{l,...,m})}

7. (anirg) : (a2jj2) = (auirk, k # i1, j2),

8. (auij1) : (azioi) = (a1kjr, k # i2, j1),

9. (arirf) : (azizfz) = (arirji, (arirs)(Bi1s), B € {1,...,m}, s # i1, j1,42, j2),
10. (a147) : (a2ij) = (cnkl k #£1)
Proof.

1. Let a € (aij1) : (awije) be a monomial generator of the colon ideal. Then
aaijs = baijy, (2.1)

where a and b are semigroup elements and any factor of a is of type Bkji, 8 €
{1,...,m}, since any factor of a must contain j;. We prove that k # js. Suppose
k = jo and consider a decomposition of a:

a = (B1k171)(Brkrjr) - - - (Brkrjr)-

If each factor of a contains js, then js appears (r + 1) times in the first member of
(2.1) and this implies it must appears (r + 1) times in the second member of (2.1),
contradiction because j appears at maximum r times only in b, being i # jo. It follows
there exists a factor Ssksjs of a such that ks # ja, hence we can suppose k # jo. We
write the decomposition of a as:

a= (ﬁjl]2)(ﬂsks]s) o
If ks # j1, we can write (2.3) as

a = <6ks]1)<ﬁsjs]2) s
If ks = j1, (2.3) can be written as:

a = (/6.71.72)(/65.71.78) ... with Js 7’é J1

that we rewrite as:
a = (ﬂ]s]l)(ﬂs]l]Q) ..

In any case a is a multiple of a factor of the type Skj, with k £ jo, f € {1,...,m}.
Hence the assertion.
2. Let a € (a1 4j1) : (@2 ij2) be a monomial generator of the colon ideal. Then

CLO[QijQ = balijl, (22)

where a and b are semigroup elements. We claim that «;kj; is always a factor of a,
with k # j;. Consider a decomposition of a:

a = (Brk1j1)(B2kag2) - . . (Brkrjr).

Suppose each factor contains jo. Then j, appears (r + 1) times in the first member of
(2.2) and contrary it can appear only s times in the second member of (2.2). Then
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there exists §;k;j; with j; # jo and k; # jo. For the same reason, if we suppose that
each factor contains as, we obtain a contradiction. Then there exists S:k;j; with
B¢ # aa. Consider

a = (Bajrj2)(Bikiji) (aekegy) - . .

We can rewrite it as:

a = (a1kijr)(Bigige) (aknin) (Bikege) - - -

with k; # j1. In conclusion, in any case, the monomial a;kj; is a factor of a, with
k # jo. Hence the assertion.

3. The proof is analogue to the proof of 1.

4. The proof is analogue to the proof of 2.

5. (Oéilj) : (Oéjjg) = (ﬁﬁk‘, k #i1,j2,0 € {1, - ,m}),i1 <j<jo. Letae (Oéilj) :
(ajj2). Then

a = ajjs = baiyj (2.3)

and (Bi1k; is a factor of a, k # i;. To prove that ky # jo, consider a decomposition
of a in r factors a = (B1i1k1)(Baizks) ... (Brirk,). Suppose each factor contains js.
Then j; appears (r + 1) times in the first member of 2.3. Contradiction. Then we
have a factor Bsisks of a such that ks # jo and, as consequence, is # jo. Now
we can write a = (51i1k1)(ﬂ2i2]€2) . (/Bglgkg) e (ﬂrirkr)- If ks = j17 since il # jl, we
can write a = (Blilkl)(ﬂsisjl) cee = (ﬁliljl)(ﬂsiskl) cee = (ﬂlisjl)(ﬁsiljé) ... and in
any case a is a multiple of a factor of the type Bi1k, k # j1js-

6. Let a € (a1 41J1) : (agi2j2) be a semigroup element which does not contain the
factor aq 7151- Then aasisjs = bay i171. Let write a decomposition of a as:

a = (a1i18)(Bjit)..., pe{l,...,n}.

If s # t, we can rewrite a = (ay4171)(8st) ... Contradiction, since a does not contain
aqi1j1 as a factor.Then s = ¢ and for a we can write the previous decomposition as:

a = (alils)(ﬁjlt) ... with s 7é iljlvﬂ S {1, Ce 71’L}.

It follows that we have a generator of degree two that is not a multiple of a4y 1.
The proof of cases 6,7,8 is analogue to the proof of 5 and the proof of case 10
follows from 7 and 8. O

Corollary 2.2. The intersection degree of the monomial algebra B x A® is equal to
three for n > 4.

Proof. Let C = Bx A®) = Kluy,...,un] be and let ui;, Ui, be two any generators,
1 < ij,ip < N,ij # ig. Consider the isomorphism of C—modules (u;;) : (ug,) —
(ui; Mg, )(—1). Let a € (u;;) : (ug,) be such that auy, € (uy;), then auj, € (u;; Nuy,).
Since deg(u;, ) = 1 and deg(a) < 2, deg(au;, ) < 3, hence the assertion follows. O

Remark 2.3. For n = 4, the intersection degree is two ([18]), A is a strongly Koszul
algebra and consequently the Segre product B x A?) ([18]).
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Remark 2.4. The intersection degree ¢ > 2 of a homogeneous monomial algebra can
increase arbitrarily ([18]). The behaviour of ¢ under tensor product or Segre product of
monomial algebras is almost predictable. For arbitrary subalgebras we can have different
statements. From the combinatorial point of view, the d-th Veronese subring has the
simplest possible semigroup. For the squarefree case the degree grows (see d = 2, for
which is t = 3 for n > 5). Triangulations of the simplicial complexes subtended by A(?)
can be studied ([12,20]). For homogeneous semigroup rings arising from Grassmann
varieties, Hankel varieties ([7,9,11,20]) and their subvarieties ([8]), the problem is
more difficult. For G(1,3) = H(1,3) the intersection degree is 2. In fact its toric ring is
strongly Koszul, being a quotient of the polynomial ring K[12], [13], [14], [23], [24], [34]]
by the ideal generated by the binomial relation [14][23] — [13][24], where [ij] is the
variable corresponding to the initial term for the diagonal order of the minor with
columns 4, j, i < j, of a 2 X 4 generic matrix. The semigroup ring of G(1,4) is a subring
of K[tll, t12, t13, t14, t15, t21, t22, t23, t24, t25], tij the generic entry of a 2 x 5- matrix

t11 t12 t13 t14 t15
21 to2 to3 tag tas
and it is generated by the diagonal initial terms of ten 2 x 2 minors of the matrix.

The semigroup of H(1,4) is a subring of K[t11,t12,t13, t14, t15, t16], generated by the
diagonal initial terms of ten 2 x 2 minors of the Hankel matrix

t11 t12 t13 ta tas

ti2 t13 t1a t15 t1e )
These considerations leave us with the problem to compute the intersection degree of
the previous semigroup rings and to compare them.

3. MONOMIAL IDEALS WITH LINEAR QUOTIENTS

The aim of this section is to find classes of monomial ideals of the Segre product
C = B x A® having linear quotients. In particular we consider monomial ideals
generated by certain subsets of the set of generators of the maximal irrelevant ideal
M of C, hence generated in degree one. We recall the definition of ideal with linear
quotients, as introduced in [17].

Definition 3.1. Let R be a homogeneous K —algebra, K a field, finitely generated
over K by elements of degree one, and let I C R be a homogeneous ideal. I is said
to have linear quotients if it has a system of generators fi,..., f;, such that, for
j=1,...,t, the colon ideals:

(fit+-fim) o fy
have linear forms (notice that this property depends on the order of generators).

Proposition 3.2. Suppose R a strongly Koszul k-algebra. Let I C R be a homogeneous
ideal generated by a subset of generators of the maximal irrelevant ideal of R. Then
I has linear quotients and a linear resolution on R.
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Proof. The ideal I has linear quotients by definition of Strongly Koszul algebra.
The proof is contained in [18, Theorem 1.2]. O

In the following we introduce in the set of monomials of K[xy,...,Zn, Y1, .-, Ym]
the lexicographic order with the order on the variables y1 > ... >y, > 21 > ... >z,
and order on the generators of A®) given by x1x9 > x1x3 > ... > TH_12T,. Moreover,
following [1,2] and notations of Section 1, we call “bad pair” a pair of monomials ij, kl
in A® or aij, Bkl in C, with i # k and j # 1. If @ # 3, we call such a pair a “strongly
bad pair” of monomials.

Theorem 3.3. Let (uy,...,u;) be the ideal of B x A generated by a sequence
L ={arirj1, ..., aisfi} of generators of M, with uy > ... > uy. Fized akl € L, let

Lokt = {Brs € L/Brs > akl and rs > kl}

and ,
Lo ={Brse L/prs < akl and rs > kl}.

Suppose that the sequence L satisfies the following properties (the property P in
summary):

1. for each bad pair aij > akl in L, aik € Loy or ail € Loy or akl € Lo, or
ajl € Lok,

2. for each bad pair aij > Bkl in L, with ij > ki, aik € Lgg, or ail € Lgy or
ajk S Eﬁkl or ajl € EBkl;

3. for each bad pair aij > Bkl in L, with ij < ki, or Bki € le-
Bil € L;; or Bjl € Loy,

j or Bkj € L,;; or

Then any colon ideal (uy,...,u;) : (ury1) is generated by a subset of uq,..., us,
1<rt—1.

Proof. Consider the colon ideal J = (a1i1j1,...,Qq—10q—1Jq—1) : Qqiqjq- Put
I = (a1i1j1,-- -, Qg—19g—1Jq—1). We want to prove that the colon ideal J is linear,

that is it has generators of the semigroup ring. Let a € I : ayi.j, be a semigroup
generator of the colon ideal I. Then a € ayiyjy, @ aqiqje for some p < g. If apip gy, qiqdy
is not a bad pair, a is linear. Suppose that ayipj, > giqjq is a bad pair.

I case: oy = 0 = Q, Qlpjp > Algjq, IpJp > lgqJq-
If @ has not degree one, we have by Theorem 2.1,9:

a = (aipk)(Bjpk), k#ip,ig,Jp, Jg, B €{1,...m}.
Since the sequence satisfies the property P and aiyiq > aigjq, one has

Oéipiq S Eaiqjq or oziqu € £aiqjq
or a jpiq € Lai,j, OF & Jpiq € Laiyj,
If k < jq

aipk > aipjy € Loy, C L.
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If k > j,, being ip < jg,

Cc L.

So in I we have the factor aipk of degree 1 and a is a multiple of a generator of I.

Oéipk > ajqu S »Caiqjq
IT case: ap > Oy, aipgp > Biglqs IpJp > tqlq-
If @ has not degree one, we have:
a= (all)k)(ﬁjpk)’ k 7é ip7iQ7jpajq a‘nd ﬂ € {17 sty m}
Since the sequence satisfies the property P, for a > 3, we have:

aipiq € Lgi,j, OF Qipjq € Lgi 4, OF

@ Jpliq € Lpigg, OF @ jpJq € Laigj,
If k < jq
aipk > aipiq > Bipiq € Laigj, C L.

If k> jg
aipk > ajpig > Bipiq € Laiyj, C L

Then a is a multiple of a generator of I.
III case: ap > Oy, aipgp > Biglqs IpJp < tqlq-
In this case we have as a generator of the colon ideal aipj, : 81474
a = (avipk)(B jpk), k #ip,iq, Jp,Jq BE€{L,...,m}, (3.1)

(see Theorem 2.1).
Since the sequence satisfies the property P, for o > 3, we have by condition (3):

’

Bigip € Ly, ;. or Bigip € Lo; ;.

or fipjq € E/M-pjp or Bipjq € E;ﬂ-pjp
If & > jp, rewrite (3.1) as a = (B1ipk)(a jpk). Then

Bipk < ipjy and iy k > ipjp.

It follows
Bipk € Llaipjp C L and Biyk € L.
If £ < jp
Bkip < ajpiq and kjp > jpiq-
Then

Bkjp € L'aj,5, C L and Bj, k € L.

In any case a is a multiple of a generator of the ideal I generated by the set L.
The proof of the remaining cases is analogue. O
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4. OPEN PROBLEMS

1) To find new classes of monomial ideals generated in degree 1 with a linear resolution.
We proved in [13] that the monomial ideals of B * A® in Theorem 3.3 have a linear
resolution.

2) To find monomial ideals of B A®) generated not in the same degree and candidate
to be component-wise linear [16].

3) To study monomial ideals of C' = B (2) « A®) that have linear quotients and a linear
resolution. The Segre products B * A® and B® x A?) were already studied in
[5,6], where results on the subtended semigroup map are obtained.
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