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Abstract. In this paper we consider Rellich’s diagonalization theorem for analytic
self-adjoint operator functions and investigate variational principles for their eigenfunctions
and interlacing statements. As an application, we present a characterization for the eigen-
values of hyperbolic operator polynomials.
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1. INTRODUCTION

Let an operator function P(X) defined on an interval [a,b] C R, whose values are
linear operators acting in a Hilbert space H. Operator functions in general may be
analytic, smooth or nonsmooth. Special classes include polynomial functions P(\) =
E;":O N A;, where A;, j =0,...,m, are operators.

In this paper we are concerned with the development of variational theory for ana-
lytic self-adjoint operator functions P()\), i.e. P(A) = P*(\), of the spectral parameter
A € R in a Hilbert space of finite dimension (dim?H = n) with domain D(P) = H. It
is well known by Rellich’s theorem [5, p.394] that for A € R, P(\) is diagonalizable
for all A and precisely that there exists scalar analytic functions g (M), ..., un(A) and
a unitary operator function U()\) in H, which possess the property

P(\) = UNdiag (111 (V) - - i () U (A): (1.1)
In (1.1), the eigenfunctions px(X), k =1,...,n, are the roots of the equation

det (In— P(X)) = g™ +p1 (A" 4o+ pat (M +pa(A) =0, (1.2)
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where the coefficients pi(A) are functions of the real variable A and the columns
up(A) of UN) = [u1(X) ... un(N)] are eigenvectors of P()) corresponding to s, (X)),
k =1,...,n. Due to P()\) being self-adjoint, the analytic eigenfunctions pug(A) are
real and are written as power series of A — )¢ in a neighbourhood of Ag:

te(A) = ago + ara (A — Xo) + ara(d = Xo)2 + ..., (1.3)

where a;; € R, 1=0,1,2,..., k=1,...,n. In the case where p,(\) are polynomials
of degree 1 at most, the pencil P(\) has the property L (see [14]) and several results
for this case are presented in [4,12] and [13].

Our approach is to study variational principles for the eigenfunctions g () accord-
ing to a suitable order for real analytic functions, which lead to corresponding prop-
erties of the spectrum o(P) = {A : P(\) not invertible} = {X : ux(A) = 0 for some k}
of P(\). These characterizations have not been presented in the subject’s literature,
despite the fact that Binding et al. [2] and more recently Eschwe-M. Langer [3] studied
the roots A = p(x) of the functions 7, (\) = (P(\)x, ), when these are unique for each
nonzero x € H, and led to the characterization of the eigenvalues of P()\) through
min-max expressions. In our paper we consider forms (P(A)z(A), z(A)), where z()) is
an analytic vector valued function of the real variable A. It is clear that this approach
is more general, since it does not include only constant vectors x € H. In particular,
an eigenvector u(A) in Rellich’s Theorem is independent of A only in the trivial case
where p(A) = 0. Moreover, if u(\) is a unit eigenvector of P(X) corresponding to eigen-
function p(A), and \g € o(P), then (P(Ao)u(Xo),u(Xo)) = w(Ao) = 0, where upon
according to the theory in [2,3] we have m,,(Ao) = 0 for xg = u(Xg), or equivalently
that A\g = u~!(20) = p(z0). This gives an important motivation for consideration and
study of the eigenfunctions, which we characterize through variational principles.

It is necessary to introduce an order for the eigenfunctions g (). This can be
attained via the lexicographic ordering of the infinite series of coefficients u; =
(ak0,ak1,...), k = 1,...,n, in the analytic expressions (1.3) of ug(\) in a neigh-
bourhood of \g. More specifically we say:

!
pi(A) < (A) & ps < py
< there exists 0 € N such that for all £ € {0,1,...,0 — 1} (1.4)

we have a; ¢ = aj ¢ and a;.0 < 0.

At this point it should be stressed that a clear distinction between the symbols < and
< should be made. The relation u;(A) = p;(A) holds independently of A and does not
imply p;(A) < pj(A) for arbitrary A. For example, the eigenfunctions p1(A) = A and
pa(A) = 3 — X satisfy py(A) = pa(N), but g1 (A) < pa(A) is not true for all A.

Notice that the above mentioned ordering of the coefficients yields a total order
on the set of analytic functions. Indeed, suppose that f(\) = > ax(X — A\o)* is a
nonzero analytic function with a, > 0 being the first nonzero coefficient in the series.
Apparently, as A — AT, the limit of f(\)/(\ — A)? is positive and f is positive in
some right neighbourhood of A\y. Therefore for two distinct real analytic functions
f(A) and g()) of a real variable A the relation f < g in the lexicographic sense for
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their power series means that f is below g in a right open neighbourhood of g,
i.e. that f(A) < g(A\) in (Ag,€) for some € > 0. If two analytic functions f and g
coincide on any interval, then they must coincide over the whole real axis. So, given
two real analytic functions that do not coincide, one is greater than the other on a
right neighbourhood of A\g. Hence, by (1.4) we may have an order of eigenfunctions
ur(N), k=1,...,n, of the operator function P()) in a neighbourhood of \g and let

p1(A) 2 pa(A) = 2 pn(A). (1.5)

In the next section we provide the necessary theoretical background on the spec-
tral analysis of operator functions and, more specifically, polynomial functions in a
finite dimensional space H. The main aim of this paper is to generalize in Section 3
the variational principles for the analytic eigenfunctions of self-adjoint operator func-
tions, according to the lexicographic order. Then we may reform known interlacing
inequalities for eigenvalues of self-adjoint operators in [1,10]. This is attained showing
a relation of the lexicographic order to the convexity and a characteristic expression of
eigenfunctions as sup or inf of the quantity (P(A\)x()A), z(\)) for suitable unit vectors
x(A). The variational principles for eigenfunctions are then connected with the classi-
cal Courant-Fischer principle for eigenvalues of self-adjoint operators and are applied
to prove variational formulae for the eigenvalues of hyperbolic polynomial operators.

In Section 4 an interaction of the eigenfunctions of P(\) and those of its re-
striction on a (closed) subspace is presented, as well as some relations between the
eigenfunctions of operator functions P;(\) and P(A) and those of their difference
R(A) = Pi(A) = ().

2. SOME PRELIMINARIES ON THE SPECTRAL ANALYSIS
OF OPERATOR POLYNOMIALS

Let the operator polynomial of the form P()\) = 37 M A;, where A, j = 0,...,m,
are operators in A and A € R. A scalar zp € R is said to be an eigenvalue of P(\)
if P(z9)zo = 0 for some nonzero zo € H. This vector zg is called right eigenvector
of P(X) corresponding to zg. The set of all eigenvalues of the operator function P(\)
is the spectrum o(P), i.e. o(P) = {A € R:0 € o(P()N))}, where a(P(\)) denotes the
spectrum of the matrix P(\) for the value A. In the finite dimensional case we are
concerned with, the above definition is equivalent to o(P) = {A € R : detP(\) = 0}.

Let A1, A2,..., A+ € o(P) be the eigenvalues of P()). Suppose also that for a
Ai € o(P) there exist vectors x;0, i1, -.,%is—1 € H with x; 0 # 0 that satisfy

P(/\i)xi)o = 0,
P'(\
f,)\ )l“z‘,o + P(\i)zin =0,

(2.1)

P(s,-—l) ()\1) P(91—2) (/\Z) P/()\»L)
G ot Ty i et T By + PO ) =0,
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where the indices denote the derivatives of P(A) and s; is less than or equal to
the algebraic multiplicity of A;. Then the vector z;0 is an eigenvector of \; and
Ti1,Ti2, -+, Ti(s;—1) are the generalized eigenvectors and constitute a Jordan chain
of length s; of P(X\) corresponding to A; (see [5]).

Hyperbolic polynomials form a widely studied class of self-adjoint polynomial func-
tions (see [11]). These are defined by the conditions that the leading coefficient satisfies
Ay, > 0 and that the scalar polynomial 7, (\) := (P(\)z,z) defined for any nonzero
x € H has m real and distinct roots. Denote by {pj(x)};n:l the roots of the poly-
nomial 7, () indexed in nondecreasing order. The sets A; := {p;(z) : z € H\ {0}},
Jj=1,...,m, are called root zones. Clearly each A; is just the range of the functional
p;(x) and is a nonempty interval. In this context, the notion of “eigenvalue types”
is fundamental. A real number zq is said to have definite (positive or negative) type
if the quadratic form 7, (z) = <P'(zo)z,x> is definite (positive or negative definite,
respectively) on the kernel KerP(\g). Equivalently, zg is of positive or negative type,
if the function 7, () increases or decreases through zq respectively.

It is well known [11] that the root zones of hyperbolic polynomials are disjoint,
ie. AjNA; =0 fori+#j e {1,2,...,m}. Therefore, there are some real eigenvalues
a1 < b <ag <by <...<am < by of P(A) such that each interval A; = [aj, by]
contains exactly n eigenvalues of P(\) (including multiplicities) all of which are of
the same (positive or negative) type. The eigenvalues in adjacent zones Aj;, Aj
(j=1,...,m—1) are of opposite type [9].

3. VARIATIONAL PRINCIPLES FOR EIGENFUNCTIONS

In the following we consider the eigenfunctions {y; ()\)}?:1 ordered lexicographically

according to their expansion around A\g = 0 in (1.3) and in nondecreasing order as in
(1.5). We begin with a Lemma related to the convexity of a finite set of eigenfunctions,
with respect to the lexicographic order. Denoting by co{...} the convex hull of a set,
we state the following lemma.

Lemma 3.1. Let the eigenfunctions () in (1.5) and p(X) € co{ui(N), ..., pj(A)}
for 1 <i<j<n. Then p;(X) = p(A) =< ;i (A).

Proof. We begin by proving that p1(\) < p;(A) for every 1 < j < n. By induction, for
Jj =2 we have pu(\) = tu1(A) + (1 — t)pa(A), for ¢t € [0,1]. Then by (1.3) we obtain

,LL(A) = (taLo + (1 — t)a2,0)+>\ (taLl + (1 — t)a271)+. . +/\T (taLT + (1 — t)a277)+. N

If 1 (X) = pa(X) there is nothing to prove, so we may assume that pq(A) < pa(A).
Then by definition there exists an index p € N such that a;, < a2, and a1 ; = as;
(j=1,...,p—1), so obviously a1 ; =ta1; + (1 —t)as; =as; (j=1,...,p—1) and
also

arp < tarp+(1—tlag, < azp.
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Thus, p1(N\) < p(X) < pe(N). Following, we assume that for every 2 < j — 1 < n, the
relation

St () < g1 (), (3.1)
k=1

where Zi;ll ty =1, ty € [0,1] holds true. If pu(A) = i:l skpre(A) with si,...,s; €
[0,1] and > 7_; sk = 1, letting ¢ty = s (k = 1,...,5 —2) and t;_1 = s;_1 + §j,
by (3.1), we have

D semn(N) 2 (1= s)m—1(0) = (1= 555 (N).
k=1

Therefore, we receive u(\) = Zi::l Skte(A) = ().
Similarly, we conclude that p(X) = p;(A), which completes the proof. O

Since any unit vector xz(\) € H is expressed as z(A) = U(N)[zy ... z,]T,
where U(A) is the unitary matrix with columns the eigenvectors of P()),
then (P(N)z(A),z(\)) = >r_; l26(A)|? 1k (A) holds and clearly for the quantity
(P(N)z(X),2(A\)) we have

pr(A) 2 (PA)z(A), 2(A)) = pn(N),

i.e. the set {{(P(A)x(A),z(N)) : x(X) € H, [|x(N)]|, = 1} is bounded according to the
lexicographic order.

The ordering for eigenfunctions ux(A) and the remark above lead to the clarifi-
cation of ug(A) as sup-inf expressions, generalizing thus the variational principles for
the eigenvalues of self-adjoint operators [1,8§].

Theorem 3.2. Let P(\) be an analytic self-adjoint operator function in Hilbert space
H with dimH = n and let pp(N) (K = 1,...,n) be its eigenfunctions arranged in
nondecreasing order as in (1.5) according to their expansion in a neighbourhood of
Ao =0 in (1.3). Then

pe(A) = _ inf sup  (P(A)z(A), z(A)) = (3:2)
S(A)CH z(A)ES(N)
dimSQA)=kJlz ()], =1

Nz(A), z(A)) -

= sup inf

T(N)CH z(A)ET(N)

dimT (N)=n—k+1 [la(Ml,=1

Proof. We follow analogue ideas as in the Courant-Fischer theorem. Let J be a

subspace of H of dimension k and Tz(A) = span {ur(A),...,u,(X)}, where u;(X)

are the orthonormal eigenvectors of P(\) corresponding to the eigenfunctions p;(A),

(j = k,...,n). Since J N Tp(N\) # {0} for every A, let x(\) € J N Tr(A), with
|z(A)||, = 1. Hence, z(\) may be expressed as

x(\) = chuj()\) with Z |cj|2 =1
j=k j=k
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and then
(PN)z(A), z(N)) =
[u (V)] Ck
=l el | PO)uk(A) - un(N)] =
Lun (M) cn
[ur (V)] Ck
=[cr .-l | 1| UNdiag (m(N),- -, i) U (V) [ur(A) - un(N)] =
Luy, (N) ) Cn
C
_ _ . Ok—1,n— )
=[cr .. G [On—kg1h-1 Tn—rs1] diag (pa(N), ..., pn(N)) [ k_rl’ k+1] o
n—k+1
Cn
Z|CJ| i (A) € cofpr(N), ... un(A)}
j=k
(3.3)
Thus, by Lemma 3.1, we obtain i (A) < (P(A)z(A),z(A)) and then
p(A) 2 Sup (PA)z(A), z(A)) ,
z(A)€E
l=(M)ll,=1
whereupon, due to the subspace J (dimJ = k) being arbitrary,
m) < infsup (Pa(N),z(V) (3.4)
dimFei  TNET
T l=(Mle=1
A k-dimensional subspace is also Sk(A\) = span{ui(N),...,ur(\)}, i.e. we may

have J = Si(A). Then for any unit vector z(A) € Sp(A) as before holds
(P(N)z(A),z(N)) = Z?Zl |cj|2 wi(A) € co{pui(N),...,ux(A)}. Thus, Lemma 3.1
implies (P(A)x(A),z(N)) = ux(A) and then

sup (PN, #(\) = ().
e

Choosing x(A) = ug(A), clearly we deduce that

pe(A) = sup  (P(AN)z(A),z(N)).
z(X)ESK(N)
lz(N)[l,=1

For this particular choice of subspace Sj, we get the equality in (3.4), i.e

M=  inf sup (P(Nz(A), 2(A)) -
#e(A) S(\CH m(,\)eg(k)< )
dimSA)=k |z |l,=1

We proceed in a similar way for the sup-inf characterization of py(\). O
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Notice that the above proof shows that for the subspaces Sip(\) =
span{u;(A),...,ug(AN)} and Te(A) = span {ug(A),...,u,(N)}, where 1 < k < n,
actually holds

mN = s (PMz(N,zN) = inf  (PM2(\,e(N).  (35)
z(N)ESK(N) (A ETr(N)
llz(N)[l,=1 lz(Mllp=1

Remark 3.3. It is clear that Theorem 3.2 remains valid for the ordering of the
eigenfunctions according to their expansion in a neighbourhood of any Xy € R.

The intersections of the graphs of the eigenfunctions pi (M), ..., pu,(N\) with the
line A = X\ define the eigenvalues {/ij()\O)}?:l of the self-adjoint operator P()\g). In
this case, by the lexicographic order of the eigenfunctions according to their power
series expressions around \g

ILL](>\) =4ajo +aj71()\ — )\0) +a]‘72(>\7 )\0)2 + ..., ] = ].,...,TL

we get 11;(Ao) = a0 and clearly the lexicographic order p11(A) = p2(A) = ... < pp(X)
is compatible with the order uj(Ao) < pa(Ao) < ... < up(Ao) of the eigenvalues
of P(\p). Hence, setting A\ = Ag and substituting min for inf and maz for sup in
the variational principles of Theorem 3.2, turns these lexicographic equalities into
arithmetic ones, i.e. to the classical variational principles for the eigenvalues of the
self-adjoint operator P(Xg).

In the case when P(\) = Z;.n:o A;N is a selfadjoint operator polynomial with
A € R, an alternate description of the spectrum in terms of the eigenfunctions is

o(P) = {X € R: there exists j € {1,2,...,n} such that u;(\) =0},

since all eigenvalues of P()) are defined as the intersection of the eigenfunctions
p1(N), p2(A), ..., pn(A) with the real axis. With respect to the eigenvector wuy(A)
corresponding to the eigenfunction ux(A) according to the analytic property in R
(Rellich’s theorem), we may consider the power series expansion around Ag:

up(A) = Ug,0 + Uk,l(/\ —Xo) + uk72(/\ — /\0)2 +.... (3.6)

We recall that a vector-valued function xz(\) which is analytic in a neighbour-
hood of Ag should be called [6] generating function for P(\) of order p at A = Xg if
PNz(A) = O(IA = Ao[").

Proposition 3.4. Let P(\) = Z;ﬁ:o AN be a self-adjoint operator polynomial with
A € R and its eigenvalue A\g € o(P) be a root of the eigenfunction ui(\) for some
ke {1,2,...,n} with algebraic multiplicity s. Then ui(\) is a generating function of
P(X) of order s at \g.

Proof. A vector-valued function z(\) = Y20 ai(X — Ag)? is a generating function
for P(\) of order p at A\ [11, Lemma 11.3]] if and only if =g, ..., 2,1 constitute a
Jordan chain of P()\) corresponding to A = A\g. Therefore, it is enough to show that
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the coefficients w0, ug,1, - - -, Uk, (s—1) in (3.6) constitute a Jordan chain corresponding
to the eigenvalue Ag of P(A). Differentiating u,(\) in (3.6) at A = Ag we get
uP(No) = tlugy, 0<t<s—1. (3.7)
Moreover, differentiating ¢ times the equation P(A)ug(A) = prp(N)ug(A) at A = Ag we
have
¢ ¢

Z( )P(t j)()\o (4) /\0 Z( ) (t— j) )\0) (4) (/\0) =0,

=0 M j=0
since px(Xo) = pp(No) = ... = u,(csfl)()\o) = 0. A combination of this relation with

(3.7) shows that

PN\ )up; =0, 0<t<s—1. (3.8)

t
Z(t—

j=0

Recalling the formula (2.1) for generalized eigenvectors, clearly by (3.8) we conclude

that ug ¢ = ¢ (t =0,1,...,s—1), where {x¢,...,2s_1} is a Jordan chain correspond-
ing to the eigenvalue \g. O
Apparently by Proposition 3.4, if A; is a root of eigenfunctions p;, (A), ..., i, (A)
with multiplicities s;,,...,5;,, then the generalized eigenvectors z;9 €
Span {iy 0y« Wi 05 - -5 Tis, € SPAN{Uiy 5,5+« Uiy s, With 8, = min{s;,, ..., s, }

We next turn our attention to hyperbolic operator polynomials P(A) = 377 \ A;
with A € R and use Theorem 3.2 to derive variational principles for their elgenvalues
in terms of the roots {p; (x)};n:l of the polynomials 7, (A) = (P(A\)x, ). The charac-
terizations in Proposition 3.6 extend those of Theorem 2.1 in [3] to include eigenvalues
of hyperbolic operator polynomials. Here the polynomial 7, (A) has m distinct real
roots and does not fulfill the assumptions in [3], where the authors consider that
7 (A) has at most a unique root for each nonzero x € H or none at all. We need the
following lemma.

Lemma 3.5. Let the hyperbolic operator polynomial P(\) = Z;-":O N Aj with root
zones {Ai} U where the sign denotes the type of the eigenvalues of P(X\) contained
in each zone. Then for A e Aj+ (A}) we have

A > pj(x) & me(A) = (P(N)z, z) > (<)0,
A < pj(z) & m(N)

I
3
=
&
B
A
v
Jo

for every nonzero x € H.

Proof. Since P()\) is a hyperbolic operator polynomial, the leading coefficient
(Amx, x) of the scalar polynomial 7, () is positive for every nonzero = € H. Therefore,
limy oo T (A) = —o0, if m is odd and limy_,_ 7, (A) = oo, if m is even. Hence,
in the case m is odd (even), m,(\) is increasing (decreasing) at p;(z) and moreover
AT (A7) contains eigenvalues of positive (negative) type. Since the eigenvalue types
alternate, the general result follows in any case. O
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We note that the above considerations allow us to specify the types of eigenvalues
in adjacent root zomes, i.e. if m = 2k, then A for j =2(+1 (£ =0,1,...,k —1)
contain eigenvalues of negative type, while Aj for j =2¢ (¢ =0,1,...,k) contain
eigenvalues of positive type. For m = 2k + 1, the signs in the zones are interchanged.
This characterization allows us to determine eigenvalues A; in each root zone Ajt
through min-max expressions.

Proposition 3.6. Let the hyperbolic operator polynomial P(\) = Z;—n:o N Aj with
eigenvalues {\;}.~, in nondecreasing order. Then for an eigenvalue \; € A;E
(j€e{1,...,m}) we have

N = max minp;(x) = min maxp;(x 3.9
‘ TCH zETpJ( ) SCH wes pi(®), (3.9)
dimT=n—k+1 x#0 dimS=k x#0

where i = k (mod n) and p;(x) is the root of the polynomial 7, (\) that defines the
root zone Aji = {p;(z) : x € H\{0}}.

Proof. For the characterization of A; in some root zone A; ( € {1,...,m}), con-
sider the order of the eigenfunctions p1(A) =< p2(A) <X ... < p,(A) according to
their analytic expressions around A;. Recall that this order coincides with that of the
eigenvalues of P();), that is p1(A;) < ... < pp(N;). Since ¢ = k (mod n), then the
eigenvalues in nondecreasing order of the operator polynomial P(A) in A;r that are
not greater than A\; = A\j_1)ntx (i€ AG_1)yns1 < Ag—1nt2 < oo T AG—1)ntk—1) are
roots of the eigenfunctions { i, —g4+2(A), ..., tin(A)}, since these are the only eigenfunc-
tions that assume positive values at the point A = \;. Clearly \; is root of fi,—gr1(N)
and in particular

1(A) < poe(X) <o Stk (N) < kb1 (Ai) =0 < g2 (Ng) <ol < ().

As seen in the proof of Theorem 3.2, we have the expression

fin-kr1(A) = sup  (P(N)z(A),z(N)),

where S;,_+1(A) = span{u1(N\), ..., un—r+1(N\)}. Substituting A = \; yields

0=ty i) = P(X\)x (N ) = i
Hn k+1( z) 1()\75)6%}1&—};4—1()\7;) < ( 1)1‘( z)a JZ( z)> xesy?_lgfl(/\i) 779:( Z)y
llz(Xi)ll,=1 |z, =1

which implies that 0 > 7, ()\;) for every & € S,_r+1(\;). Application of Lemma 3.5
shows that

Ai < pj(z) for every € Sp_gr1(Ni) = N < min p;(z)
IESn—;z«Sl()\i)

and, consequently,

i < inp;(x). 1
i< max  minp;(z) (3.10)
dimT=n—k+1 z#0
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On the other hand, since for every (n—k—+1)-dimensional subspace 7 C H we have
that 7N Tr—g+1(A) # {0} for Tn—g+1(X) = span{un—k+1(A),...,un(A)} and there
exists some unit vector Z(A) € TNTp—k+1(A) for which pi,_r11(A) < (P(A)E(N), Z(N))
clearly holds. Hence, for A = \; we get

0= pn—r+1 (%) < (PA)E(A), 2(A)) < max 7y (i)
=1
If for 29 € T, max ze7 7,(A;) is attained, then Lemma 3.5 implies that A\; > p;(z0),

llzll,=1
whence we reach the conclusion

Ai > }rréigpj () = A\ > max géi%lpj (x). (3.11)
z#0 dimT=n—k+1 z#0

Clearly, by (3.10) and (3.11), we have the first equality in (3.9).
We proceed in a similar fashion for the remaining assertions. O

Specialization of the previous Proposition 3.6 for hyperbolic linear polynomials
P(\) = A— AB (hence B < 0) yields the following corollary.

Corollary 3.7. For the eigenvalues \y < Ao < ... < A, of a hyperbolic pencil
P(A\) =A— AB (where A € R and B < 0) hold

. (Az,x) . (Az,z) .
A = max min = min max , 1=1,2,...,n,
 TcH  zeT (Bz,z) SCH zes (Bz,x)
dimT=n—i+1 x#0 dimS=1i z#£0

independently of their type.

Similarly, for a linear polynomial P(A\) = A— AB on R, with B > 0, A self-adjoint
operators in the n-dimensional Hilbert space H, the variational principles in Theo-
rem 3.2 may be applied to yield the following Proposition. For a self-adjoint operator
A and each interval I we denote

L1(A) = span{x : x is an eigenvector of A corresponding to A € o(4A)NI}.

Proposition 3.8. For the eigenvalues Ay < Ao < ... <\, of P(A\) = A — AB, where
A and B > 0 are self-adjoint operators in the n-dimensional Hilbert space H, hold

(Azx, x) . (Azx, x)

A = min max = max min —— 3.12
' ScH  wxeS  (Bw,x) TCH zeT (Bz,z)’ (3.12)
dimS=k; (Bxz,z)>0 dimT=n—k;+1 (Bz,z)>0

where k; = dimL_ oo 0](P(Xi)).

Proof. For the eigenvalue \; (i € {1,2,...,7r}) of P(\) = A — AB, consider the
order of the eigenfunctions g (A) < wa(A) < ... = pu,(A) according to their an-
alytic expressions around A; and supposing that \; is a root of ug(A) for some
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ke {1,2,...,n}. As before, for the subspace Sx(A) = span {u1(A),...,ur(N\)} we get
that 0 = pr (X)) = maxges, (n,) T (Xi) = Maxzes, (r,) [(Az, ) — (Bz, x) A;], whereby
llzll=1 l=ll,=1

(Azx, x)
\ = Akt et 3.13
22 (Ba, ) (3.13)
(Bx,x)>0

Also, for every k-dimensional subspace S C H, 0 = pg(A;) < max gzes w(A\;) and

llzll,=1
solving for \;,
(Az, x) . (Az, z)
; < ; < —. .
NE U (e T NT MUY (B (344
(Bz,x)>0 dimS=k (Bz,z)>0
Now the equality (3.12) follows from (3.13) and (3.14).
Similarly for the other implication. O

Proposition 2 of [3] is an analogue for unbounded operators A, B in an
infinite-dimensional Hilbert space H using a different proof.

4. RELATED RESULTS

Let Ho be an r-dimensional (closed) subspace of H, with corresponding orthogonal
projection R = VV* where V' : Hy — H is an isometry. For any operator function
P(X\) in H, Q(A) = RP(MR is called the orthogonal projection of P(\) on Hg. The
subspace H is invariant under () and therefore we may speak of the eigenfunctions
of Q(A\) in Ho, i.e. of the eigenfunctions of the part Q,.(A) = V*P(A)V of Q(N)
in Ho. If P()A) is analytic and self-adjoint, then obviously so are Q(A\) and Q. (A).
The characterizations of Theorem 3.2 have as a consequence the following interlacing
results for eigenfunctions, as in [1] and [10]. They are proved in an analogous way as
for the eigenvalues in the self-adjoint case.

Proposition 4.1. Let Hy be a (closed) subspace of H of dimension dimHy = r(< n)
and Q,(X\) the part of the orthogonal projection Q(\) of the analytic and self-adjoint
operator function P(\) on Ho(\), with A € R. If

t1(A) 2 ta(A) 2. <t (A)
are the eigenfunctions of Q. (\), then for 1 <k <r,
e (A) 2t (A) = pin—r (A).
Proof. By Rellich’s theorem for @,-()\), we have
Qr(3) = W(N)diag (11 (V) ..., £ (N) W* (), (4.1)

where W () is a unitary operator function in Hy, for every A € R.
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Let 1 < k < r and the k-dimensional subspace S()\) of H, with orthonormal basis
the first k& columns of the isometry VW(X) : Hy — H. Denoting by {ej};:1 the
standard basis of C", Theorem 3.2 yields

pe(A) = inf sup  (P(A)z(A),z(A)) 2 sup  (P(N)z(A),z(N)) =
S(A)CH z(A\)eS(N) z(NES(N)
dmSN=k  |lz(\)]|,=1 lz(A\)|l,=1
= sup (PNVW(NEVIW(A)E) =
¢espan{e,...,ex }ECT
£ll,=1
= sup (diag (t1(A), ..., t:(N) & &) = te(N).
5:(517--|-‘,§|T,07-1--,0)6((1"
=

For the second inequality we use the sup-inf characterization of py4n—, in The-
orem 3.2, considering the subspace T spanned by the last r — k + 1 columns of the
isometry VW () and proceeding in a similar way. O

Proposition 4.2. Let the self-adjoint operator functions Pi(\), Py()\) in a Hilbert
space H with dimH = n and R(A\) = Pi(\) — Pa(N). Denoting by (1;(N), uj(N),
(t;(N),v;(N) and (sj(N),w;(N)), 5 =1,...,n, the corresponding eigenpairs of P1(\),
Py(A) and R(X) and considering that each set of eigenfunctions is arranged in
increasing order, then

More specifically for i =k,
1e(A) — £a(X) 2 550 2 e (A) — B (V).

Proof. For k > i we consider the subspaces J1(\) = span {u;(A),...,un(N)},
J2(A) = span{vg_it1(A),...,vn(N)}, T5(A) = span{wi(A),...,wx(A)} and the
unit vector y(A) € Ji(A) N J2(A) N J3(A), since the intersection of these sub-
spaces is nontrivial. Then since y(A) € Ji(\), as in the proof of Theorem 3.2,
we have that p;(A) <X (PL(A)y(A),y(A\)) =< pp(N) and since y(A) € J2(\) then

te—it1(A) = (Pa(N)y(N),y(N)) 2 t,(N). Hence, we obtain
sk(A) = sup  (R(A)z(A), z(A)) = (R(A)y(A), y(A)) =
z(N)€T5(N)
= (PL Ny (A), y(N) = (Pa(MNy(A), (V) = (X)) = tn(A)-
For k < i,let J1(A\) =span {ui()), ..., u;(N\)}, To(N) =span {vi()),... s Un—iyk(A)}

and jg(/\) = span {wg(N), ..., w,(A)}. Similarly for the unit vector y(A) € J1(A) N
J2(A) N J3(\) we have

sp(A) = inf  (R(N)z(A),z(A)) 2 (R(N)y(A),y(A)) 2 pi(A) —ta(A). O
z(A)ET3(N)
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Using the same notation as in Proposition 4.2 we obtain the following proposition.

Proposition 4.3. Let ur(N), tx(A) (kK = 1,...,n) be the ordered eigenfunctions of
the self-adjoint operator functions Py(X) and Py(\) respectively. If for the smallest
eigenfunction of the operator R(A) = Py(\) — Pi(\) holds s1(X) = 0, then pi(N\) =<
tx(\), fork=1,... n.

Proof. By the eigenvectors v;(A) of P»()\) we consider the subspace Si(\) = span
{vi(A),...,vk(N)}. As in Theorem 3.2, for every k-dimensional subspace S(\) the set

{z" (NP N2V : 2(A) € SO, 2N, = 1}

is bounded according to the lexicographic order. Hence, let the unit vector y(\) €
Sk(A) such that

(PL(Ny(A),y(A) = sup  (Pr(A)z(A),z(N)) .
z(A)ESK(N)

Then by Theorem 3.2, we have

)= _inf s (P3N, 2(V) <
SNCH  z(NeS(N)
dimS(\)=k lz(A)|l,=1

= sup  (Pr(A)z(A), z(A) = (Pr(Ny(A), y(N))
s

and also by (3.5),

te(A) = sup  (Pa(A)z(A), z(A)) = (P2(My(A), y(N)) -

z(A)ESK(N)

lz(M)l,=1
Since s1(A) = 0 and (R(A\)z(X),z(X)) € co{s1(N), sn(A)} for every unit vector z(\) €
H, clearly (R(A)z(N),z(A)) = 0, which implies in particular that (Py(A)y(N),y(A\)) =
(P1(N)y(A),y(N)). Consequently, ux(A) < t(A). O

Let
Sj()\):Sj70+)\8j’1+)\28j¢2+..., j:].,...,n,

be the analytic expressions of the eigenfunctions of the self-adjoint operator function
R(\) = Px(M\) — Pi(\) in a neighbourhood of Ay = 0. Obviously for A = 0, the
coefficients s; 9, (j = 1,...,n) are the eigenvalues of the self-adjoint operator R(0) in
nondecreasing order, i.e.

—[[R(0)[l; < 81,0 <820 < ... <50 < [[R(O) -

Using Proposition 4.3 we formulate the next corollary.

Corollary 4.4. Let the self-adjoint operator functions Py(\) and Py(X) and R(\) =
Py(X) — Pi(N). If R(X\) has eigenfunctions

—d=s51(\)=...Zs,(N) 2,
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where d = ||R(0)||,, then

Proof. Clearly P>(A\) — P1(\) + dI has eigenfunctions s;(A\) + d and 0 < s1(A) + d.
Then, by Proposition 4.3 we have pi(A) —d < ti(N).

Similarly, the eigenfunctions of Pi(A) — P>(A\) + dI are —s;(A) + d and for the
smallest of which, —s,,(\) + d, holds 0 <X —s,(\) + d. Thus, by Proposition 4.3 the
asserted relation is obtained. O

REFERENCES

[1] R. Bhatia, Matriz Analysis, Springer-Verlag, New York 1997.

[2] P. Binding, D. Eschwe, H. Langer, Variational principles for real eigenvalues of
self-adjoint operator pencils, Integral Equations Operator Theory 38 (2000), 190—206.

[3] D. Eschwe, M. Langer, Variational principles for eigenvalues of self-adjoint operator
functions, Integral Equations Operator Theory 49 (2004), 287-321.

[4] S. Frieland, A generalization of the Motzkin-Taussky theorem, Linear Algebra Appl. 36
(1981), 103-109.

[5] I. Gohberg, P. Lancaster, L. Rodman, Matriz Polynomials, Academic Press, New York
1982.

[6] R.O. Hryniv, P. Lancaster, On the perturbation of analytic matriz functions, Integral
Equations Operator Theory 34 (1999), 325-338.

[7] Y. Ikebe, T. Inagaki, S. Miyamoto, The monotonicity theorem, Cauchy’s interlace the-
orem, and the Courant-Fischer theorem, Amer. Math. Monthly 94 (1987), 352-354.

[8] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1995.

[9] P. Lancaster, J. Maroulas, P. Zizler, The numerical range of selfadjoint matriz polyno-
mials, Oper. Theory: Adv. Appl. 106 (1998) 291-304.

[10] P. Lax, Linear Algebra, J. Wiley and Sons Inc., N.Y., 1997.

[11] A.S. Markus, Introduction to the Spectral Theory of Polynomial Operator Pencils, vol.
71, Translations of Math. Monographs, American Math. Soc., Providence, 1988.

[12] J. Maroulas, P. Psarrakos, M. Tsatsomeros, Separable characteristic polynomsals of pen-
cils and property L*, Electron. J. of Linear Algebra 7 (2000), 182-190.

[13] N. Moiseyev, S. Frieland, The association of resonant states with incomplete spectrum
of finite complex scaled Hamiltonian matrices, Phys. Rev. 22 (1980), 619-624.

[14] T.S. Motzkin, O. Taussky, Pairs of matrices with property L, Trans. Amer. Math. Soc.
73 (1952), 108-114.



Variational characterizations for eigenfunctions. . .

321

Georgios Katsouleas

National Technical University of Athens
Dept. of Mathematics

Zografou Campus

Athens 15780, Greece

John Maroulas
maroulas@math.ntua.gr

National Technical University of Athens
Dept. of Mathematics

Zografou Campus

Athens 15780, Greece

Received: March 20, 2012.
Revised: August 1, 2012.
Accepted: October 25, 2012.



