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A NOTE ON A RELATION
BETWEEN THE WEAK AND STRONG DOMINATION
NUMBERS OF A GRAPH

Razika Boutrig and Mustapha Chellali

Abstract. In a graph G = (V, E) a vertex is said to dominate itself and all its neighbors.
A set D C V is a weak (strong, respectively) dominating set of G if every vertex v € V — S is
adjacent to a vertex u € D such that dg(v) > da(u) (da(v) < da(u), respectively). The weak
(strong, respectively) domination number of G, denoted by 7., (G) (vs(G), respectively), is
the minimum cardinality of a weak (strong, respectively) dominating set of G. In this note
we show that if G is a connected graph of order n > 3, then v, (G) + tvs(G) < n, where
t=3/(A+1)if G is an arbitrary graph, t = 3/5 if G is a block graph, and t =2/3if G is a
claw free graph.
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1. INTRODUCTION

We consider finite, undirected, simple graphs. Let G be a graph, with vertex set V
and edge set E. The open neighborhood of a vertex v € Vis N(v) = {u € V | uv € E}
and the closed neighborhood is N[v] = N(v) U {v}. For a subset S C V, the open
neighborhood is N(S) = U,esN(v) and the closed neighborhood is N[S] = N(S) U S.
By G]S] we denote the subgraph induced by the vertices of S. If v is a vertex of V,
then the degree of v denoted by dg(v), is the size of its open neighborhood. A tree is
a connected graph that contains no cycle. A star K, is a tree of order ¢ + 1 with
at least ¢ vertices of degree 1. A subdivided star SS; is obtained from a star K; 4 by
replacing each edge uv of the star by a vertex w and edges ww and vw. The claw is
the star K 3. Given any graph H, a graph G is H-free if it does not have any induced
subgraph isomorphic to H. A block graph is a graph in which every block (maximal
2-connected graph) is a clique. It is well-known that block graphs are exactly chordal
graphs that do not contain K4 — {e} as induced subgraph.
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In [5], Sampathkumar and Pushpa Latha have introduced the concept of weak
and strong domination in graphs. A subset D C V' is a weak dominating set (wd-set)
if every vertex v € V — S is adjacent to a vertex u € D, where dg(v) > dg(u). The
subset D is a strong dominating set (sd-set) if every vertex v € V — S is adjacent to
a vertex u € D, where dg(u) > dg(v). The weak (strong, respectively) domination
number v, (G) (7s(G), respectively) is the minimum cardinality of a wd-set (an sd-set,
respectively) of G. If D is an sd-set of G of size v,(G), then we call D a v5(G)-set.
Strong and weak domination have been studied for example in [1-4].

In their paper introducing weak and strong domination in graphs, Sampathkumar
and Pushpa Latha showed that a graph G of order n satisfies v, (G) +7s(G) < nif G
is a d-balanced graph (G has an sd-set D; and a wd-set Dy such that D; N Dy = ).
However there exist graphs G for which v,,(G) + vs(G) > n. For example if G is a
subdivided star SS; with ¢ > 3, then ,,(5S;) = 7s(5S¢) = ¢+ 1= (n+1)/2.

2. RESULTS

We begin by giving an observation and two useful lemmas.

Observation 2.1. 1) For a cycle C,, we have v,,(C,) = vs(Cp,) = [n/3].
2) For a nontrivial path P, we have
[n/3], if n = 1(mod 3),
s Pn = 3 d w Pn =
7(Fn) = [n/3] - and 7 (Pn) {fn/?)] +1, otherwise.

Lemma 2.2. Let G = (V, E) be a nontrivial connected graph. Then G has a vs(G)-set
D such that for every vertex x € D having at least one neighbor in V- — D, there is a
vertexy € V — D adjacent to x such that dg(y) < dg(x).

Proof. Among all v,(G)-sets let D be a one such vertex such that »° . dg(u) is
maximum. Obviously the result is valid if |V| = 2. Hence let |V| > 3 and assume
that D contains a vertex = such that N(z) N (V — D) # 0 and dg(y) > dg(z) for
every y € N(z) N (V —D). Then {y} UD — {z} = D' is a v:(G)-set such that
Y wep da(u) >3, cp da(u), contradicting our choice of D. O

Lemma 2.3. Let X be an independent set of a connected graph G such that every
vertex of X has degree at least three. Then:

(1) if G is a claw free graph, then 3|X| < 2|N(X)|,
(ii) of G is a block graph, then 2|1X|+1 < |N(X)|.

Proof. (i) Let E’ be the set of edges between X and N(X). Then 3|X| < |E’|. Also
since G is claw free and X is independent, every vertex of G has at most two neighbors
in X, implying that |E’| < 2|N(X)|. Therefore, 3|X| < |E'| < 2|N(X)|.

(ii) Assume now that G is a block graph and let A = N(X). Consider the graph
G[(X, A)] induced by the vertices of X and A. We can suppose that G[(X, A)] is
connected, for otherwise we can repeat the procedure below for each component. Let
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V1, Vs, ...,U; be the vertices of X and Aj, Ao, ..., A; the subsets of A ordering as
follow: A; = N(v1) N A and for 2 < k < ¢, xy is a vertex of X adjacent to a vertex of
Uf;llAj with Ap, = N(vg) N(A— U?;%Aj). Since every vertex of X has degree at least
three, we have |A;| > 3. Also, since G[(X, A)] is a connected block graph, each vertex
xp for k > 2 has exactly one neighbor in U?;llAj. Using this fact and the fact that
every vertex of X has degree at least three, it follows that |Agx| > 2 for 2 < k < t.
Therefore, |[N(X)| = |A| = |A1]| + |A2| + ... +|A] >34+2(t—-1)=2|X| + 1. O

Now we are ready to state our main result.

Theorem 2.4. Let G be a connected graph of order n > 3 and mazimum degree A.
Then v (G) + 375(G) /(A + 1) < n. Moreover,

(i) if G is a claw free graph, then v, (G) + 37s(G)/5 < n, and
(ii) if G is a block graph, then v, (G) + 2v:(G)/3 < (3n — 1)/3.

Proof. Clearly since n > 3, we have A > 2. If A = 2, then G is either a cycle
C,, or a path P,, and by Observation 2.1 the result holds. Thus we may assume
that A > 3. Let D be a v5(G)-set satisfying the conditions of Lemma 2.2. Let A =
{r € D:N@)nNn(V-D) # 0} and X = D — A. Observe that by our choice of
D, the set V — D weakly dominates A. If X = (), then A = D, and consequently,
Yw(G) < |V — D| = n — v4(G). Hence the result is valid even for (i) and (ii) when G
is claw free or a block graph, respectively. From now on we will assume that X # (. If
X contains two adjacent vertices u and v, then one of D — {u} or D — {v} is a strong
dominating set of G, a contradiction. Hence X is an independent set. Note that every
vertex of D has degree at least two, otherwise n = 2 or G is not connected. Also since
N(X) C A we have dg(u) > 3 for every u € X; otherwise D — {u} is an sd-set of G,
a contradiction. Now since V' — D weakly dominates A, the set (V — D) U X weakly
dominates GG, and therefore

Y (G) < |[(V=D)UX|=n—|D|+|X|.

Now let us show how to bound | X| by |D| when G is an arbitrary graph, claw free,
or a block graph. Note that |D| = | X|+|4| > | X|+|N(X)|. Let E(X, N(X)) be the
set of edges between X and N(X). Since dg(u) > 3 for every w € X and N(X) C D
we have 3 | X| < |E(X, N(X))|. Also each vertex y of N(X) has degree at most A—1,
otherwise D — N(y) N X would be an sd-set of G, a contradiction. It follows that
every vertex of N(X) has at most A — 2 neighbors in X, thus |E(X,N(X))| <
(A —2)|N(X)|. This implies that 3|X| < |E(X,N(X))| < (A—-2)|N(X)|, and
consequently, |N(X)| > 3|X|/(A — 2). Since |D| > |X| + |N(X)|, we obtain
|X| < (A—=2)|D|/(A+1). Now we get 7,(G) <n—|D|+|X|=n—-3|D|/(A+1).

Using Lemma 2.3, one can improve the previous result when G is a claw free graph
or a block graph. Hence we obtain (i) and (ii), respectively. We omit the details. O
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Since the class of trees is contained in the class of block graphs we obtain the
following corollary.

Corollary 2.5. If T is a tree of order n > 3, then v, (T') 4+ 2v,(T)/3 < (3n —1)/3.
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