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UNIFORM APPROXIMATION BY POLYNOMIALS
WITH INTEGER COEFFICIENTS
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Abstract. Let r,n be positive integers with n > 6r. Let P be a polynomial of degree at
most n on [0,1] with real coefficients, such that P*)(0)/k! and P™*)(1)/k! are integers for
k=0,...,7— 1. It is proved that there is a polynomial @ of degree at most n with integer
coefficients such that |P(z) — Q(z)| < C1C5r*/2n=2" for & € [0, 1], where Cy, Cs are some
numerical constants. The result is the best possible up to the constants.
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1. INTRODUCTION

Approximation by polynomials with integer coefficients has penetrated far beyond the
original area of applications in analysis. Many connections and generalizations were
found in various areas of approximation theory and real analysis. It is well known that
a continuous function f : [0,1] — R can be uniformly approximated by polynomials
with integer coefficients if and only if f(0), f(1) € Z (see for instance [3,5]). This
leads to the following question: let P be a polynomial of degree at most n, with
P(0), P(1) € Z; how well can P be approximated by polynomials of degree at most n
with integer coefficients? This question (in the Lo norm) appeared in Aparicio [1] and
(in the L, norm) in Trigub [6]. Moreover, the paper [2] deals with the more general
question of estimating 7, ,,r > 1 in the L, norm, p > 1. Let P,, denote the space of
polynomials of degree at most n with real coefficients. Let P,ZL C P, be the additive
subgroup consisting of polynomials with integer coefficients. We will treat polynomials
as elements of the real normed space C[0,1]. By || - || we denote the uniform norm in
C[0,1] and d is the corresponding metric. Let us also denote

H,:={feC[0,1]: f(0), f(1) € Z}.
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The problem is to estimate the quantity

z
Yin =, HAX d(P, P).
The standard argument based on Bernstein polynomials yields 1, = O(n™!) (see
for instance [3,4]). The bound v, , = O(n~?) appers in Trigub [6]. In fact, one has
Yi,n X N2 as n — oo (see the remarks following Proposition 1.2).
We have to introduce some notation. Let N denote the set {1,2,...} and let r € N.
By M, we denote the space of polynomials divisible by 2" (1 — z)". In other words,

M, :={P:P®0)=P®A)=0fork=0,...,r —1}.
By H, we denote the set of all polynomials P such that P®*)(0)/k! and P®*)(1)/k!

are integers for k =0,...,r — 1. For n > 2r we denote
Y/
T B, AP, P,).

The main result of the paper is the following:

Theorem 1.1. Let r € N and let n > 6r. Then

P2r+1/2

’YT,n < Cl . C’g . 7, (11)

where C1,Cy are some numerical constants. One may take C1 = 23/7+1 and Cy = 16.
This result cannot be essentially improved:
Proposition 1.2. Let r € N and let n > 2r. Then

P2r+1/2

T
Yrn > Co nzr )

where c1,co are some numerical constants. One may take ¢y = /7 and co = e 2.

Fix r € N. From Theorem 1.1 and Proposition 1.2 one gets ¥,,, < n™2" as n — oo.

It follows from [6, Lemma 3] that +,., = O(n~"). The results of [6] allow one to obtain
the bound 7., = O(n™2"), but do not give more precise estimates of the form (1.1).
Theorem 1.1 can be found in [2] (in a slightly different form). But the method used in
the present paper is simpler, more direct, does not use the Ly norm. It is not hard
to verify that for certain values of r and n it gives better values of the corresponding
numerical constants.

2. THE PROOFS

By a lattice in C[0, 1] we mean an additive subgroup generated by a finite number
of linearly independent vectors. It is not to hard to see if n > 2r, then P% N M, is
a lattice generated by the Bernstein polynomials

2F(1—x), =7r,...,n—T;
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hence it follows that P, N M, = span (P% N M,«) . Given a lattice L, by u(L) we

denote its covering radius:

w(L):= max d(P,L).

PespanL

Lemma 2.1. Let r € N and let n > 2r. Then
’Y'r‘,n S M(P% ﬂ MT‘)’

Proof. Given P € P, N H,, let us write

r—1 r—1
~ . P& (0 . Pk)(1
P(z)=(1-1x) %xk—l—x E k'( )(x—l)k.
k=0 ’ k=0 ’

Then P € P%T,l - P% and
PR ) =P® ), P®@)=P®(Q),  k=0,...,r—1,
which means that P — P € M. Since P € PZ | we have P~ — P= PZ and therefore
d(P,P%) = d(P - P,P” — P) = d(P — P, P%).
Hence it follows that

Yom = max d(P,P%)= max d(P—P,P%)= max d(P, P%).
’ PcP,NH, PeP,NH, PeP,NM,

Now it remains to observe that

Zy < z _ A .
peDax d(P,P;) < pomax, d(P,P,NM,)=pn(P,NM,) O

Lemma 2.2. Let r € N and let n > 2r. Then

1

—1
Z <=(") .
upinm,) < 5 ("

Proof. The argument is standard, but we give the proof to make the paper
self-contained. Let P € P,, " M,.. We have to find some Q) € P?L N M, such that

1/n
IP-al<5(7)

P(z) = Z apxt (1 — z)"F,
k=r

—1

We may write

where ay, are real coefficients. Let us write a = [ax] + {ax}, where [ax] € Z and

—1/2 < {ax} < 1/2.
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Consider the polynomial

Q) = 3 farle* (1 — )
k=r
For each z € [0, 1] we have
P@) Q@) = | 3 {ae)at (1~ a)"H| < £ 3 ak(1 - )t
k=r k=r

It is now enough to observe that
n—r n —1n—r n
Zxk(l _ x)n—k < (,’,) Z (k> .’lﬁk(l _ x)n—k

(B

Remark 2.3. If » = 0, then problem of evaluating p (PZ) is trivial. For each n € N

n

we have 1
w(P7) =3
Let P(z) = 3. For each @ € P% we have ||P — Q|| > 1|P(0) — Q(0)| > 1. This proves
that ]
PZ) > .
“( n) =39
It is also not hard to see that
(7)<

Let Uy, Us, ... be the sequence of polynomials given by
U.(x)=2"(1—2)", r=1,2,...
Lemma 2.4. Let r € N and let n > 2r + 3. Then
" (P% n MT) < LU, Pp s N M, 1) +p (P?L N Mr+1> .
Proof. Let P € P,, N M ,. We have to prove that
d (P, PN Mr) < Ld(Uy, Py N M,yy) + (P% N Mm) . (2.1)

We may write
Plz)=2"(1—2)"[a+bx+ z(1l —z)Q(z)]

for some a,b € R and some @ € P,,_5._5. In other words, we may write

P=A-U, +R,
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where A € Py and R € P,, N M, .. It is not hard to see that the linear function A
may be written in the form A = B + C, where B € P?, C € P; and ||C| < i
Take S € P,y N M, such that

Uy = S|| = d(Uy, Py N Myy1).
Then C - S € P, NM,,1 and
IC- U, —C -S| =|C- U - <ICI U = 8|l < 5T = S| (2.2)
We have C- S+ R € P, N M,1, so that there is some T € P,ZL N M, 11 such that
|CS+R=T| < pu(PEn M), (23)
Then we may write
P=(B+C)-U.+R=B-U.+(C-U.+R-T)+T.

Since B-U, € PENM, and T € PN M, ., ¢ PN M,, it follows that B-U, +T €
PZA M,. Thus
d(P,PEANM,)<|P-B-U,-T|=|C-U.-C-S+C-S+R—-T|
<|C-U.—C-S|+|C-S+R-T|.
Hence, by (2.2) and (2.3), we obtain (2.1). O

Remark 2.5. Let r = 1. It is easy to check that
Z 4

n2

Moreover, we have
1
d (U PLAM ) >
b V)= ap?
(see the proof of Proposition 1.2 below) and
u (P,% N M1> > d(Uy, P, N M;).

Thus 1 4
—~ <u(PPnMm ) <2
4n2 — ,u( " ) =2
Lemma 2.6. Let 7 € N and let m > 2. There exists a polynomial ﬁ.,m e P,,,N"M,

such that B B
(Trm)(0) = (1) (Ty) (1) = 7, (2.4)

and
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Proof. Let T,, be the Chebyshev polynomial given by
T (z) = cos(marccosz), —1<z<1.

Let x,, = cos (m/2m) be the greatest zero of T,. Consider the polynomial
Sm(z) = =T (22 —1D)z), 0<z<1.

We have S,,(0) = S,,,(1) = 0 and it is easy to check that

S (0) = —S" (1) = 22, T" () = 2m - cot —— > m?2.
1(0) = 3, (1) = 2, T}, () = 2m - cot ;1 > m

Let Tl’m € P,, N M1 be given by

flym(x) = 22%37 0<x<1.
Then 77 ,,,(0) = —T7{ (1) = 1 and
Tooml < =
For r > 1, we define
Tom = (To)"
Then || Tyl = || Tom||” < 1/m?". We may write

Ty m(z) = 2(1 — )W (2)

for some W € P,,_o, therefore

Trm(z)=2"(1—2)" (W(x))".
Hence it follows that Tnm € M, and (2.4) is satisfied. O

Corollary 2.7. Letr € N and let n > 4r+2. There exists a polynomial T € P,,_1NM .
such that

T0) = (-=1)"T" (1) = 7! (2.5)

and
||T|| S 22r . 7,27" .

n2r’

Consequently,
1

n2r’

d(Up, Py 1N M, 1) < 92r 21
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Proof. Suppose that m is odd such that

n—1 n—1
—2<m< .

T T

According to Lemma 2.6, there exists some polynomial T € P,,,. N M, satisfying (2.5)
and such that ||T|| < 1/m?". It follows that mr < n — 1, whence T € P, 1 N M,.
Condition n > 4r + 2 means that

T 2r
and therefore )
1 -1 —er 22r 2r
IT) < — <<” —2) <=
m2r r n2r

To obtain (2.6) it is enough to observe that U, — T € P,,_1 N M, ;1. The proof for m
even is similar. O

Proof of Theorem 1.1. In view of Lemma 2.1 it is enough to prove that

” ,r27‘+1/2

According to Lemma 2.4, we may write

i (PEOM,) < 54 (U Pot 0 Myi0) + 1 (PO Mo )

i (PEOM, 1) < 5d(Upia, Paot Mosa) + (PR O M) |

i (PE0Maey) < 3d(Us1, Pat 0 May) + (PO My, ).

By adding these inequalities we obtain
1 r—1
u(PinM,) < 5D (Ui Pt 1 M) + 1 (PinMs).  @7)
k=0

By Corollary 2.7, for k =0,1,...,7 — 1 we have

1

d (Upiie, Proy N Myygoqn) < 2200 (0 )00 2R

As k <r—1, we have 2(r + k) < 4r — 2. Consequently, we may write

r—1

Z d (Ur-i-k) P, 1N M7'+k+1) < 24T_2 *Sn,r (28)
k=0
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where
_ r21’ (7" 4 1)2r+2 (7" + 2)27"+4 (27“ _ 1)47"—2
Snr = or n2rt2 n2r+4 et nAr—2
Let

(7“ 4 k)2r+2k

G;kzw, k:0,17...,7”—1

It is easy to check that
1\*
ak<ao-<4ezr2-2> , k=1,2,...,r—1.
n

Consequently,

r—1 o] 1 k 4e2p2 -1
Spr = ar < a 4e*r?. — ) =ao|1l- .

Since, by assumption, n > 6r, it follows that

) 4?2 .- 4e? - 1
n? - 36 6
Thus
r27'

From Lemma 2.2 it follows that

1 A
Pz MT)<7-
’“‘( n 1 Mar ) =5 <2r>

Standard estimates based on Stirling’s formula yield

-1
n 2r org1/2 L
(27«) < 2V2m - (2/e)? - (2r)2r L/ el

Hence
1

L (1372l N M27') <2V (4)e)? - ()12, -

From (2.7)—(2.10) we obtain

1 r2r 1
m (PZ mM,.) < 5~24T_2-6ﬁ+2\/%~(4/6)2r-(r)2r+1/2-ﬁ < (2/7+1)-16"- —-

Proof of Proposition 1.2. As %Ur eP,NM, C P,NH,, we have

Yoo > d(3U,, PE).

(2.10)

p2r+1/2

O

(2.11)
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Let f be the linear functional on P,, given by

F(P) = (1) - PO0)

Then fj,, . =0, f(U;) =1 and f(PEy=127.1f P € P, then

n?(n?—1)...(n% - (r —1)?)
1-3...(2r— 1)

‘P(”(O)’gzr. 1Pl,  r=01,2,....n. (2.12)

according to the Markov inequality. Equality in (2.12) holds for the Chebyshev poly-
nomial of degree n on [0, 1]. This means that

n?(n?—1)...(n%> — (r —1)?)
1-3...(2r —1)

1 T
17l =2

We may write
n?(n? —1)...(n* — (r—1)%) <n?

and

2r)!
1-3...(27:—1):2(]"1'.

Using standard estimates based on Stirling’s formula, we obtain

2r

€ 2r
Hf” < 2\/7?'7"2T+1/2 no. (213)

Take any P € P%. We have f(P) € Z and f(271U,) = 3, therefore
[f(P) = f27'U)| = 27"
On the other hand, we have
|F(P) = fTIUD| < IfII- 1P =27 U, l.

Thus 1
l2710, = Pl > 5 - £

Since P € P,ZL was arbitrary, it follows that
d(3U., PR) > 31 f1 7 (2.14)

From (2.11), (2.13) and (2.14) we obtain

" (P% n MT> > Jme 22,
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