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ON SOME DYNAMICAL RECONSTRUCTION PROBLEMS
FOR A NONLINEAR SYSTEM
OF THE SECOND-ORDER

Marina Blizorukova, Vyacheslav Maksimov

Abstract. The problem of reconstruction of unknown characteristics of a nonlinear sys-
tem is considered. Solution algorithms stable with respect to the informational noise and
computational errors are specified. These algorithms are based on the method of auxiliary
positionally controlled models.
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1. INTRODUCTION

Problems of determination of input of system through equation’s solutions are of-
ten called reconstruction (identification) problems. Therefore it is assumed that the
input information (results of measurements of current phase states of a dynamical
system) are forthcoming in the process. As to unknown parameters, they should be
reconstructed in the process too. One of the methods of solving similar problems
was suggested in [3]. This method was based on the ideas of the theory of ill-posed
problems [7] and actually reduces the identification problem to the control problem
for an auxiliary dynamical system-model [2]. Regularization of the problem under
consideration is locally realized during the process of choice of positional control in
the system-model. The method mentioned above was applied to a number of prob-
lems described by some classes of ordinary differential equations [4, 6] as well as by
equations with distributed parameters [5]. Different system’s characteristics varying
in time were under reconstruction, namely, unknown discontinuous inputs, initial and
boundary data, distributed disturbances, coefficients of an elliptic operator and so
on. In the present paper, using the methods of dynamical identification worked out
earlier (see the cited literature), we indicate two algorithms for the reconstruction
of nonsmooth inputs acting upon a nonlinear system of the second order. These
algorithms are stable with respect to informational noises and calculational errors.
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2. STATEMENT OF THE PROBLEMS. APPROACH TO THE SOLUTION

Consider a system described by the equations:

() = k(t)z2(t) + z1(t) Az2(t) — v), 2.1)
io(t) = —k(t)z2(t) — (Az1(t) + p)x2(t) + (b)), '

te T = [t(),'l?], Il(to) = 210, I'Q(t()) = X20.

This model describes the process of diffusion of innovation [1]. It is assumed that
constants A, v, u are known but the function () and (or) the function k(t) are
uncertain. We consider the situation when a function ~y(¢) (a measurable Lebesque
function satisfying the condition v(t) € P = [—f, f], t € T) acts upon the system.
Here f = const € (0,+00). This function as well as the solution of system (2.1)
corresponding to it are unknown. At discrete, frequent enough, time moments

T; € A= {Ti}zlo, Ti+l1 = T; + 5, T0 =to, Tm = )

the value of z(7;) is inaccurately measured. Results of measurements (elements £ €
R"™) satisfy the inequalities
|2(73) = &'ln < (2:2)

where h € (0, 1) is a level of informational noise, |x|; = |z| is a modulus of the number
x, |yl2 is Euclidean norm of the vector y € R?. We consider two cases. In the first
case we assume that at moment 7; the coordinate x1(7;) is measured, i.e.

z(1;) = w1(mi), (2.3)

and in the second one the pare of these coordinates x1(7;) and z3(7;) are measured.
Then

z(mi) = {z1(m), w2(m) }- (2.4)

It is required to indicate (a first case) an algorithm allowing us to reconstruct unknown
coordinate z3(t) and unknown input y(¢) (Problem 1) or (a second case) the function
k(t) and input v(¢) (Problem 2). This is problem being investigated in the present

paper.

3. SOLVING METHOD

In Figure 1, the scheme of the solving algorithms for the problems of dynamical
reconstruction based on the approach mentioned above is shown.

System (2.1) is accompanied “in real time” by a certain artificial computer-
-modelled closed-loop control system M with a phase trajectory w”(t) and a control
u”(t). Then an algorithm forming a feedback control

u (t) = u(t, 6" (1), w" (1)) (3.1)
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u”(t) w' (t)

& system (2.1) ()

Fig. 1. The scheme of the solving algorithms

for the model M ensuring the output w”(¢) (or the control u(-)) to estimate in an
appropriate sense the unknown parameters x2(t), v(t) in Problem 1 and k(t),y(¢) in
Problem 2 is indicated.

Thus, in accordance with the methods described in [3,4,6] Problems 1 and 2 may
be formulated as follows. In the sequel, a family of partitions

m
Ay = {Ti,h}h:h()a Ti+1,h = Ti,h T 6(]1)7 T0,hn = to, Tmy,h = ¥

of the interval T is assumed to be fixed.
Problem 1. It is required to indicate differential equations of the model M

W (t) = fi(&f, wh(m), uf), (3.2)
t € 0ni = [Tin, Tit1,n), Ti = Tih,
wh(to) = wl, wh(t) € B wh = {uf uh),

and the rule of choice of controls u? at moments 7; being a mapping of the form

s (i€l (1)}l = {uly uly} € R? 33)
such that
0 0
[k = aaP =0, [k =P @t —o0 (3.4)
to to

as h tends to 0. Here u”(t) = {ul(t),ul(t)}, ub(t) = uly, ub(t) = uly for t € 65,
Problem 2. It is required to indicate differential equations of the model M

’Li}h(l)(t) = falt, gzhv ,wh(l)(»;—i) f[)h)7 (3.5)

» Y
te 5}171' = [Ti7h;7-i+17h)7 wh(l)(to) = wg(l)a wh(l) (t) € RQ, wh(l) = {wil(l)7w;1(1)}7
and the rule of choice of control v/ at moments 7; being a mapping of the form

Us : {73, € wh D (1)} — ol = {ofy vl } € R? (3.6)
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such that

/|U1 (B2 dt — 0, /|U2 B2 dt — 0 (3.7)

as h tends to 0. Here v"(t) = {vf,,vl} ¢ € 6.
Following the terminology of [2], the mappings Uy and Us are called the strategies
(the rules of choice of the system’s control (3.2), (3.5)).

4. ALGORITHM FOR SOLVING PROBLEM 1

Let us turn to the description of the algorithm for solving Problem 1. From the above,
it is necessary to indicate the model (3.2) and the strategy Uy (3.3) providing (3.4).
Let

P(:) ={u(-) € L2(T;R) : u(t) e P fora.a. teT}.

From now on, it is assumed that we know a number K € (0,400) such that each so-
lution {x1 (¢, u), z2(t,u)} (u € P(+)) of equation (2.1) satisfies the following conditions

max |z1(t,u)| < K, sup |z2(t,u)|] < K. (4.1)
to<t<v to<t<d
Fix some function a(h) : (0,1) — Rt = {r € R :r > 0} with the properties:

a(h) =0, 8h)<h, hYS/a(h) -0 as h—0.

This function plays the role of a regularizator (a smoothing functional). Let in
(3.2), (3.3)

Furl€l wh (ri), ut) = {(k(73) + A uly — vel, —(k(rs) + A + pufy +u},  (4.2)

w& = {IE10,5E20}7

_ Z_h72/3 if : <Kh2/3
T i1 < ’ (4.3)
— Ksignf;, otherwise,
= {0, i 5 < atf, )
2 —f Signﬁi(l), otherwise.

Here
=T Bi= @i(m) — €Y k(r) + ML), BV =wh(n) —uly, & eR.
We introduce the following condition.

Condition 4.1. (a) Real input v = ~(¢) generates the solution z(t) = x(t,7) of
equation (2.1) such that

. - .
inf [k(t) + Az (t,7)] = ¢ > 0
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(b) The function k(t) is differentiable and its derivative is an element of the space
Loo(T; R).
(c) The function v(t)/(k(t) + Az1(¢,v)) has a bounded variation on T.

Theorem 4.2. Let the condition 4.1 be fulfilled. Then (3.4) take place under the
choice of the model equation in the form (3.2), (4.2) and of the strategy Uy in the
form (3.3), (4.3), (4.4).

Proof. The following inequality follows from results of [3] and conditions 4.1 (a) and
4.1 (b):

/|uf(t) — xo(t) 2 dt < CRY3. (4.5)

to
Consider the value

t
e(t) = |wh (t) — z2(t)[* + a(h) /{|u3(7)|2 — y(r) PP} dr.
to
It is easily seen that for ¢ € §; = [7;, 7;41) the inequality is true

e(t) < e(m) + (k) / il (7) — oo (7)[2 drt

t ) (4.6)
+ [mydr+am [l - o)y ar
where
(t) (’LUQ (TIL) —$2(Ti)(lbg(t) —ig(t)), t €.
Consider the value u;(t). We have for t € §;
pi(t) = 2(w3 (1) — w2(r)/{k(B)a2(t) = k(r)ufy + Mo ()z2(t) — &)+
+uMm(%*h)+U$*7@}§ (4.7)

<an—M+ZM te s
Here
Ai(t) = 260 (k()wa(t) - k(r)ulh )
Aai(t) = 2281 (xl(t)m(t) - &-hu?l»
Nai(t) = 2087 (2a(t) — uly )
Ni(t) =260 (uly = (1)),
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Estimate each term in the right-hand part of inequality (4.7). From condition 4.1 (b)
it follows that
Ali(t) < Cg{lIQ(t) — uf1| + 5(h)}, t € ;.

Consequently (see (4.5) and (4.1)),

Tit
mp—1 "4

Z /AM dt<C’2/{|:c2 ) — uh(6)] + ()t < Cy (WS +5(h)),  (4.8)

mhfl

S dlas(n) — uly| < / ja(r) — b (7)| dr < C5(hY/S + 6()). (4.9)
1=0

Then, by (2.2), (4.1) we obtain
€8 —21(t)] < Co(h+3(h)), te€d

Thus,
mp—1 Tit+1
Z / Aoi(t) dt < C7(hY6 + 5(h)). (4.10)
i=0 7
By analogy we derive
mp—1 Tit+1
> / Asi(t) dt < Cs(hY® + 6(h)). (4.11)
i=0

Note that

1 : 1
o gt (), i 15 < a(W)f,
argmin{20, ‘v +ou” :u € P} =

- fsignﬂfl), otherwise.
Therefore, in virtue of (4.4) we have
Ti+1
[ {pasr) + ol luls? = oy ar = (4.12)

Ti+1
= [ {260l + alusP] = [2057 200 + alb)h(r)P] } dr <.
Taking into account (4.6)—(4.12) and the inequality §(h) < h we have for all ¢ € [1

my] the following estimate
e(r;) < ChY/S,

Further arguments correspond to the standard scheme (see, for example [3,5]). The
theorem is proved. O
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5. ALGORITHM FOR SOLVING PROBLEM 2

Let us turn to the description of the algorithm for solving Problem 2. From the
above, it is necessary to indicate the model (3.5) and the strategy Us (3.6) providing
the convergence result (3.7). Note that in this case & = {&14, &2;} € R? and inequality
(2.2) have the form

(1€1i = 21(r) P + [€2i — w2(ms)[P)'/2 < h.
Fix some function aj(h): (0,1) — R (a regularizator) with the properties:
ar(h) =0, &h)<h, hY%/a;(h) =0 as h—0.
Assume in (3.5), (3.6)

fo(€l o) = {vh €in + Neir&ia — M€, —vl Ein — Nir&in — Mo + 0l 1, (5.1)

wh™ = {210, 220},

LOR i 0] < B,
ol = { (5.2)
— Asigny?, otherwise,
. —yiar'(h), if |yl <aa(h)f,
Vig = (5.3)
— fsign-y;, otherwise.

Here
T =Tin, % = (i (n) —€h), = wy(n) — &

Condition 5.1. (a) Real input v = ~(¢) generates the solution z(¢) = x(t,7) of
equation (2.1) such that
x2(t) >¢c>0, teT.

(b) The function k(t) satisfies condition 4.1 (b) and the following inequality
k() <A, teT.

Theorem 5.2. Let condition 5.1 is fulfilled. Then the convergence result (3.7) takes
place under the choice of the model equation in the form (3.5), (5.1) and of the strategy
Us in the form (3.6), (5.3).

Proof. The proof of this theorem is performed by the scheme used in Theorem 4.2.
In the beginning we estimate a variation of the value

er(t) = ™M (1) — 21 (1)
‘We have

Ti4+1

El(Ti+1) S El(Ti) + ‘ / (wf(l)(r) — I'l(T))dT ’ +
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+2(wy M (1) 21 () / {0l i N1 Ein— M€in — () 2o (t) = Ay (E) 22 (1) +Avay (t) }dt.

In virtue of the boundedness of k(t) and ~(t) we have

sup i1 ()] < K1, supin(t)] < K.
teT teT

Therefore

(i) < 21(m) + do(0(R) + M)A + 3 / A9 (1) dr,

Ti

when

AV (1) = 292l — k(7)) + 2(wh (1) — €4)(€ly — wa(7)),
A7) = 22w (i) — € (€l ely — a1 (r)aa(7)),
M (1) = 22w(wh () — ) (@1 () — €L).

Analogously in (4.12) by virtue of (5.2) we obtain

Ti4+1

/ {27?(”?1 = k() + W2l P~ Ik(v)lz}} dr < 0.
Therefore

Ti4+1

[ {00+ 1205l P~ Y fdr < daho+ 5()sh)

i

It is easily seen that
Ti4+1

AP (r) dr < dy(h + 5(h))3(h),
Ti+1

ANV (7) dr < d(h + 6(h))8(h).

Consequently,
El(Ti+1) S 51(7'1‘) + d35(h)(h + 5(h))

From this we derive

El(TfH_l) < C(h + (5(]1)), 1€ [0 Tmpy — 1]. (54)
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From this, following [3,5], we deduce

9
/w(t) ~ R(t)[2dt < CRY3. (5.5)
to
Consider the value
ex(t) = [l () — 2] + on (h /{|v (r)2}dr.

It is easily seen that for ¢ € 0; = [7;, ;41) the inequality

t

ca(t) < ea(r) + [ (WL (7) = 2D+ 4(r) + a() (L = (r)P) far

is true. Here
vi(t) = i(ih ™M (1) — (1), ted,
i = 20wy M (1) — i ().

Consider the value v;(t). For t € §; from (2.1), (3.5), (4.2) we get

= Z%‘z‘(t)a (5.6)
i) = i(k(t)z2(t) — v1&i2),
Y2i(t) = Api (1 () 22(t) — Lin&iz),
v3i(t) = Aupi(z2(t) — &),
Yai(t) = 20 (v — (1))

Using (5.5), we deduce that

mp—1
Z Y1i(t) < Ci(hYC 4 9). (5.7)
It is easily seen that
mp—1 Tt
> [ Gailt) + o) de < ol +5) (8)

=0

Ti
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Note that

, —yior (h), i |l < on(h)f.
argmin{2v;u + aqu® : |ul < f} =

— fsign-y;, otherwise.
By analogy with (4.12) we derive
Ti+1
/ {7ai (1) + ar (O [vis]* = [y (1)} dt < Cs(h + 6)5. (5.9)

Taking into account (5.6)—(5.9), we get for all ¢ € [1 : my] the estimate
EQ(Ti) § C(h1/6 + 5)
The assertion of theorem 5.2 follows from this inequality. O

Example 5.3. The algorithm for solving Problem 1 was tested by a model example.
We considered system (2.1) on time interval T = [0,2], 1,22 € R. It was assumed
that the initial state has the form z;(t) = 1, z2(t) = 2. The input was computed by
the following formulas

() =1+t

At moments 7; the value &1 = x1(7;) + h cos(MT;), was measured. A model with
initial state wy(0) = 1+ h, w2(0) = 2 — h and controls we took according (3.2), (4.2),
(4.3), (4.4). In Figures 2—4 the results of calculations are presented for the case when
k(t) = const = 0.5, A =3, v =0.1, u =1, f =3, M = 10. Figure 2 corresponds to
the case when h = 0.001, Figure 3 — h = 0.1, Figure 4 — h = 0.01. In Figures 2—4 solid
(dashed) lines represent model controls vy 2(t) (the second coordinate of the system
(2.1) and the real control).

Ix2,uvl

O k= NN
(3 =T Iy = R |

| | | | | 4 |
t t t t t 1 t y t
0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 ¢

N-DU!WE
[ = = I = = =

| | | | | ' ' | ! y
t t t t t t t t t t
\-\/ 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 ¢

Fig. 2. h = 0.001
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Ix2,uvl

=R )
L2 =T R = R |

I I I } L L y L 4 I
t u t t T t 1 t + t
0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00

Ao w b
ooo0ooo
————

' ' L ' s ' s s L s
t t t t t t t t y t
\_]/ 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 ¢

Ix2,uvl

=R )
L2 =T R = R |

L y f y I
T T T 1 t + t
0.80 1.00 1.20 1.40 1.60 1.80 2.00

1.0.0:'-'-"2
\_\/ ddau Uo.Ag’ 6/60 0.50 1.00 1.20 1.40 1.60 1.80 2.00
Fig. 4. h=0.1
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