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STRONGLY INCREASING SOLUTIONS
OF CYCLIC SYSTEMS
OF SECOND ORDER DIFFERENTIAL EQUATIONS
WITH POWER-TYPE NONLINEARITIES
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Abstract. We consider n-dimensional cyclic systems of second order differential equations
(pi(t)|1};‘ai_11};)/ = qi(t)|mi+l|ﬂi_lmi+l7 i=1,...,n, (Tp+1=m1) (*)

under the assumption that the positive constants a; and (; satisfy a;...a, > f1...06, and
pi(t) and g;(t) are regularly varying functions, and analyze positive strongly increasing so-
lutions of system () in the framework of regular variation. We show that the situation for
the existence of regularly varying solutions of positive indices for (x) can be characterized
completely, and moreover that the asymptotic behavior of such solutions is governed by the
unique formula describing their order of growth precisely. We give examples demonstrating
that the main results for (x) can be applied to some classes of partial differential equations
with radial symmetry to acquire accurate information about the existence and the asymptotic
behavior of their radial positive strongly increasing solutions.

Keywords: systems of differential equations, positive solutions, asymptotic behavior, regu-
larly varying functions.

Mathematics Subject Classification: 34C11, 26A12.

1. INTRODUCTION
We consider the cyclic system of second order nonlinear differential equations

(pi(t)l;

for which the following conditions are always assumed to hold:
(a) a; and B;, i = 1,2,...,n, are positive constants such that

10, . .0y, >51ﬁ2...5n; (12)

ozifl

) = q®)|zip [P i, i=1,2,...n, (Tap1=21),  (1.1)
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(b) pi,qi : [a,00) = (0,00), a >0, i =1,2,...,n, are continuous functions;
(c) all p;(t) simultaneously satisfy either

[e e}

/pi(t)*idtzoo, i=1,2,....n, (1.3)
or
/pi(t)*idt <o, i=1,2,...,n. (1.4)

a

Systems of the form (1.1) arise, for example, in the study of positive radial solutions
in the exterior domain for the system of p-Laplacian equations

div(|Vui|p_2Vui) = f1(|x|)|ul+1 7i_1Ui+1, = 1, e,y (un+1 = ul),

where p > 1 and 7; > 0 are constants, |z| denotes the Euclidean length of x € RV
and f;(t), i =1,...,n, are positive continuous functions on [a, c0).

By a positive solution of the ordinary differential system (1.1) we mean a vector
function (x1(t),...,z,(t)) consisting of positive continuous components z;(t), i =
1,...,n, which are continuously differentiable together with p;(t)|«}(¢)|*~12}(¢) o
an interval of the form [T, 00) and satisfy the system of differential equations (1.1
there. We are interested in the asymptotic behavior of positive solutions of (1.1
as t — oo. It should be noticed that a positive solution (z1(t),...,z,(t)) of (1.1)
may exhibit a variety of asymptotic behaviors as ¢ — oco because if (1.3) holds each
component x;(t) is either increasing and satisfies

im zi(t) =00 or lim zi(t)
t—o0 P,L(t) t—o0 Pl(t)

=]

~— —

= const > 0,

where P;(t) = f; pi(s)~1/@ids, or is decreasing and satisfies

lim z;(t) =const >0 or lim z;(t) =0,
t—00 t—o0

while if (1.4) holds each component z;(t) is either increasing and satisfies

lim 2;(t) =00 or lim z;(t) = const > 0,
t—o0 t—o0

or is decreasing and satisfies

(T i (T
lim x;(t) = const >0 or lim gl =const >0 or lim zi(t) =0,
t—00 t—o0 m;(t) t—o0 7, (t)

(o)
where m;(t) = [ pi(s)~Y/*ds.
¢
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In our previous paper [8] we have studied the problem of existence and asymptotic
behavior of positive solutions (z1(t),...,x,(t)) of (1.1) all components of which are
decreasing and satisfy

lim x;(t) =0, ¢=1,...,n, in case (1.3) holds,

t—o0

or
o Zit)
t—o0 TT; (t)

=0, i=1,...,n, in case (1.4) holds,

in the framework of regular variation, and have shown that almost complete analysis
can be made of regularly varying solutions of (1.1) having negative regularity indices,
by which we mean those solutions (x1(t),...,z,(t)) of (1.1) where all components
are regularly varying functions of negative indices. (See Section 2 for the definition of
regularly varying functions.)

A question naturally arises: Is it possible to analyze the existence and asymptotic

behavior of positive solutions (z1(t),...,x,(t)) of (1.1) all components of which are
increasing and satisfy
it . .
tlggo ;Et; =00, 4=1,...,n, in case (1.3) holds, (1.5)
or
tlim xi(t) =00, i=1,...,n, in case (1.4) holds, (1.6)
—00

in the same spirit as in [8]? Such solutions are referred to as strongly increasing
solutions of (1.1). It is clear that a positive solution (x1(t),...,z,(t)) of (1.1) is
strongly increasing if and only if

a;—1

ri(t) =00, i=1,...,n. (1.7)

(2

. . /
Jim i (t) = Lim p;(t)|2;(t)

The aim of this paper is to give an affirmative answer to the above question by
showing that if we limit ourselves to the case where p;(¢t) and ¢;(t) are regularly
varying, then with the help of the theory of regular variation we can characterize the
situation in which (1.1) possesses strongly increasing solutions (x1(t), ...,z (t)) where
all the components are regularly varying functions of positive indices, and moreover
determine the unique precise growth law which governs the asymptotic behavior of
all such solutions of (1.1).

The main results of this paper will be presented in Section 4. Under the assumption
that p;(¢) and ¢;(¢) are regularly varying the existence of strongly increasing regularly
varying solutions of (1.1) is proved by solving the system of integral equations

J;i(t):ci—I—T/t(]ﬁjqi(r)xiﬂ(r)ﬁidr)O%ds, i=1,...n  (18)

for some positive constants ¢; and T > a with the help of fixed point techniques com-
bined with basic properties of regularly varying functions. Furthermore, the asymp-
totic behavior of the obtained solutions is shown to obey the unique law describing



50 Jaroslav Jaros and Kusano Takasi

their order of growth accurately. For this purpose essential use is made of the fact that
one can acquire thorough knowledge of strongly increasing regularly varying solutions
of the following system of asymptotic relations associated with (1.1):

t s 1
x;(t) N/(}%/qi(r)xiﬂ(r)ﬁidr) ‘ds, t—o0, i=1,...,n, (1.9)
r T

which may be regarded as an “approximation” of (1.8). Here and hereafter the symbol
~ is used to mean the asymptotic equivalence

f@&)~gt), t— o0 = lim =—= = 1.

The exposition of the analysis of system (1.9) by means of regularly varying func-
tions is given in Section 3, which is preceded by Section 2 in which the definition and
some basic properties of regularly varying functions are summarized for the reader’s
benefit. In the final Section 5 it is shown that our main results for (1.1) can be
effectively applied to some classes of partial differential equations with radial symme-
try including metaharmonic equations and systems involving p-Laplace operators on
exterior domains in RV,

Since the publication of the book [14] of Mari¢ in the year 2000 there has been an
increasing interest in the study of differential equations in the framework of regularly
varying functions and as a consequence the theory of regular variation has proved to
be a powerful tool in the asymptotic analysis of differential equations, giving rise to
detailed and accurate information about the existence, the asymptotic behavior and
the structure of positive solutions of various types of ordinary differential equations.
See, for example, the papers [6,7,9-13].

2. REGULARLY VARYING FUNCTIONS

For the reader’s convenience we summarize here the definition and some basic prop-
erties of regularly varying functions.

Definition 2.1. A measurable function f : [0,00) — (0, 00) is called regularly varying
(at infinity) of index p € R (written f € RV(p)) if for all A > 0

O
Am ey = A

The simplest example of a regularly varying function is the power function ct”
where ¢ > 0 is constant and p € R, or, more generally, the function ct?(1 + £(t))
where £(t) is a measurable function on (0, c0) such that £(¢) — 0 as t — oo.

We often use the symbol SV to denote RV(0) and call members of SV slowly
varying functions. Typical representatives of the class SV are measurable functions
on [a,00) which have a (finite) positive limit at infinity, the logarithmic function,
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its powers (logt)?, B € R and its iterates log,,t defined by log,, t = loglog,, it,
m = 2,3,.... Another nontrivial example is

exp{(log t)ﬁl (log, t)ﬂ2 ... (log,, t)ﬂ’"},

where ; € (0,1). Examples of oscillating slowly varying functions are 2+sin(loglogt),
t > e, and

L(t) = exp{(log t)? cos (log t)e}, 0 e (0, %),

which satisfies
limsup L(t) = oo and liminf L(t) = 0.
t—00 t— o0

It is easy to see that a regularly varying function f(¢) of index p can always be
represented as f(t) = tPg(t) with g(¢t) € SV, and so the class SV of slowly varying
functions is of fundamental importance in the theory of regular variation.

One of the most important properties of regularly varying functions is the following
representation theorem.

Proposition 2.2. f(t) € RV(p) if and only if f(t) is represented in the form

f(t) =c(t) exp { / @ds}, t > to, (2.1)

to
for some to > 0 and for some measurable functions c(t) and 6(t) such that

tlggo c(t) =co € (0,00) and tlggo o(t) = p.
If in particular ¢(t) = ¢o in (2.1), then f(t) is referred to as a normalized regularly
varying function of index p.
The following result illustrates operations which preserve slow variation.

Proposition 2.3. Let L(t), L1(t), La2(t) be slowly varying. Then, L(t)* for any
a € R, Li(t) + La(t), L1(t)La(t) and L1(La(t)) (if La2(t) — o0) are slowly varying.

A slowly varying function may grow to infinity or decay to 0 as ¢ — oco. But its
order of growth or decay is severely limited as is shown in the following proposition.

Proposition 2.4. Let f(t) € SV. Then, for any e > 0,

: 5 _ . —e _
tlggot ft) = oo, tlg&t f@)=0.

The following result called Karamata’s integration theorem is of highest impor-
tance in handling slowly and regularly varying functions analytically, and will be used
throughout the paper.
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Proposition 2.5. Let L(t) € SV. Then:

(i) if a > -1,
t
1
“L(s)ds ~ ——t* L), ¢ — oo
[ s Leds ~ e L, o
(i) if @ < —1,
7 1
“L(s)ds ~ —————t*tIL(), t— oo;
[ s peds ~ — e L, o
t
(iii) if o = —1,

() :/@ds €SV and m(t) = /@ds €SV,

provided L(t)/t is integrable near the infinity in the latter case.

Definition 2.6. A vector function (z1(¢),...,z,(t)) is said to be regularly varying
of index (p1,...,pn) if z; € RV(p;) for ¢ = 1,...,n. If all p; are positive (or nega-
tive), then (x1(t),...,z,(t)) is called regularly varying of positive (or negative) index
(p1,---,pn)- The set of all regularly varying vector functions of index (p1,...,pn) is
denoted by RV (p1,...,pn)-

For the most complete exposition of the theory of regular variation and its appli-
cations the reader is referred to the book of Bingham, Goldie and Teugels [2]. See also
Seneta [15]. A comprehensive survey of results up to the year 2000 on the asymptotic
analysis of second order ordinary differential equations by means of regular variation
can be found in the monograph of Mari¢ [14].

3. ASYMPTOTIC RELATIONS ASSOCIATED WITH (1.1)
We assume that p; € RV(\;) and ¢; € RV(u;) and that they are expressed as
pi(t) =M1,  q(t) =tMm(t), 1, myeSV, i=1,2,...,n, (3.1)

and seek positive increasing solutions (z1(t),...,x,(t)) of system (1.1) consisting of
components x; € RV(p;), p; > 0, represented in the form

xl(t) = tpifi(t), & € SV, i=1,...,n. (32)

We note that condition (1.3) is satisfied if either

N <o, or AN =oq«; and /tilli(t)fidt = 00, (3.3)
a
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while condition (1.4) is satisfied if either

AN >aq;, or N =oq«; and /t_lli(t)_%idt < 0. (3.4)

a

In analyzing strongly increasing solutions of system (1.1) it is convenient to dis-
tinguish the case where p;(t) satisfy (1.3) from the case where p;(¢) satisfy (1.4). For
the case of (1.4), which is equivalent to (3.4) holding for ¢ = 1,...,n, the solutions
(x1(t),...,xn(t)) of (1.1) will be sought in the class RV(p1,...,pn) with p; > 0,
it =1,...,n. For the case of (1.3), however, our attention will be focused on the two
extreme cases:

(a) Mi=a;, i=1,...,n, and (b) N <o, i=1,...,n,
which imply, respectively, that

t

. ) =g 1 P — N\
Pi(t):/sflli(s)*@dsesv and P/L(t)N aof)\t a; lz(t)iz ERV(OQO(‘)\%),

a

and an attempt will be made to detect solutions belonging to RV(p1,...,p,) with
pi > 0,1 =1,...,n, or to RV(p1,...,pn) with p; > (i — N\j)/au, i = 1,...,n,
according to whether (1.1) or (b) holds, respectively.

Let (z1(¢),...,2,(t)) be a strongly increasing solution of (1.1) on [T, 00). Inte-
grating (1.1) twice on [T, t], we have

t s 1
1 oy
x;i(t) = cio—i—/ [— (cﬂ—l—/qi(r)mH (T)B”’dr>] ds, t>T, i=1,...,n, (3.5)
T

pi(s)
T

where ¢;o0 = 2;(T) > 0 and ¢;3 = p;(T)z;(T)* > 0. This applies to both cases (1.3)
and (1.4). Note that in view of (1.7) the solution is required to satisfy

o0
/qi(s)xiﬂ(s)ﬁids =00, i=1,...,n. (3.6)
T

Our task is to solve the system of integral equations (3.5) plus (3.6) in the class of
regularly varying functions. This can be accomplished through the analysis of regularly
varying functions satisfying the system of integral asymptotic relations

J;i(t)Nj(}%jqi(r)xiﬂ(r)ﬁidr)alids, Lo, i=1,...n (37

It turns out that one can acquire thorough knowledge of all possible regularly varying
solutions of positive indices of (3.7) plus (3.6), and this fact will play an essential role
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in constructing the strongly increasing solutions of system (1.1) by means of fixed
point techniques and in determining their accurate asymptotic behavior at infinity.

We begin by considering system (3.7) with p;(¢) satisfying condition (1.4). Note
that \; > oy, i =1,...,n (cf. (3.4)). Suppose that (3.6)-(3.7) has a positive solution
(1(t),...,zn(t)) € RV(p1,...,pn) on [T,00) with p; > 0, ¢ = 1,...,n. Using (3.1)
and (3.2), we have

t t

/q¢(8)$i+1(8)ﬁid3 = /s”i+ﬂipi+1mi(s)§i+1(s)ﬁids, t>T, i=1,...,n. (3.8)
T T

The divergence of (3.6) as ¢ — oo implies p; + Bipiv1 > —1, 4 = 1,...,n. It should
be noted that the equality is not allowed in any of the last inequalities. In fact, if
wi + Bipiy1 = —1 for some ¢, then from (3.8) we obtain

1

(ﬁj%(s)ﬂﬁwl(s)ﬁids) & = f%li(t)iu%’ (T/t Slmi(s)&ﬂ(s)ﬁids) ai» (3.9)

for t > T. If \; > «;, then the right-hand side of (3.9) is integrable on [T, c0), and
so (3.7) implies that lim; o 2;(t) = const > 0, which is impossible. If \; = «;, then
integrating (3.9) gives

x;i(t) ~ /sflli(s)fu%: (/ rlmi(r)§¢+1(r)ﬁidr> O_ids € SV = RV(0),
T T

which contradicts the assumption that p; > 0. Therefore, it holds that u; + 8;pi11 >
—1 for i =1,...,n. Then, applying Karamata’s integration theorem to (3.8), we see
that

ZXitnitBirip1tl B;

t 1 1 1
1 ) o t @i litizmit”‘_ii t) i
(525 fatcmeoar)” om0t
ity ] (i + Bipip1 + 1)

(3.10)
for i = 1,...,n. Since the left-hand side of (3.10) is not integrable on [T, c0) we see
that (—=X\; + p; + Bipir1+1)/a; > —1,i=1,...,n. Suppose that (—\; + p; + Bipi+1 +
1)/a; = —1 for some 4. Then, p; + Bipi+1 +1 = A\ — a; > 0, which means that the
possibility A\; = «; is ruled out, that is, A; > «;. In this case, integrating (3.10) from
T to ¢ and using (3.7), we obtain

t
Bi
zilt) ~ (A — o) "% /silli(s)iimi(s)ifi+l(s)?’:ds €SV, t— o0,
T
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a contradiction. Consequently, we must have (—\; 4+ p; + Bipi+1 +1)/a; > —1 for all
i, in which case, integrating (3.10) on [T, t], we conclude via Karamata’s integration
theorem and (3.7) that

S L) T () T e (0

a; . m o £ a; .

x;(t) ~ - 7A_+M_:ﬁ/p; 1: , t—oo0, i=1,...,n. (3.11)
(ki + Bipigr + 1) (a—+ + 1)

This shows that p; = (=\; + i + Bipi+1 + 1)/a; + 1, which can be expressed as

, Y ]
PO A i e e (3.12)
(673 (673
To solve the algebraic linear system (3.12) in p;, i = 1,...,n, it suffices to observe

that the coefficient matrix

1 -2 0 .0 o0
o
1 -2 0 0
o
A:A(@,...,B—"): : : h S (3.13)
[e%1 (7% : : . : .
0 0 0 .1 —f=
ﬂ7l
- 0 0 ... 0 1
is invertible, because
An_Bn
|A|=T>O, where An:alag...an, anﬁlﬂg...ﬁn, (314)

and its inverse is given explicitly by

1 Br BB o o B1B2..-Bn-1
a ara Q1Q2...Qpy—
L B pabs 8265 -fn1
(o) Oté()ts e agﬁag.Ban_l
A 1 B Bben
A*l — n as Qgz...0pm—1 (315>
A, - B, S : )
1 ﬂnfl
Qp—1
* 1

where the lower triangular elements are omitted for economy of notation. Let (M;;)
denote the matrix on the right-hand side of (3.15). It is easy to see that the i-th row
of (M;;) is obtained by shifting the vector

(1 Bi Bibi &ﬂiﬂnﬂiﬂniz)) (Qny1 =1, Bny1 = P1)

b ) b )
Q; OG0G41 Q41 - Qg (n—2)
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(¢ — 1)-times to the right cyclically, so that the lower triangular elements M;;, i > j,
satisfy the relations

Mijj\/[ﬂ_ﬂlﬂ2 ﬁ", i>j, i=1,2,...,n. (3.16)
a19. . .0n

Then the unique solution p;, i = 1,...,n, of (3.12) is given explicitly by

An Ny %Nt
p1=mZMm aj 5 221,...,71, (317)
j=1
from which it follows that all p; are positive if
— A 1
ZM” TR =1 (3.18)
Qj
We observe that (3.11) can be rewritten in the form
EE () g () Az ()
2i(t) ~ — pilt) “a®mrim® (3.19)
D;
where )
Di = (N — a; + ipi) i piy (3.20)
for = 1,...,n. This is a cyclic system of asymptotic relations, from which one can

derive without difficulty the following independent explicit asymptotic formulas for
each x;(t):

1 An
n = a7\ Ma] w2
[H( pj qu() ) } , t—o0, i=1,...,n. (3.21)
e} D

Notice that (3.21) is rewritten in the form

1
J

n (T wT e (187 \ Mii] T
2i(t) ~ tP {H(M) } L tooo, i=1,....n.  (3.22)
J

j=1

We now assume that (3.18) holds, define the constants p; by (3.17) and consider
the functions X;(t) € RV(p;) on [a, c0) defined by

a;+1 1
J

n J _ 1 M, An
t o5 pa(t) % g (1) \ Mii] =B
X,(t) = {H( 2y )D 4;(1) ) ] . i=1,....n. (3.23)
J

J=1

Then X, (t) satisfy the system of asymptotic relations (3.7), i.e.,

t s .
1 oy
/(p(s) /Qi(T)Xi+1(7")Bidr> ds ~ X;(t), t—o0, i=1,,,,n, (3.24)
b ! b
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for any b > a, where X,,+1(t) = X1(¢t). In fact, noting that X;(¢) are expressed as

L 1
o o

)T T my () \ M
Xi(t) = t"Ei(t), Ei(t) = {H (—j o ) } ;
=1 !
and using Karamata’s integration theorem, we obtain

i

¢ ) 1 1 )
! N () () S B (8
( /Qi(S)Xi+1(3)ﬁldS) ~ (t) = mi(t) +1(t)
b

pi(t) (Ai — i + Oéipi)a%" ’
and
[ ] T ) ()P S ()
) g K i o m’i a; i a;
i(r) Xiga (r)dr ) ds ~ * : 3.25
[ (s [ty ar) s D, (3.25)
b b
as t — oo. Since simple calculation with the help of the relations
ﬁi Bn ﬁi . .
Miﬂ,z‘a—i =1 Mi+1.ja_i = M,;, for j#i

between the i-th and (i 4+ 1)-th rows of the matrix A shows that

() @imy(t)~i _ Bi
CRITCLTNE
- L rn -1 L My, B An
_ L) rma(t) e H Li(t) ~am;(t)" +1d'a; | An—Bn
j=1
- L 1 An

L lj(t) “j mj(t)aj Mi; An—Bn _
- H D :‘:‘l(t)v

j=1 J

we conclude from (3.25) that X;(t) satisfy the asymptotic relations (3.24) as desired.

Summarizing the above discussions, we obtain the following noteworthy result
which provide complete information about the existence and asymptotic behavior of
regularly varying solutions with positive indices of system (3.7).

Theorem 3.1. Suppose that p; € RV(\;) and ¢; € RV(u;), i = 1,...,n, and that
pi(t) satisfy condition (1.4). System of asymptotic relations (3.7) has regularly varying
solutions (x1(t),...,xn(t)) € RV(p1,...,pn) with p; >0, i =1,...,n, if and only if
(3.18) holds, in which case p; are uniquely determined by (3.17) and the asymptotic
behavior of any such solution is governed by the formula (3.21).

Next we consider the case where p;(t) satisfy condition (1.3) and show that for the
two special cases (i) A; = «; and (ii) A; < «; for all ¢ = 1,...,n, complete analysis
can be made of strongly increasing solutions of systems of asymptotic relations (3.7)
in the framework of regular variation.
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Theorem 3.2. Let p; € RV()\;) and q¢; € RV(w;) for i = 1,...,n and p;(t) satisfy
condition (1.3).

(i) Suppose that \; = a;, i = 1,...,n. System (3.7) has regularly varying solutions
(x1(t),...,zn(t)) € RV(p1,...,pn) with p; >0, 1=1,...,n, if and only if

n

1
> MBS0 i=1,. o, (3.26)
Qj

Jj=1

in which case p; are uniquely determined by

A - wi+1
= S =1,..., 2
p 1 o> e i n, (3.27)

and the asymptotic behavior of any such solutions is governed by the set of for-

mulas (3.21) with D; = a;/ajp§aj+1)/aj, j=1,...,n.
(ii) Suppose that \; < a;, 1 = 1,...,n. System (3.7) has regularly varying solutions
(@1(t),...,zn(t)) € RV(p1,...,pn) with p; > (a; — Ni)/au, 0 = 1,...,n, if and

only if

ZM1'<MJ+ +ﬂj(061+1 )\]-'rl)) >0, i=1,...,n, (3.28)
Oéj Oéjaj+1

j=1
where a1 = a1, Apt1 = A1, in which case p; are uniquely determined by (3.17)
and the asymptotic behavior of any such solution is governed by the set of for-
mulas (3.21).

Proof. (1) Suppose that (3.7) has a solution (x1(t),...,z,(t)) € RV(p1,...,pn) with
all p; > 0. Starting from (3.8) one can proceed exactly as in the proof of Theorem 3.1
to reach the conclusion that (3.18) holds, that p; are given by (3.17) and that all the
components x;(t) must obey the unique growth law (3.21). Note that since A\; = o,
(3.18) and (3.17) are simplified to (3.26) and (3.27), respectively, and in (3.21) D;
reduce to D; = a;/o‘j p(.aj"’l)/aj. This proves the “only if” part. To prove the “if” part
we need only to simply repeat the same argument as in Theorem 3.1.

(ii) Suppose that (3.7) has a solution (x1(t),...,z,(t)) € RV(p1,...,pn) with
pi > (a; — N)/a, it = 1,...,n. We claim that p; + 8;pi+1 > —1 for all 4. In fact, if
i + Bipiy1 = —1 for some 7, then integrating (3.9) on [T,t] and using Karamata’s
integration theorem, we have

Y i a ).
5(0)~ 2 0 ([omgn () erv (M), o s
g
t

Oéi—)\i

which contradicts the hypothesis that p; > («; — A;) /. Therefore, p; + Bipit1 > —1
for all ¢ and we see that (3.10) holds. The divergence of the integral of (3.10) on
[T, 00) implies that (—\; + p; + Bipir1 +1)/a; > —1 for all ¢, but all of them should
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hold as strict inequalities because the equality for some i would imply that 0 <
i+ Bipit1+1 = A\ —a; < 0, an impossibility. This fact allows us to apply Karamata’s
integration theorem to the integral of (3.10) on [T, ¢], and as a consequence we obtain
(3.11) which shows that p; must satisfy (3.12) so that they are determined uniquely
by the formulas (3.17). Putting o; = p; — (a; — Ai)/a; > 0, we transform (3.12) into

; i+ 1 Bilaipr — Aig1)
0 — —0i41 = +
; 673 Q41

, 1=1,...,n,

from which (3.28) follows immediately. Finally, the asymptotic formula (3.21) follows
from the system of cyclic relations (3.19) into which (3.11) is transformed. Conversely,
suppose that (3.28) holds. If we define p; by (3.17) and the functions X;(¢) by (3.23),
then it can be easily verified that X;(t) satisfy the system of integral asymptotic
relations (3.24). This completes the proof. O

Remark 3.3. It is easily seen that Theorem 3.1 and (i) of Theorem 3.2 can be unified
into the following theorem.

Theorem 3.4. Suppose that p; € RV(\;) and ¢; € RV(u;), ¢ = 1,...,n. Suppose
in addition that \; > «;, i = 1,...,n. System (3.7) has regularly varying solutions
(x1(t),...,xn(t)) € RV(p1,...,pn) with p; > 0, i = 1,...,n, if and only if (3.18)
holds, in which case p; are uniquely determined by (3.17) and the asymptotic behavior
of any such solution is governed by the set of formulas (3.21).

Note that this result applies to those systems of the form (3.7) in which some or
all of p;(t) such that A; = a; satisfy the condition faoo pi(t) ¥ dt = oo.

4. STRONGLY INCREASING SOLUTIONS OF (1.1)

This section is devoted to the study of the existence and the asymptotic behavior of
strongly increasing solutions of system (1.1) which are regularly varying of positive
indices. Our main results are the following two theorems in which use is made of the
notation and properties of matrix (3.13) and its inverse (3.15).

Theorem 4.1. Let p; € RV(\;) and ¢; € RV (), i = 1,...,n. Suppose that \; > «,
1 =1,...,n. System (1.1) possesses strongly increasing solutions in RV (p1,...,pn)
with p; > 0,1 =1,...,n, if and only if (3.18) holds, in which case p; are given by
(3.17) and the asymptotic behavior of any such solution (x1(t),...,x,(t)) is governed
by the set of formulas (3.21).

Theorem 4.2. Let p; € RV()\;) and ¢; € RV (u;), i = 1,...,n. Suppose that \; < a,
i =1,...,n. System (1.1) possesses strongly increasing solutions in RV(p1,..., pn)
with p; > (a; — A) /ey, i =1,...,n, if and only if (3.28) holds, in which case p; are
given by (3.17) and the asymptotic behavior of any such solution (z1(t),...,xn(t)) is
governed by the set of formulas (3.21).

We note that the “only if” parts of these theorems follow immediately from the
corresponding parts of Theorem 3.3 and (ii) of Theorem 3.2. The “if” parts are proved
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by way of the following results ensuring the existence of strongly increasing solutions
for systems of the form (1.1) with nearly regularly varying coefficients p;(t) and ¢;(t)
in the sense defined below.

Definition 4.3. Let f(t) be a regularly varying function of index o and suppose that
g(t) satisfies kf(t) < g(t) < K f(t) for some positive constants k, K and for all large ¢.
Then ¢(t) is said to be a nearly regularly varying function of index o. Such a relation
between f(t) and g(¢) is denoted by g(t) < f(t) as t — oo.

Theorem 4.4. Let p;(t) and g;(t) be nearly regularly varying indices \; and p;,
respectively, that is, there exist p; € RV(\;) and ¢; € RV (u;) such that

pi(t) Xﬁi(t), qi(t) X(ji(t), t—o00, t=1,...,n. (41)
Suppose in addition that \; > «;, i = 1,...,n, and that (3.18) holds. Then, sys-
tem (1.1) possesses strongly increasing solutions (x1(t),...,x,(t)) which are nearly
reqularly varying of positive index (p1,...,pn) in the sense that
n ogtt L L apo A
t i Di t QJQ' t) i | Ap—Bn .
xl(t)x[]l:[l( J()Dj (1) ) , t—oo, i=1,...,n, (4.2)

where p; and D; are defined by (3.17) and (3.20), respectively.

Theorem 4.5. Let p;(t) and ¢;(t) be nearly reqularly varying of indices A; and p;,
respectively, i = 1,...,n. Suppose that \; < a;, i = 1,...,n, and that (3.28) holds.
Then, system (1.1) possesses strongly increasing solutions (x1(t),...,z,(t)) which
are nearly reqularly varying of positive index (p1,...,pn) such that p; > (a; — A\;)/au,
i =1,...,n, and satisfy (4.2), where p; and D; are defined by (3.17) and (3.20),
respectively.

Proof of Theorem 4.4. We assume that the regularly varying functions p;(t) and §;(t)
in (4.1) are expressed as

Pilt) = tNUi(t),  G(t) = t*'my(t), L, m; € SV. (4.3)
By hypothesis there exist positive constants h;, H;, k; and K; such that
hipi(t) < pi(t) < Hipi(t), kiqi(t) < qi(t) < KiGi(t), t>a, i=1,...,n. (44)

Let the functions X;(t) € RV(p;) be defined by

1

)R s (837 \ M A
X;(t) =tPi [H (M) ] . i=1,...,n (4.5)
j=1 J

It is known that

t s 1
1 a;
/(]5—(15) /cji(r)XiH(r)B"dr) ds ~ X;(t), t—o0, i=1,...,nm, (4.6)
b
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for any b > a. By (4.6), there exists T > a such that

T/ (ﬁz’l(t)

We may assume that each X;(¢) is increasing on [T, 00) because it is known (]2,
Theorem 1.5.3|) that any regularly varying function of positive index is asymptotic to

an increasing function. Since (4.6) holds with b = T, one can choose T; > T so large
that

=Y

1
Yds<2X,(t), t>T, i=1,...,n. (4.7)

/s (1 X 1)

T

t s

/(;(t)/q}(r)XiH(r)ﬁ"dr) s > %Xi(t) for t>Ty, i=1,...,n. (4.8)
pi
T T

Define the positive constants I; and L; (I; < L;) by

M An
1k \ Ao
u=5(#) "]

J=1

i An
n K.\ o 1 Zn-Bn
. L= [H4(h—3> J] . i=1,...,n.
j=1 J

(4.9)

It is easy to see that I; and L; in (4.9) satisfy the cyclic systems of equations

1 1
YA K\ 5o
ll‘ = 5(;) li—;l’ Li = 4(}1_) Li—';l’ 1= ]., ey (ln+1 = ll, Ln+1 = Ll)

n Mij An
L; H,K;\ = |75
Li 1 2t
li {H (hjkj) } ’
J=1

one can choose the constants h;, H;, k; and K; so that L;/l; > 2X,;(T1)/X;(T), that is,

because these constants are independent of X;(¢) and the choice of T and T;.
Let us now define X to be the set of continuous vector functions (z1(¢), ..., x,(t))
on [T, 00) satisfying

liXi(t) S .’El(t) S Lle(t), t Z T, 1= 1, ey (411)

Clearly, X is a closed convex subset of the locally convex space C[T,00)™. Let F;
denote the integral operators

¢ s 1
Fix(t) = ¢ +/<%/qi(r)x(r)ﬂidr> “ds, t>T, i=1,...,n, (4.12)
pils
T T
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where ¢; are positive constants such that
Xi(Th) < ¢ < %LiXi(T), i=1,...,n, (4.13)
and define the mapping ® : X — C[T, o)™ by
D(x1,x2,...,2,)(t)
= (Fraza(t), Faxs(t), ..., FunTnt1(t)), t > T, (zpy1(t) = z1(t)).

It can be shown that @ is a self-map on X and sends X into a relatively compact
subset of C[T,00)™, so that ® has a fixed point in X’ by the Schauder-Tychonoff fixed
point theorem.

(i) ®(X) € X. Let (x1,...,2n) € X. Then, using (4.7)—(4.14) we see that

(4.14)

]‘-Z(Ci+1(t) Z C; Z lle(Tl) Z lle(t) fOI‘ T S t S Tl,

kllf—:—l {%‘ / 1 r ~ Bi ‘%
]‘-iSCi+1(t) = T / ]5(3) /qi(T’)Xi+1(7") tdr ds
T T

1

V

o\ "H, Xi(t) > 1; X;(t) for t>1r,

v

and

Fiziy1(t)

IN

1t s 1
1 KL\ a0 1 ar
~L:X:(T il / /1‘ X, Bi
5 (T) + ( I ) (ﬁz(s) ) Gi(r)Xipa(r)”dr ) ds

T
1 KL\ 1 1
< gLiXi(T) +2{ ——= ) Xina(t) < 5LiXa(t) + 5 LiXi(?)

This shows that ®(z1,...,z,) € X, that is, ® maps X into itself.
(ii) ®(X) is relatively compact. The inclusion ®(X) C X implies that ®(X) is
locally uniformly bounded on [T, o). From the inequalities

1

3 1 o
0 S (]:ixH»l)/(t) S L;_T_l (—(t) /qi(S)XH,l(S)’BidS) y t 2 T, 1= ]., ey
p
T

K3

holding for all (z1,...,z,) € X it follows that ®(&X') is locally equicontinuous on
[T, 00). The relative compactness of ®(X) then follows from the Arzela-Ascoli lemma.
(iii) @ is a continuous map. Let {(x¥(¢),..., 2% (¢))} be a sequence in X converging

as v — oo to (z1(t),...,zn(t)) € X uniformly on compact subintervals of [T, 00).
Using (4.12) we obtain

t
Fial 1 (£) — Fuziga ()] < / pils) S EY(s)ds, t>T, (4.15)
T
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where
1 t a1
o

(T/t qz‘(S)JJﬁl(S)ﬂids)“_i B (T/ qi(S).ﬁi—i—l(s)BidS) o

t 1

241 () — i1 ()% ds) (4.16)

FY () =

It is easy to see that

t

Bi—zi1(s)P|ds, (4.17)

x2’+1(s)
T

if a; < 1. Combining (4.15) with (4.16) or (4.17) and applying the Lebesgue dominated
convergence theorem, we conclude that

lim Fxy,,(t) = Fixiy1(t) uniformly on any compact subset of [T, 00), i =1,...,n,
V—0Q
which proves the continuity of ®.
Therefore, by the Schauder-Tychonoff fixed point theorem there exists a fixed
point (z1,...,x,) € X of ®, which satisfies

t s 1
1 ag
x;i(t) = Fixip1(t) = ¢ + /(m/qi(r)xiﬂ(r)ﬁ"dr) ds, t>T, i=1,...,n.
o

(4.18)
This shows that (z1(t),...,2,(t)) is a solution of system (1.1) on [T, 00). Since the
solution obtained is a member of X, it is nearly regularly varying of positive index
(p1,-..,pn) and hence is a strongly increasing solution of (1.1). This completes the
proof. O

The proof of Theorem 4.5 is essentially the same as above, and so it may be
omitted.

To complete the proof of the “if” parts of Theorems 4.1 and 4.2 it suffices to verify
the regularity of the nearly regularly varying solutions (x1,...,x,) obtained if p;(¢)
and ¢;(t) are assumed to be regularly varying functions. To this end the following
generalized L’Hospital’s rule is utilized. See, for example, Haupt and Aumann [5].

Lemma 4.6. Let f(t),g(t) € C1[T,00) and suppose that

. _ . _ /
tlirgo ft) = tlirgo g(t) =00 and ¢'(t) >0 foralllarge t,

or
lim f(t) = Jim gt)=0 and ¢'(t) <0 foralllarge t.

t— o0
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Then, ) )
lim inf f,(t) < liminf m, lim sup @ < limsup ! (t)
t=oo g'(t) T tmoo g(t) t—oo g(t) T oo g'(t)
Proof of the “if” parts of Theorem 4.1. Assume that p; € RV(\;), A > «a;, and ¢; €
RV (u;). Define the positive constants p; by (3.17) and let X; € RV(p;) denote the
functions on the right-hand side of (4.2) with p;(t) and §;(t) replaced by p;(t) and g;(¢),
respectively. Then, Theorem 4.4 ensures the existence of a nearly regularly varying
solution (z1(t),...,z,(t)) of (1.1) such that z;(t) =< X;(t) ast — o0, i = 1,...,n.
Note that x;(t) satisfy the system of integral equations (4.18).
It remains to verify that x;(t) are regularly varying functions of index p;, i =
1,...,n. We define

1

u;(t) /( ) /Qz Xiga(r ﬁ‘dr>0ids, i=1,...,n, (4.19)

T
and put
t it
l; —hmmf ( ), L; zlimsupx ( )
Since x;(t) < X;(t) and
ui(t) ~ X;(t), t—o0, i=1,...,n, (4.20)
it follows that 0 < I; < L; < 00,9 =1,...,n. Using Lemma 4.6 we obtain
1
Bi i
(4 (f qi(8)zit1(s) ds)
l; > lim inf ~ zi(t) — lim inf ~ -
t—oo U (t) t—00

(fT qi(5)Xiy1(s )Bids) B

()i (s)%ds \ = ()i (s)%ds \ 0
:1iminf<qu 5)%it1(s) 8) = (hminf qu 1(5) S)
BN )Xo o) ds i qi<s>Xz+1<s>ﬂ ds

Bi
Bi . a; Bi
(hm inf M) = lim mf( Zi+1 () ) =1,

=00 q;(t) Xip1(t)P t=oo \ Xipa(t)

where (4.20) has been used in the last step. Thus, [; satisfy the cyclic system of

inequalities
By

L21, i=1...n (lhy1 =) (4.21)
Likewise, by taking the upper limits instead of the lower limits we are led to the cyclic

inequalities
Bi

Li<Lfy, i=1,....n, (Lps=1L), (4.22)
(4.21) and (4.22) we see that

B1-.-Bn B1..-Bn

I > lial...an7 L; < Lial...an’

satisfied by L;. From
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whence, because of ;.. .0, /aq. . .a < 1, it follows that I; > 1 and L; < 1, and hence
that I; = L; = 1 or lim, o0 x;(t)/ui(t) = 1 for ¢ = 1,...,n. This combined with
(4.20) shows that x;(t) ~ u;(t) ~ X;(t) as ¢ — oo, which implies that each z;(¢) is
a regularly varying function of index p;. This proves the “if” part of Theorem 4.1.
Essentially the same proof applies to the “if” part of Theorem 4.2. O

5. APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

The aim of the final section is to demonstrate that our main results on systems of
ordinary differential equations (1.1) can be applied to some classes of partial differ-
ential equations to shed light on the problem of existence and asymptotic behavior of
their radial positive solutions. Throughout this section = (z1, ..., zx) represents the
space variable in RN, N > 2, and |z| denotes the Euclidean length of x. All partial dif-
ferential equations will be considered in an exterior domain Qp = {z € RV : |z| > R},
R > 0.

5.1. SYSTEMS OF p-LAPLACIAN EQUATIONS

We first consider the system of nonlinear p-Laplacian equations

div(|vui|P*2vui) = filleD|wit | Yuinr, i=1,.cin (g =w)  (5.1)

where p > 1 and 7; > 0 are constants, and f;(¢) are positive continuous functions
on [a,00) which are regularly varying of indices v;, i = 1,...,n, respectively. Our
attention will be focused on radial solutions (uy(|x|), ..., un(|z|)) of (5.1) defined in
Qpr. A radial vector function (ui(|z]),...,un(|z])) is a solution of (5.1) in Q, if and
only if (u1(t),...,un(t)) is a solution of the system of ordinary differential equations

AN b P2 = N T () i | T i, t>a, i=1,.0m, (Upgpr = ug)
(5.2)

which is a special case of system (1.1) with
ar=...=a,=p—1, Bi=v, t=1,...,n,

M=...= s =N-—-1, /.Li:N—].-f—I/i, 1=1,...,n.

It is assumed that
Y- < (p— 1™ (5.3)

T ) associated with (5.2) (cf. (3.13)) we

p—1’ ’p—1
= D)" = M Yo \ 71
(My) = == A(p_l,...,p_l) . (5.4)

To analyze (5.2) we need to distinguish the two cases p > N and p < N under
which conditions (1.3) and (1.4) are satisfied, respectively, for system (5.2).

Using the inverse of the matrix A(
define
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(i) Suppose that p < N, i.e. either p < N (so that (1.4) is satisfied) or p = N in
which case (1.3) holds. In this case applying Theorem 4.1 to (5.2), we conclude that
system (5.1) possesses increasing radial solutions (u1(|x|), ..., un(|z|)) such that u; €
RV(pi), pi > 0,i=1,...,n, if and only if

n
ZMlJp+VJ >0, i=1,...,n. (5.5)
Jj=1

In this case p; are uniquely determined by

(-
P —1> —71

ZMlJp+VJ 1=1,...,nm, (5.6)

" oj=1
and moreover the asymptotic behavior of any such solution as |z| — oo is governed
by the growth law

—nn

uz(|x|) ~ |.’E|p' |:H< wi(|x|)1’—1 _ ) J:| (»—1) —71...'171’ |x| s o0, (57)
SINWN =p+(p—1)pj)7=Tpj

where ¢; € SV are the regularly varying parts of f;(¢): fi(t) =tYipi(t),i=1,...,n

(ii) Suppose that p > N. In this case from Theorem 4.2 applied to (5.2) it follows
that system (5.1) possesses increasing radial solutions (u;(|z|), ..., un(|z])) such that
u; € RV(pi), pi > (p—N)/(p—1),i=1,...,n, if and only if

n - N
ZM1]<N+VJ+I;?7J>>O’ z:l,,n (58)
j=1

In this case p; are uniquely determined by (5.6) and the asymptotic behavior of any
such solution as || — oo is governed by the formulas (5.7).
We remark that the particular case of (5.1) in which f;(t) =¢; > 0, i.e.,

div(|Vui|p’2Vui> = 7‘71ui+1, t=1,...,n, (un+1 = ul) (59)
always possesses strongly increasing radial solutions (u1(|z|),...,un(]z|)) such that
u; € RV(p;), where p; satisfy

p—N

pi>0, i=1,...;n, if p< N, pi > i=1,...,n, if p> N.
p

—1’

5.2. NONLINEAR METAHARMONIC EQUATIONS

Next, the nonlinear metaharmonic equation

A"y = g(|lz))|u”tu, = € Qg, (5.10)
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is under consideration, where m > 2 and v > 0 are constants, and ¢(t) is a positive
continuous function on [R, c0) which is regularly varying of index v. We are interested
in radial positive solutions u of (5.10) such that u and Afu, k=1,...,m—1, are
regularly varying of positive indices. It is clear that seeking such solutions of (5.10)
is equivalent to seeking radial regularly varying solutions of positive indices of the
system

Au; =uipr, 1=1,...,m—1, At = g(|2) | ums1 ] i1, =€ Qg, (5.11)

where ;11 = ui. This system is equivalent to the system of ordinary differential
equations

ANl =tV gy, i=1,...,m -1,
N—1,1 \/ N-1 y—1 (5'12)
(t um) =1 g(t)|um+1| Umt1, t2> R,
which is a special case of (1.1) with
ar=...=ay =1, Bi=...=Bm-1=1, Bm=1,
AM=...=An=N—1, p=...=pUm-1=N—-1, pm=N-—-1+w.

We assume that v < 1. The mxm-matrix (3.13) associated with (5.12) reads
A(1,...,1,7). Define the matrix (M;;) by

(Mlj) = (1 _W)A(lvvlvv)il (513)

As is easily checked, M;; =1for 1 <i<j<mand M;; =~ for1 <j<i<m.

Observe that conditions (1.3) and (1.4) for (5.12) reduce, respectively, to N = 2
and N > 3. However, since \; > «; for all ¢ in this case, only Theorem 4.1
can be used to determine the structure of increasing regularly varying solutions
(ui(t),. .., um(t)) € RV(p1,..., pm), pi > 0, of the cyclic system (5.12). The regularity
indices p; should be given by (3.17) which in the present situation reduce to

2m + v
Pi = 1
-

—206—1), i=1,...,m, (5.14)

from which we see that all p; are positive if and only if p,, > 0, that is,

2m +v
I—7v

> 2(m —1). (5.15)

Taking this fact into account, we conclude from Theorem 4.1 that equation (5.10)
possesses radial increasing positive solutions u(|z|) in RV(p) with p > 0 if and only
if (5.15) holds, in which case p is given by p = (2m + v)/(1 — ) and the asymptotic
behavior of u(|z|) as |x| — oo is governed by the growth formula

¥(al)
T, (Y =2+ pi)p)

el ~ ol | |7 el (5.16)
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where p; are as in (5.14) and 1 (t) denotes the slowly varying part of g(¢) : g(t) =

().
Since (5.15) holds if v = 0, one can assert that the particular case of (5.10)

A"y = clu|"tu, x € Qg,

where ¢ > 0 is a constant, always possesses radial solutions u(|x|) € RV(2m/(1 — 7)),
and that any such solution has one and the same asymptotic behavior (5.16) with

p=2m/(1-7).
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