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EXISTENCE AND ASYMPTOTIC BEHAVIOR
OF POSITIVE CONTINUOUS SOLUTIONS
FOR A NONLINEAR ELLIPTIC SYSTEM

IN THE HALF SPACE

Sameh Turki

Abstract. This paper deals with the existence and the asymptotic behavior of positive
continuous solutions of the nonlinear elliptic system Au = p(x) u®v", Av = g(z)u®v” in
the half space R} := {z = (z1,...,zn) € R" : , > 0}, n > 2, where o, § > 1 and 1, s > 0.
The functions p and ¢ are required to satisfy some appropriate conditions related to the Kato
class K*°(R%}). Our approach is based on potential theory tools and the use of Schauder’s
fixed point theorem.
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1. INTRODUCTION

In this paper, we consider the upper half space R := {x = (21,...,2,) € R" : 2, > 0}
(n > 2) and we are interested in the existence of positive continuous solutions (in the
sense of distributions) to the following nonlinear elliptic system

Au = p(z)u*v” inRY,

Av=q(z)u*v? inR%,
li = li = , VEeRM,

w;go)u(w) ap(§), xJ{go)v(w) ap(§), V€ (1.1)
im M)y My

zp—00 Xy, Tpn—00 Ty,

where «,3 > 1 and r,s > 0. The constants a,b,c,d are nonnegative satisfying
(a+b)(c+d) >0, ¢ and ¢ are non-trivial nonnegative bounded continuous func-
tions on OR" :=R"~! x {0} which we identify with R"~!. The functions p and ¢ are
nonnegative measurable in R} satisfying some assumptions related to a certain Kato
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class K°°(R"') which was introduced by Bachar and Maagli in [2] for n > 3 and by
Bachar et al. in [3] for n = 2.
For reader convenience, we recall the definition of the class K*°(R"}).

Definition 1.1. A Borel measurable function g in R? belongs to the Kato class
K> (R7) if ¢ satisfies

i | sup / I G, y) la(y) dy | =0
a—0 TER™ Ip
RiﬂB(z,a)

and

fim | sp [ LG )y | = o

M—o00 rGRi n
REN(y1>M)
Here and throughout this paper, G(z, y) denotes the Green function of (—=A) in R’} .
The elliptic Kato class K°°(R" ) is quite rich. In particular, it contains the classical
Kato class K;°(R"), for n > 3, used in the study of elliptic equations (see [18] for
definition and properties).
In the following, we give some subclasses of functions belonging to K*°(R").

Proposition 1.2 ([2| and [3]). (a) Let p > § and n > 3. Then we have
LP(RY) N LM (RY) © K™ (RY).

1
(b) Let \,pp € R and q(z) = (T for x € Rt. Then the function q is in
K> (R%) if and only if X <2 < p. !

Systems of type (1.1) have received considerable attention in the last few years.
So several results have been obtained in both the bounded and unbounded domain
D C R™ with different boundary conditions (see for example [6-9, 16, 17] and the
references therein).

The motivation of our study of system (1.1) comes from the results proved in [4,
10, 11, 13-15]. In fact, in [4], Bachar et al. discussed the existence and the asymptotic
behavior of solutions of the elliptic equation

Au—uf(.,u) =0,

in R?} subject to some boundary conditions.

As is mentioned above, the main goal of this paper is to prove an existence result
for system (1.1). For this aim, we shall study the existence of positive solutions for
the following nonlinear elliptic problem

Au = p(xr)u® inR%,
lim u(z) = ap(), VE e R,
—(£,0)
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where o > 1. The constants a, b are nonnegative satisfying a+b > 0, ¢ is a non-trivial
nonnegative bounded continuous function in R»~! and p is a nonnegative measurable
function in R} .

Throughout this paper, we shall refer to the bounded continuous solution Hg of
the following Dirichlet problem (see [1])

Au=0 inR7,
lim wu(z)= , VE€ R,
lim () = g(6). Ve

where g is a non-trivial nonnegative bounded continuous function in R™~!.
Also, we refer to the potential of a nonnegative measurable function f, defined in R’}
by

Vi) = [ G(z,y)f(y)dy.
!

We recall that the following assertions are equivalent for each nonnegative mea-
surable function f in R7}:

(i) Vf # 0o, and consequently Vf e L} (R%),
(i) fRi Wf(y)dy < Q.
Hence for each nonnegative measurable function f in R’} such that V f € L}OC(RﬁL

we have
A(Vf)=—f (in the sense of distributions).

The plan of this paper is organized as follows. In Section 2, we recapitulate some
properties of functions belonging to K*°(R") developed in [2-4| and adopted to our
interests. Section 3 is devoted to undertake a study of problem (1.2) by adopting
similar techniques as in [4] based on potential theory tools. In fact, we consider two
nonnegative real numbers a, b satisfying a + b > 0 and ¢ a non-trivial nonnegative
bounded continuous function in R”~!. Let w and h be the harmonic functions defined
in R} by w(z) = bx, +a and h(z) = bx, + a He(z). The function p is required to
satisfy the following hypothesis

(Ho) p is a nonnegative measurable function in R’ such that
z = p(x) w1 (2)
is in K*°(R?).
Then we shall prove the following theorem.

Theorem 1.3. Assume (Hp). Then problem (1.2) has a unique positive continuous
solution u satisfying for each v € R},

ch(z) < u(z) < h(z),

where ¢ € (0,1).
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In Section 4, we shall apply the result stated in Theorem 1.3 to investigate the
existence and the behavior of positive solutions for system (1.1). By a positive solution
of (1.1) we mean a pair of continuous functions (u,v) such that v > 0 and v > 0 in
R” and (u,v) satisfies (1.1).

To this end, let a,b,c,d be nonnegative constants satisfying (a + b)(c +d) > 0
and we fix ¢ and 9 two non-trivial nonnegative bounded continuous functions in
R™~!. We set 6,w, h and k the harmonic functions defined in R? by w(z) = ba, +a,
O(x) =dx, + ¢, h(z) =bz, + a Hp(z) and k(x) = dx, + c HY(x).

We need to assume the following hypothesis on functions p and gq.

(H) p and ¢ are nonnegative measurable functions in R’} such that
z — p(x) 0" (z) w* Yz) and z — q(z)w*(z)0° ()

are in K*°(R7).

Using the Schauder’s fixed point theorem in a suitable closed convex subset in
(C(RT U{oc}))?, we obtain the following theorem.

Theorem 1.4. Assume (H). Then system (1.1) has a positive continuous solution
(u,v) satisfying for each x € R,

c1 h(z) <wu(z) < h(z) and cok(x) <v(z) < k(z),

where c1,cq € (0,1).

2. NOTATIONS AND PRELIMINARIES

In this Section we discuss different notations and we recall some properties of functions
belonging to the Kato class K*°(R7).

As usual, we denote by B*(R’.) the set of nonnegative measurable functions in R} .
We also denote by

C(R"}) ={w: R} — R: wis continuous},
Co(R2)={we C(RY): lim w(z)=0and lim w(z)=0
o(RY) = {w e CRY: lim (o) i) =0)

and
CoR?) ={we C(RY): lim w(z)=0}.

|| =00

Next, we need to recall some potential theory tools. Fore more details, we refer
the reader to [12] and [5]. Let (X;,¢t > 0) be the Brownian motion in R" and P?
be the probability measure on the Brownian continuous paths starting at z. For a
nonnegative measurable function g in R? , we denote by V; the kernel defined by

V,f(z) = B (/ o= Jo a(Xs)ds f(Xt)dt>7

0
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where E” is the expectation on P* and 7 = inf{t > 0: X, ¢ R} is the first exit
time of (X, t > 0) from R’ .
Furthermore, if ¢ satisfies V¢ < oo, then we have the following resolvent equation

V=V, +V(¢V) =V, +V(¢Vy). (2.1)
So, for each measurable function u in R} such that V(q|u|) < oo, we have
(I = Valg ) +V(g))u = (I +V(g))I = Vo(g.))u = u. (2.2)

Now, we collect some preliminary results pertaining to the Kato class K (R’ ) which
will be used in the next Section.

Proposition 2.1 ([2| and [3]). Let q be a nonnegative function in K*>(R'). Then
we have:

(i) ag:= sup /R Mq(z)dz < 00;

z,yeRn JR? G(z,y)
N . Ty, e
(ii) the function x — mq(m) is in L' (R7).

Proposition 2.2 ([4]). Let q be a function in K*(R?}) and v be a nonnegative
superharmonic function in R. Then for each x € RY}, we have

/ Gz, y)o(v)a()ldy < agv(z). (2.3)
By

For a fixed nonnegative function ¢ in K*°(R"), we denote
Mg :={fe K*RY): [f] <q}.

Proposition 2.3 ([4]). Let q be a nonnegative function in K>(R) and 8 € {0,1}.
Then the family of functions

/ (y”)ﬁG(z,y)f(y)dy: feM,

T
K}

is relatively compact in Co(R?), for B =0 and which is relatively compact in Cy (@),
for B =1.
The next proposition plays a key role in the proof of Theorem 1.3.

Proposition 2.4 ([4]). Let q be a nonnegative function in K*(RZ}) and v be a
nonnegative superharmonic function in R’ . Then for each x € R} such that 0 <
v(x) < oo, we have

exp(—ag)u(z) < (v = Vg(qv))(2) < v(z).
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3. PROOF OF THEOREM 1.3

In this Section, we aim at proving Theorem 1.3. So we need the following lemmas.

Lemma 3.1. Let f and g be two nonnegative measurable functions in R’ such that
g < f and V f is continuous in R’Y. Then Vg is also continuous in R} .

Proof. Let ¢ be a nonnegative measurable function in R’} such that f = g + ¢. It is
obvious that V¢ and Vg are lower semi-continuous in R’} and V¢ is finite. So, we
deduce that Vg is continuous in R . O

Next, we recall that w(z) = bz, +a, z € R}, where a, b are nonnegative constants
satisfying a + b > 0.

Lemma 3.2. Let q be a nonnegative function in K*°(R"). Then we have:

(i) The family of functions

/:ujgay;;G(xayﬂf(yﬂdy: feM,

n
RZ

is relatively compact in Co(R7).
(i) lim V(wg)(z)=0, V¢ € R
z—(£,0)

Proof. Since
W) _bmta (12) <y 2
w(x) bz,+a n T
then (i) follows from Proposition 2.3.
Next, we shall prove (ii). Using the fact that ¢ is in K*°(R"}), we obtain from
Proposition 2.3 that the function v(z) = [, 2-G(z,y)q(y)dy is in Co(R7). Hence v
+ n
is bounded in R”.
Now, taking into account that

Vea)@) =b [ 16l gty +aVa(e) = ba, o(e) +aVa(a),
RY
the assertion (ii) holds immediately from Proposition 2.3. O

In the sequel, consider ¢ a non-trivial nonnegative bounded continuous function
in R"~!. Let h be the harmonic function defined in R7? by h(z) = bz, +a Hep(z) and
p be a nonnegative measurable function in R} satisfying (Hy). Put A = max(1, ||¢||s)
and ¢(z) = a X p(z)w*(z), z € R7.

Lemma 3.3. Let u be a continuous function satisfying 0 < u < h in R . Then u is
a solution of problem (1.2) if and only if u satisfies the integral equation

u+V(pu®*) = h. (3.1)
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Proof. Suppose that u is a solution of problem (1.2) satisfying 0 < u < h. Since
h(z) <bAzp + a @)oo < Aw(x), (3.2)

we deduce that
pu® < aph® < \wg. (3.3)

According to Lemma 3.2 (i) and Lemma 3.1, we can see that V (pu®) € C(R%). So u
satisfies
Alu+V(pu*)) =0,
lim wu(z)=a , VE€ R,
i ulz) = ap(§), Ve
lim

Tp—00 Tp

o) _y,

Thus w satisfies the integral equation (3.1).
1 __
Conversely, from (3.3) and by using Lemma 3.2 (i), we have EV(pua) € Co(R7).

Hence by (3.1), we conclude that u satisfies (in the sense of distributions) the equation
Au = pu® in RY}.

1 N
On the other hand, since —V (pu®) € Co(R"} ) and Hy is continuous and bounded on
w
R satisfying hglo) Ho(z) = ¢(€), we deduce from (3.1), (3.3) and Lemma 3.2 (ii)
z— (€,

that lim wu(x) =ap(§) and lim ulw) =b. O

2—(£,0) Tn—00 Ty,
Now, we are ready to state the proof of Theorem 1.3.

Proof of Theorem 1.3. We consider the non-empty closed convex set A given by
A:={ueBT(R}): exp(—ay)h <u<h},

where « is the constant given in Proposition 2.1.
We define the operator T" on A by

Tu(z) := h(z) = Vo(gh)(z) + Vq(qu — pu®)(z).

We need to check that the operator T" has a fixed point u in A. To this end, we first
prove that TA C A. Indeed, for u € A, we have

Tu(z) < h(x) + Vy(qu)(z) — Vo(gh)(x) < h(z).
This implies by (3.2) that for u € A,
g—putt =a X lpwt —puTt > p(hTt —wh) > 0. (3.4)
Hence Tu > h — V,(gh) and by Proposition 2.4, we obtain

Tu > exp(—ay)h.
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Next, we claim that the operator T' is nondecreasing on A. Let u,v € A such that
u < v and consider the function L : t — t(q(z) —t* !p(x)w®!(z)). By differentiation,
it is clear that L is nondecreasing on [0, A]. Then we deduce that

v u

Tv—Tu="V,((¢g —pv* Vo — (g — puHu) = Vq (w (L(;) — L(—))) >0.

w
Now, we consider the sequence (uy) defined by
uo = h —Vy(¢gh) and wupt1 = Tuy for k € N.
Since TA C A, then by (3.4) and the monotonicity of T', we obtain
ug <up <o Lup Supgr <h

Hence by (2.3) and the dominated convergence theorem, the sequence (uy) converges
to a function u € A, which satisfies

u=h—Vy(qh) + Vy(qu — pu®),
which means that

(I = Vy(g))u = (I = Vo(g:))h = Vg(pu®).

So applying the operator (I 4+ V(g.)) on both sides of the last equality, we deduce by
(2.1) and (2.2) that u satisfies the integral equation

u=h—V(pu®).

1 _
Now, using (3.3) and Lemma 3.2 (i), we have ;V(puo‘) € Co(R™). So we deduce from

Lemma 3.3 that u is a positive continuous solution of problem (1.2).

For the remainder of the proof, we aim to show that w is the unique solution of
problem (1.2) satisfying 0 < u < h.

To this end, suppose that problem (1.2) has two positive continuous solutions u
and v such that 0 <u < hand 0 <v < h.

It follows from Lemma 3.3 that

(=) + V(p(u® — ")) = 0.

This yields
(u—v)+V((u—v)k)=T+V(k.))(u—v)=0,

where
p(x) if u(z) # v(z),
0 if u(z) =v(z).
Now, since u and v satisfy (3.1), we have from (3.3) and (2.3) that
V(klu—v]) < V(p(u® +0v%)) <2AV(wq) < 2X o w.

Then we deduce from (2.2) that « = v. This completes the proof. O
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4. PROOF OF THEOREM 1.4

Proof of Theorem 1.4. Let us consider two non-trivial nonnegative bounded contin-
uous functions ¢ and v in R”~! and assume that hypothesis (H) is satisfied. We
recall that w(z) = bz, + a, 0(z) = dx, + ¢, h(z) = bz, + a Ho(x) and k(z) =
dx, +c Hi(x), where a, b, ¢, d are nonnegative constants satisfying (a+b)(c+d) > 0.
Put m = max(1, ], [4]c),

rresly(2)w H(2)0" (z)  and

q(z) = Bm* P g(v)w(2)0° " H(z) for z € R,

p(z) =am

Let A be the non-empty closed convex set given by

A= {(0,) € (CERTU{})?: 0 < u < (1-exp(~az) .0 < v < (1-exp(-ag)) s |

By applying the result stated in Theorem 1.3, we shall define the operator 7" on A by

= (45445°).

where (y, z) is the unique solution of the following system
Ay =p(x)y* (k= 0v)",
Az = glx) (h—wu) 2%,
lim y(z) = ( ), lim z(2) = cp(§),

z—(£,0) z—(£,0)
lim M =b, lim Lz) =d,
Tp—00 Ty, Tn—00 Ty,
satisfying
exp(—az)h <y < h and exp(—agz)k <z <k. (4.1)

We intend to prove that T has a fixed point in A. Let (u,v) € A. Then, we have

Py (k—60)" <phk < Zwp (4.2)
and
qz (h wu)® < gkPh® < %9 q. (4.3)
Now, since y and z satisfy the integral equations
y=h-=Vpy* (k-00v)") (4.4)

and
2=k —V(gP(h—wu)®),

we deduce by using (4.2), (4.3), (H) and Lemma 3.2 (i) that the family of functions

1 o r 1 s .
TA := {x—> mV(py (k—0v)")(z),z — m‘/(qz’@(h—wu) )z) : (u,v) EA}



792 Sameh Turki

is relatively compact in (Co(R™))?. Next, for (u,v) € A, we have clearly from (4.1)

T(u,v) = (%fc;z) € A.

To achieve the proof, we need to prove the continuity of the operator T with respect

to the norm || - || defined by ||(u,v)|| = ||ul|s + [|V|loo- Let ((u;,v;)) be a sequence in
A which converges to (u,v) € A with respect to the norm ||.||. Let
h—y; k—z
T(u;,v;) = ( | 7;)
(uJ UJ) w [
and

i = (52,557

Then, we have

Yi — Yy Zj — 2
|7 ws0) = T v)| = |2l + 1257 |

According to (4.4), we obtain
yi —y=Vpy* (k=0v)") = V(pyj (k—0v;)") =
=V(ply*((k —0v)" — (k= 0v;)") + (k= 0v;)"(y* — 7))

Put

(),

Y (w) — y*(z) ) .
K;(x) = {x (k(z) — 8(x) vj(x))" p(x) if y;(z) #

Y
0 if y;(z) =y
Then, we have

(I+V(K;)(y; —y) = Vpy*(k—0v)" = (k= 0v;)")). (4.5)

By using the fact that p € K*(R"), (4.2) and (2.3), we get
{07 T (0% T 2m
VI(Ejly; —yl) < Vpyi (k= 0v;)") + Vpy*(k - 0v))") < —apw.

So applying the operator (I — Vi, (Kj.)) on both sides of (4.5), we deduce by (2.1)
and (2.2) that

yi =y =Vi,(py* (k= 0v)" — (k= 0v;)")).
On the other hand, from (4.2), we have

2m
py*|(k—0v)" — (k—0v;)"| <py*((k—0v)" + (k—0v;)") < ?wp.
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So, from hypothesis (H), (2.3) and by the dominated convergence theorem we deduce
that

lim V(py*|(k —0v)" — (k—0v;)"|) =0.

J*)OC

Now, since
Vi, (py®|(k = 0v)" — (k= 0v;)"|) < V(py®|(k = 6v)" = (k= 0v;)"]),

it follows that for each x € R, (y;(x)) converges to y(x) as j — oo.

A similar argument as above, shows that for each x € R, (z;(x)) converges to
z(x) as j — oo.

Consequently, as T(A) is relatively compact in (Cy (M))Q, we deduce that the
pointwise convergence implies uniform convergence, namely, |44 || + (|25~ | con-
verges to 0 as j — oo.

This shows that T is a continuous mapping from A into itself. Then by Schauder’s
fixed point theorem, there exists (u,v) € A such that T'(u,v) = (u,v).

Now, put u = h—ww and v = k—6 v, we obtain that (@, V) is a positive continuous
solution for system (1.1) satisfying for each z € R’}

exp(—ap) h(z) < u(z) < h(z) and exp(—agz)k(z) <v(z) < k(z). O

Example 4.1. Let « > 1, 8 > 1,7 > 0, s > 0 and a, b, c,d be nonnegative real
numbers with (a+b)(c+d) > 0. Let p and ¢ be two nonnegative measurable functions
in R?} satisfying X

(el + Dy et 2]

p(z) <

and
1

<
q(x) < (] + 1)r—oFstA—143°

where v < 2 < pand § < 2 < v. Put w(z) = bz, + a and 0(x) = dx, + ¢ for each
x € R?}. Then, there exists ¢ > 0 such that for each x € R}, we have

(2, + 1)t < ¢
(T + Ly ety = (al + i a3

p(2) 07 (2) 0" (2) <@

and

¢
(le] + 1)r=0 ),

Hence, hypothesis (H) is well satisfied. So for ¢ and ¢ two non-trivial nonnegative
bounded continuous functions in R?~!, system (1.1) has a positive continuous solution
(u,v) satisfying for each = € R},

g(2)w®(2) 07} (2) <

cr(bxn +aHe(x)) <u(z) <bz, +aHp(x)
and

co(dxy, + cHY(x)) <wv(z) <dz, + cHY(z),

where ¢1, ¢ € (0,1).
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