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J-CONVEXITY CONSTANTS

Abstract. We introduce the J-convexity constants on Banach spaces and give some prop-
erties of the constants. We give the relations between the J-convexity constants and the
n-th von Neumann-Jordan constants. Using the quantitative indices we estimate the value
of J-convexity constants in Orlicz spaces.
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1. INTRODUCTION

Much of the significance of the concept of superreflexivity of a Banach space X is due
to its numerous equivalent characterizations, see, e. g., Beauzamy [1, Part 4]. One
of these characterizations is J(n,e)-convexity. We restate the definition from [2] as
follows.

Definition 1.1. Given n and 0 < ¢ < 1, we say that a Banach spaces X is

J(n,e)-convez if for all elements z1,...,2n, € Ux ={x € X : ||z|| < 1} there is
k n
1<121£n Zzh— Z zp|| < n(l—e).
=" =" lh=1 h=k+1

Definition 1.2. We define the J-convexity constants, for n > 2, by

k n
D= D
n=1

J(n,X) = sup{ inf
n=k+1

1<k<n

:zl,...,znGUX}, (1)

and

Jn(X) = inf {5 : 0 < e <1, and there exists z1,...,z, € Uxsuch that

n

k
D= X
n=1

n=k+1

(2)
inf
1<k<n

>n(1 75)}.
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It is known that a Banach space is superreflexive if and only if it is J(n, €)-convex
for some n and € > 0 ([3] and [4]). It is evident that:

(i) J(n,X) <nand 0 < J,(X) <1 forn>2.
(ii) X is superreflexive if and only if J,,(X) > 0 for some n or, equivalently, J(n, X) <
n for some n.
(iii) J(n,X) =n(1l —¢) if and only if J,(X) = €.
(iv) J(n,X) =n if and only if J,(X) = 0.
(v) For a Banach spaces X the following conditions are equivalent:
1) X is not superreflexive,
2) Jo(X)=0foralnehN,
3) J(n,X)=mntorallneN.

Let

Ju vl

D(u) = p(t)dt, W(v)= [ P(s)ds

0 0

be a pair of complementary N-functions, where the right derivative ¢ of ® is
right-continuous and nondecreasing, ¢(t) > 0 whenever t > 0, ¢(0) = 0 and
tlim @(t) = 0o; the right derivative 1 of U satisfies the same conditions as ¢. Assume
that (G,¥,m) is a (Lebesgue) measure space and L°(G,%,m) is the space of ¥—
measurable functions defined on G. The Orlicz space is defined as

L*(G) = {x € L : x is measurable in G, pgp(\z)dt < oo for some A > 0},

where pg(z) = fG ))dt. The Luxemburg norm (gauge norm) and the Orlicz
norm in L‘I’( ) are deﬁned respectively, by

|zl (@) = inf{c > 0: po ( ) <1}

and

1
lz]le = Ig;% E[l + pa(kz)].

As usual, we denote L(®) = (L®,|| - ||(#)), L® = (L?,| - ||o) for short.

An N-function ®(u) is said to satisfy the Ag-condition for small u (for all u or for
large ), which is written as ® € Ay(0)(P € Ay or @ € Ay(0)), if there exist ug > 0
and ¢ > 0 such that ®(2u) < ¢®(u) for 0 < u < ug (for all uw > 0 or for u > ugp).
An N-function ®(u) satisfies the Va-condition for small « (for all w > 0 or for large
u), which is written as ® € V3(0) (® € V3 or @ € Vy(00)), if its complementary
N-function (see [6] or [8]) ¥ € Ag(0) (T € Ay or U € Ay(0)). The basic facts on
Orlicz spaces can be found in [8].
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New quantitative indices for an N-function ® are defined by

ag(n) = lim inf

O~ (u)

1 (u)

Be(n) = limsup

U— 00 m’ U—00 m’

O~1(u) O 1(u)

oS (n) = limipt greny Ja ) = ISP G Ty
() 3 ) = sup 2 (@)
Ga(n) = I Ty Polm) =500 &1 ()

For n = 2, we denote these constants by ae, 3o, %, ﬂg,@p and (4 (see [8]). Clearly,
+ <@s(n) <min{ag(n),af(n)}, max{Bs(n), 3 (n)} < Bs(n) < 1.

Proposition 1.1. ([7]) Let ® be an N-function. Then:

1
.

(i) ® & Az(00) <= Pa(n) =1; @ ¢ Vi(00) <= aa(n)
() ® ¢ 29(0) = B3(n) = 1; ¢ V2(0) = ah(n) =
(iii) @ ¢ Do < fp(n) =1; ®¢Vy <= ag(n) =

1
-
1

o

The following results concern these new indices.

Proposition 1.2. ([7]) Let ® and ¥ be a pair of complementary N -functions and
n > 2. Then:

nag(n)fe(n) = 1 =nag(n)Be(n), (3)
nag(n)By(n) = 1 = nay(n)Ba(n), (4)
nag(n)By(n) = 1 = nay(n)Bs(n) (5)

2. THE RELATIONS BETWEEN J-CONVEXITY CONSTANTS
AND VON NEUMANN-JORDAN CONSTANTS

In order to discuss the J-convexity constants, we need the n-th von Neumann-Jordan
constants defined as follows.

Definition 2.1. We define the n-th von Neumann-Jordan constants, for n > 2, by

n
- t5 € X, lzif? #0
ny |zl? i=1
1

When n = 2, CJ(\??,(X ) is the von Neumann-Jordan constants of a Banach space
X (see [8]).



170 Jincai Wang

Theorem 2.1.

(i) For any Banach space X, there holds

J(n, X) < /nCy)(X). (6)

(ii) J(n,X) < n if and only if CJ(\;L}(X) <n.
Proof. (i) Let z1,x2,...,2, € U(X). Then

2

k n 2 n k n
n min E T; — E il < E €T — E il <
1<i<n || 4 ‘
i=1 i=k+1 k=1 |li=1 i=k+1

<O > laill* <
=1
< n?2C{(X).

(ii) By (i), the sufficiency is clear. Now we prove the necessity.

{7 € Xand Z |2 #0 p =

CV)(X) = sup -
ny i) P

= sup et C X[l <l =1

n—1
n(; i[> + 1)

Since J(n, X) < n, there exists 0 < § < 1 such that

n

k
E Li— E Ty
i=1

i=k+1

Sup {1%2271 H{zifl C Ux} <n-—34. (7)

Suppose 1 = ||, || > [z > 1 — ﬁ(z =1,2,...,n—1). By (7), there is

k n
inf || E x; — E x| <n—4.
1<k<n
) i=k+1

Without loss of generality, we assume that

n

k
o1 — 22 — ... —zp]| = inf ||E x; — E || <n—24.
1<k<n ' 4 ‘
=1 i=k+1



J-convexity constants 171

Hence
k n k n
XXz X @l o —mP X X w— X @l
1<k<n i=1 i=k+1 2<k<n i=1 i=k+1
n—1 = n—1 -
n(Zl [@3]]* 4+ 1) n(Zl ][> + 1)
= i=

S jmn L1y

(n—9)2 2<k<n i=

U RS T

<

n—1
n zil2+1
(n— 5)2 2<Zk:§n (z; Il )

< 4+ = —
- — — _62 n—1
=D =0 mn (S a2+ 1)
i=1
—§)? -4 )
= (n )52 +n71<n7+n71:n——.
nn — 6 + 5,1 n n
If there exists 1 < i < n — 1 such that |lz;|| < 1-— ﬁ, we may, without loss of
generality, assume that ||z1]] <1 — 2(n671)' Then

S Im Y w?

idign =t iskrr _ nlleall 4 el 44zl + D2

n—1 n—1
n(_; [li]]* + 1) n(; [lzill* + 1)

n—1
(2 lzill® + 1) = (x| + llezll + -+ len-all + 1)
= n — = =

n—1
(; [li]|* +1)

n—1
=n—{n(Q_ leill* + 1) = [lz1]* + 2llz1 [ (22l + - - + [[zn— ]| + 1D+
i=1

n—1
+ (2l + -4z + D2/ O llal? + 1) =
1=1

=n— {1 = llz1l)* + (1l = lo2l)® + -+ (]l = o)+

n—1 n—1
+ (=D lll® +1) = (lzall + - + lza-a | + D/ O llaal® + 1) <
=2 i=1
5 \2
(L — flza])? -0 -5 52
=0T =n n " i —1)?

4 flzill? +1

i=1
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Therefore,

2
C](\?}(X) < max{n— é,n— 6} <n.
n

3. LOWER BOUNDS FOR J-CONVEXITY CONSTANTS IN ORLICZ SPACES

In this section, we will give lower bounds of J-convexity for three Orlicz spaces.

Theorem 3.1. Let ® be an N-function and n > 2. Then:

1

max aé(n)mﬁ(p(n)- < J(n7L(¢’) [0,1]), (8)
max -agl(n),nﬁ%(n)- < J(m 1), ©)
max _Oé;(n),nﬁ@(n)_ < J(n, L®)[0, 00)). (10)

Proof. We only prove (8). The proofs of inequalities (9) and (10) are similar. By the
definition of ag(n), there exists 0 < uy " co such that

D ()
A STy ~ e

So for € > 0, there exists ky > 1 such that for any k& > kg, there is

O (uy)

—= < . 11

Q_l(nuk) o (n) +e ( )
Put up = ug, > 1. Let G;,1 < i < n be non-overlapping subsets of [0, 1], and m(G;) =
L1 <i < n. Define z;(t) = ! (nuo)xc, (t),1 <i < n. Then ||z;]/(g) = 1, and for

nuo

any 1 < k < n, there holds

k n
| foz - Z%’H(c}) = (I)_l(nuo)”XGluGguman||(c1>) =
i=1

k+1
D nug) 1
D L(uy) ag(n) +¢’
Therefore
1
J(n, L'®0,1]) > ————,
(n [0.1]) ag(n) +¢e

which proves (8), because ¢ is arbitrary.



J-convexity constants 173

Now we prove that nfg(n) < J(n, L(®)[0,1]). By the definition of Bg(n), for any
given € > 0 we choose a vy > 1 such that f_zl(szjsg) > fa(n) — £. We divide [0, %]
into n non-overlapping intervals Ay, As, ..., A, of the same length. Define:

1 (t) = 7 (vo) (xa, + Xa; +Xa5 + oo+ X4,)
z2(t) = @ (o) (=X A, + XA, + Xas + .-+ Xa,) s
3(t) = @ (vo) ((—xa, — XAy + Xag + o Xa,)),

Tn(t) = @7 (v0) (—XAs — XAs — XAz — -+ — XA, + XA, ) -

Obviously, ||2;][(s) = 1(¢ = 1,2,...,n). For any 1 <k <n,

n

: L n@ " (uy)

I ;xz - i:zk;rlxi\\@) > [|27 (vo)nxa, ll(@) = D T(nwg) > nfs(n) — €.

The latter implies that J(n,L(®)[0,1]) > nBe(2"~') — . This proves that
Jo(L®10,1]) > nfs(n), because ¢ is arbitrary. O
Corollary 3.1.

(1) If ® ¢ No(00) (N Va(c0), then J(n, L®)[0,1]) = n.
(i) If ® ¢ A2(0) N\ V2(0), then J(n,I(®) =n.
(iii) If @ ¢ Ao\ Va, then J(n, L(®)]0,00)) = n.

Proof. We only prove (i). If & ¢ As(oc0), then Sg(n) = 1 by Proposition 1.1. By
(8), there is J(n, L(?)[0,1]) = n. If & ¢ V(co), then ag(n) = L. By (8), the same
equality holds true. O

Corollary 3.2. Let 1 < p < oo, LP € {L?[0,1],L?[0,00),IP}. Then for n > 2,
max{n%,nl_%} < J(n, LP),
max{ngfl,nlf%} < CJ(\;?,(L”).

Proof. We put @, (u) = |u[P. Then L(®) = L? and || - [|(g) = || - ||,. The result is easy
to verify. O

Similarly, for the Orlicz spaces with the Orlicz norm, the following theorem holds.

Theorem 3.2. Let ® be an N -function, n > 2 and ¥ be a complementary N -function
for ®. Then:

max _nﬁ\p (n), a\pl(n) < J(n,L?[0,1]), (12)
max |nSY(n), oz?l,l(n)- < J(n,1%), (13)
max —nﬁq,(n), ;(n)_ < J(n,L*[0,0)). (14)
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Remark. (i) By Proposition 1.2, there is

max {1,nﬁ<1>(n)} = max {nﬁql(n) 1} .

ag(n) Tay(n)

That is to say that J(n, L(®)[0,1]) and J(n, L*[0, 1]) have the same lower bounds etc.
(ii) If X denotes one of the Orlicz spaces in Theorem 3.1 and Theorem 3.2, then

\/7; < J(n,ch)

In fact, assume that X¢ = L(®), then by Theorem 3.1, there holds

Vn < max{w:m),nﬂcp(n)} < J(n, Xo).

REFERENCES
[1] B. Beauzamy, Introduction to Banach spaces and their geometry, Volume 68 of
North-Holland Mathematics Studies, North-Holland, 2nd ed., 1985.

[2] J. Wenzel, Superreflexivity and J-convezity of Banach spaces, Acta Math. Univ. Come-
nianae, Vol. LXVI, 1 (1997), 135-147.

[3] R.C. James, Some self dual properites of normed linear spaces, Symposium on infinite
dimensional topology, Baton Rouge, 1967, Volume 69 of Annals of Mathematics studies,
1972, 159-175.

[4] J.J. Schafler, K. Sundaresan, Reflexivity and girth of spheres, Math. Ann. 184 (1970) 3,
163-168.

[5] Z.D. Ren, Nonaquare constants of Orlicz space, Stochastic processes and Function Anal-
ysis, edited by J.A. Goldstein, N. E. Gretsky and J. J. Uhl, Jr., Marcel Dekker, Lecture
Notes in Pure and Applied Math. 186 (1997), 79-197.

[6] S.T. Chen, Geometry of Orlicz Spaces, Dissertationes Math. 356 (1996), 1-204.

[7] J. Wang, On non-15" constants and n-th Von Neumann-Jordan constants for Orlicz
spaces, Commentationes Mathematicae, to appear.

[8] M.M. Rao, Z.D. Ren, Theory of Orlicz spaces, Marcel Dekker, New York, 1991.

Jincai Wang
wwwanggj@163.com

Suzhou University
Department of Mathematics

P.R. China, 215006

Received: December 29, 2005.



